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Abstract.3
A classical approach for handling non-convex optimization problems involving bilinear terms is4

to approximate the bilinear expressions using McCormick relaxations. Such relaxations are cen-5
tral to global optimization methods, with the spatial branch-and-bound (sBB) algorithm being one6
of the most widely used approaches. In the spatial branching step, the algorithm partitions the7
feasible region using axis-aligned (parallel-axis) cuts, generating hyper-rectangular sub-region. In8
this research, we investigate the impact of introducing 45°-oblique cuts instead of traditional axis-9
aligned cuts. We show that oblique cuts can provide improved directional bounds—either upper or10
lower—depending on the orientation of the cut. More precisely, we demonstrate that the upper (re-11
spectively, lower) bounds derived from the proposed oblique-envelope formulation are always tighter12
than the corresponding McCormick upper (respectively, lower) bounds over the associated feasible13
region. Furthermore, we derive conditions under which the range of the true bilinear function over the14
feasible region induced by axis-aligned cuts exceeds the corresponding range over the feasible region15
induced by oblique cuts. These results provide theoretical justification for the potential tightening16
effect of oblique partitioning in spatial branch-and-bound algorithms.17
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1. Introduction and Motivations. Bilinear terms, defined as two decision20

variables multiplied with each other, are one of the most commonly occurring non-21

convex expressions in optimization problems. Mathematically, a bilinear function can22

be defined as f(x, y) = x · y, where x and y are decision variables for an optimization23

problem.24

They occur in real-world applications such as pooling and blending problems25

[1, 5, 12, 15], energy systems modeling [11, 14], portfolio optimization [20], and chem-26

ical engineering [16, 17, 25]. In the domain of surrogate optimization, which is the27

main application based motivation behind this research, bilinear terms frequently arise28

in surrogate model formulations when capturing interactions between variables. Op-29

timizing surrogate models that contain bilinear terms is a challenging and non-trivial30

task, as such terms introduce non-convexity into the problem as illustrated in Fig 1.31

The figure illustrates the surface of the bilinear function. It can be observed, the32

bilinear term is non-convex and exhibits a saddle-shaped geometry, which makes it33

challenging to optimize globally. A substantial body of literature has been devoted to34

the optimization of bilinear functions and the development of relaxation techniques.35

One of the most commonly used techniques for convexifying bilinear terms is36

the use of McCormick envelopes. Many modern global optimization solvers, such as37

COUENNE, MINOTAUR, and BARON, incorporate McCormick relaxations within a38

spatial Branch-and-Bound (sBB) framework [7, 26]. In sBB, each bilinear or otherwise39

non-convex term is replaced by its convex relaxation, and the resulting relaxation is40

solved at the root node to obtain a global lower bound for the optimization problem.41
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Fig. 1: Surface Plot for Bilinear terms

As branching proceeds, the domains of the variables are further partitioned, and new42

McCormick relaxations are constructed over the resulting sub-regions. This process is43

intended to tighten the relaxations, improve bound quality, and accelerate convergence44

to a global solution. In standard sBB, these sub-regions are generated using axis-45

aligned cuts. Since tighter relaxations generally lead to stronger bounds and faster46

convergence, in this work we investigate an alternative approach based on 45◦ oblique47

cuts instead of parallel-axis cuts, and compare the performance of the derived bounds48

with the standard McCormick relaxations.49

To describe the McCormick relaxation, consider a bilinear term z = x · y with50

x ∈ [xL, xU ], y ∈ [yL, yU ].51

The McCormick envelopes replace the non-convex bilinear equality by four linear52

inequalities: two convex under-estimators and two concave over-estimators. These53

are given by54

z ≥ xLy + xyL − xLyL,(1.1)55

z ≥ xUy + xyU − xUyU ,(1.2)56

z ≤ xUy + xyL − xUyL,(1.3)57

z ≤ xLy + xyU − xLyU .(1.4)58

Together, these inequalities define the convex hull of the bilinear term over a rec-59

tangle in the two-variable case, and form the basis for many relaxation-based global60

optimization methods.61

The outline of the remainder of this paper is as follows. Section 2 describes related62

literature, the research gap, and the contribution of this research. Section 3 derives63

the proposed quadratic under- and over-estimators and establishes the worst-case64

relaxation-gap results. Section 4 derives the global extrema of the bilinear function65

over the rotated region. Section 5 compares the exact bilinear ranges over the original66

and rotated regions and derives the corresponding comparison conditions. Section 667

concludes the paper and discusses directions for future work68

2. Literature Review. One of the earliest contributions to addressing bilin-69

ear terms in optimization was by McCormick [22], who introduced convex under-70
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TIGHTENING BILINEAR RELAXATIONS WITH GEOMETRIC ROTATIONS 3

estimators and concave over-estimators for non-convex terms, thereby constructing71

tight linear relaxations known as McCormick envelopes. This approach enabled ap-72

proximation of bilinear terms, making them tractable for linear solvers. In the case of73

a bilinear term, the relaxation is represented by four linear inequalities: two forming74

the convex under-estimators and two forming the concave over-estimators, as illus-75

trated in Fig 2. McCormick envelopes remain one of the most widely used technique76

for handling bilinear terms in optimization. One of the key advantages of using Mc-77

Cormick envelopes to handle bilinear terms is that the resulting relaxations remain78

in the same variable space as the original problem [34].79

In contrast, an alternative approach known as the auxiliary variable method80

(AVM) introduces an additional variable for each bilinear or higher-order term in-81

volved in the formulation [31, 32, 33]. Al-khayyal et al. [4] showed that the convex82

hull for bilinear functions is captured by the McCormick envelopes. Scott et al. [28]83

generalized the McCormick relaxation framework to extend its applicability beyond84

simple bilinear terms. Their generalized formulation established key theoretical prop-85

erties that enabled a rigorous study of McCormick relaxations over subintervals en-86

countered during the branch-and-bound process. As a result, they provided stronger87

convergence guarantees.88

Tsoukalas et al. [34] developed a generalization of the McCormick composition89

theorem to construct relaxations for multivariate outer functions, extending the origi-90

nal McCormick framework that was limited to univariate outer functions. They derive91

tighter relaxations for multivariate outer functions. Another notable contribution in92

the optimization of bilinear terms was made by Ryoo and Sahinidis [25], who proposed93

reducing the domain of variables prior to branching and, in doing so, established the94

foundation for the branch-and-reduce algorithm framework.95

The αBB algorithm [2, 3] is a well-established relaxation approach for handling96

smooth nonconvex functions. It is embedded within a branch-and-bound framework97

and introduces a set of parameters, αi, that capture the curvature of the non-convex98

function to generate a tighter convex underestimator. This convexification step pro-99

vides tighter lower bounds for the global optimization process, while upper bounds100

are obtained by performing local searches on the original nonlinear formulation.101

Another cornerstone contribution to the convexification and linearization of bi-102

linear terms was proposed by Sherali et al. [29], who introduced the Reformulation-103

–Linearization Technique (RLT). As the name suggests, the method consists of two104

main components - reformulation and linearization. In the reformulation phase, ad-105

ditional nonlinear constraints are generated by multiplying problem constraints with106

variable bounds. In the linearization phase, these nonlinear terms are replaced with107

newly introduced variables, resulting in a tractable linear relaxation. Compared to108

convex envelope methods, RLT is often capable of producing significantly tighter lower109

bounds, which makes it a powerful approach for handling bilinear optimization prob-110

lems. However, RLT methods lead to a large number of variables and constraints and111

may be computationally disadvantageous.112

For multilinear terms, McCormick envelopes can be applied recursively. However,113

such recursive relaxations often yield weak approximations, leading to poor bounds.114

Luedtke et al. [21] investigated the trade-off between using recursive McCormick re-115

laxations and convex hull characterizations. They showed that recursive McCormick116

relaxations coincide with the convex hull when the variable bounds are symmetric117

around zero. Furthermore, they proved that the gap between the concave and convex118

bounding functions obtained from McCormick relaxations is always within a constant119

factor of the gap defined by the true convex and concave envelopes. Rikun [24], in120
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Fig. 2: 3-D plot of McCormick Envelopes for Bilinear terms

their research, derived sufficient conditions to check the polyhedrality of convex en-121

velopes and derived analytical formulas to find some elements of the convex envelopes122

for general multilinear terms.123

Bestuzheva et al. [8], developed an algorithm for efficient separation of RLTcuts124

to improve the relaxations for bilinear terms. The RLT cuts developed by Sherali125

et al. [29] introduce excessive cuts making them computationally challenging. In the126

presence of linear constraints, the McCormick relaxations can be improved upon by127

adding the RLT cuts. He et al. [18] introduced a two-step approach to find fac-128

torable relaxations for composite functions (f1(x)f2(x)) using outer-approximations.129

They utilize a two-step procedure that leverages the underestimator on the function130

fi(x) and finds linear inequalities, other than the McCormick inequalities, that might131

tighten the relaxations for composite functions. The relaxations proposed by He et132

al. [18] are formulated in higher-dimensional space. Wilhelm et al. [35], extended this133

work by finding improved relaxations for bilinear terms by exploiting information on134

a priori underestimators and overestimators. Importantly, the relaxations proposed135

by Wilhelm et al. [35] remain within the reduced-space or original problem space.136

In a more recent study, Schweidtmann et al. [27] proposed a reduced-size (RS)137

formulation for the global optimization of Gaussian process (GP) models. They de-138

rived new convex underestimators for commonly used covariance functions in GPs,139

which led to substantially tighter lower bounds compared to those obtained using the140

complete formulation. This improved the computational efficiency of deterministic141

global optimization algorithms involving GP-based surrogates.142

Semi-definite programming and relaxations are also commonly used in solving143

non-convex optimization problems [9, 13, 19]. For a broader survey on non-convex144

mixed-integer non-linear programming, please refer to the review articles by Burer et145

al. [10] and Belotti et al. [6].146

2.1. Motivation and Research Gap. Many global optimization solvers em-147

ploy the spatial Branch-and-Bound (sBB) algorithm to solve non-convex optimiza-148

tion problems containing bilinear terms, typically relying on relaxations such as the149

McCormick envelopes [7, 30, 23, 26]. For bilinear terms, the feasible region is rep-150

resented as a hyper-rectangle defined by bounds on the variables (Fig 3). The sBB151

algorithm recursively partitions this feasible region (i.e., spatially branches) and con-152
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Fig. 3: Feasible Region for Bilinear terms

structs relaxations for each resulting sub-region, thereby tightening the relaxation as153

the algorithm progresses. The quality of these relaxations plays a crucial role in the154

performance of the algorithm: tighter relaxations lead to better bounds and improved155

convergence to the global optimum.156

(a) Axis-aligned cuts (b) Oblique cuts

Fig. 4: Spatial Branching Process

As illustrated in Figure 4, the branching step in sBB typically introduces axis-157

aligned (parallel-axis) cuts, which generate hyper-rectangular sub-regions. In this158

research, we investigate whether the relaxations for bilinear terms can be improved159

by introducing 45°-oblique cuts instead of traditional axis-aligned cuts during the160

branching step. Such oblique cuts produce sub-regions with a diamond-like geometry161

rather than the standard hyper-rectangular structure.162

In this research, we derive bounds for bilinear terms that share this diamond-163

shaped geometry and compare them with the standard McCormick bounds. Although164

the present study does not incorporate oblique cuts directly into the branching pro-165

cedure of the sBB algorithm, we show that tighter directional bounds (either upper166

or lower) can be obtained compared to the corresponding McCormick bounds. This167

result provides an initial step toward developing branching strategies based on oblique168

partitioning for improving relaxations in sBB algorithms.169
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Fig. 5: Rotated feasible sub-region

3. Derivation of Bounds & Main Results.170

3.1. Preliminaries & Notation. A bilinear function can be defined as171

f(x, y) = x · y. Let the variable x lie in the interval x ∈ [xL, xU ], where xL and xU172

denote the lower and upper bounds of x, respectively. Similarly, the variable y lies in173

the interval y ∈ [yL, yU ], where yL and yU denote the lower and upper bounds of y.174

The feasible region for the bilinear function is illustrated in Figure 3.175

To represent the bilinear term within an optimization framework, we introduce176

an auxiliary variable z such that z = xy. The feasible set associated with the bilinear177

term can therefore be written as178

(3.1) R = {(x, y, z) ∈ [xL, xU ]× [yL, yU ]× R | z = xy}.179

In this section, we derive the bounds for the feasible regions for bilinear terms180

which have a diamond-like geometrical shape and arise if we were to introduce 45°-181

oblique cuts instead of parallel axis cuts and also provide our main results for the182

derived bounds.183

3.2. Geometry of Feasible Region for Bilinear Terms. To study the geom-184

etry of the feasible sub-regions induced by oblique cuts, we first consider the feasible185

region associated with a bilinear term. Without loss of generality, assume that the186

bounds satisfy xU − xL > yU − yL, i.e., the range of the variable x exceeds that of y.187

Under this condition, the feasible region in the (x, y)-space is a hyper-rectangle that188

is elongated along the x-dimension. To study feasible sub-regions with a diamond-like189

geometry, we consider a rotation of the original rectangular feasible region about its190

center by an angle of 45◦ in the clockwise direction.191

This transformation produces a rotated region whose projection in the original192

coordinate system exhibits a diamond-like shape, as illustrated in Fig 5. The choice193

of a 45◦ rotation is particularly convenient because it yields simple bounds in the194

sum and difference coordinates. Specifically, x′ + y′ depends only on y − k, while195

x′ − y′ depends only on x − h. This structure is also consistent with the identity196

4x′y′ = (x′ + y′)2 − (x′ − y′)2, which is exploited in the subsequent analysis.197
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TIGHTENING BILINEAR RELAXATIONS WITH GEOMETRIC ROTATIONS 7

The resulting rotated coordinate system provides a convenient representation of198

the bilinear geometry. This rotation is given by199 [
x′

y′

]
=

[
h
k

]
+

[
cos θ sin θ
− sin θ cos θ

] [
x− h
y − k

]
,200

where, h = xL+xU

2 and k = yL+yU

2 , defining the center of the original sub-region.201

Substituting θ = π
4 , where cos π

4 = sin π
4 = 1√

2
:202

(3.2) x′ = h+
(x− h) + (y − k)√

2
203

(3.3) y′ = k +
−(x− h) + (y − k)√

2
204

From equations (3.2) & (3.3), we can derive,205

(3.4) x′ + y′ = h+ k +
√
2(y − k)206

From equation (3.4), we can see that the maximum for x′+y′ will be when y = yU .207

Substituting:208

yU = k + yhr209

where, yhr =
yU−yL

2210

x′ + y′ ≤ 2√
2
(yU − k) =

yU − yL√
2

211

Similarly, the lower bound or minimum for x′ + y′ will be at yL. Substituting212

yL = k − yhr:213

x′ + y′ ≥ −yU − yL√
2

214

Thus:215

− 1√
2
(yU − yL) ≤ x′ + y′ ≤ 1√

2
(yU − yL)216

Similarly, we can derive bounds for x′ − y′. Using equations (3.2) & (3.3), we217

can derive,218

(3.5) x′ − y′ = h− k +
√
2(x− h)219

From equation (3.5), we can observe that the maximum for x′ − y′ occurs at xU :220

x′ − y′ ≤ xU − xL√
2

221

Similarly, the minimum occurs at xL:222

x′ − y′ ≥ −xU − xL√
2

223

Thus:224

− 1√
2
(xU − xL) ≤ x′ − y′ ≤ 1√

2
(xU − xL)225
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8 JAIVARDHAN SOOD, AND JAY M. ROSENBERGER

Using y− k ∈ [−yhr, yhr] and x−h ∈ [−xhr, xhr], equations (3.4) and (3.5) yield:226

(3.6)
xL + xU + yL + yU

2
− 1√

2
(yU − yL) ≤ x′ + y′ ≤ xL + xU + yL + yU

2
+

1√
2
(yU − yL)227

(3.7)
xL + xU − yL − yU

2
− 1√

2
(xU − xL) ≤ x′ − y′ ≤ xL + xU − yL − yU

2
+

1√
2
(xU − xL)228

Equations (3.6) and (3.7) define the extremal values of the rotated sub-region.229

Using these bounds we construct valid envelope formulations, yielding a set of in-230

equalities that approximate the rotated feasible sub-region.231

3.3. Convex and Concave Quadratic Estimators for Rotated Bilinear232

Functions. In this section, we derive valid convex under-estimators and concave over-233

estimators for the bilinear function over the rotated feasible region. The derivation234

follows from Equations (3.6) and (3.7), which define the feasible region in the rotated235

coordinate system. In particular, we have236

a1 ≤ x′ + y′ ≤ a2,

b1 ≤ x′ − y′ ≤ b2,
237

where238

a1 =
xL + xU + yL + yU

2
− 1√

2
(yU − yL),

a2 =
xL + xU + yL + yU

2
+

1√
2
(yU − yL),

b1 =
xL + xU − yL − yU

2
− 1√

2
(xU − xL),

b2 =
xL + xU − yL − yU

2
+

1√
2
(xU − xL).

239

From these bounds, it follows that240

(x′ + y′ − a1) ≥ 0, (a2 − x′ − y′) ≥ 0,241

which implies242

(x′ + y′ − a1)(a2 − x′ − y′) ≥ 0.243

Expanding and rearranging the above expression yields244

(3.8) x′y′ ≤ 1

2

[
− (x′)2 − (y′)2 + (x′ + y′)(a1 + a2)− a1a2

]
.245

Equation (3.8) defines a valid concave over-estimator for the rotated bilinear function.246

Similarly,247

(x′ − y′ − b1) ≥ 0, (b2 − x′ + y′) ≥ 0,248

which implies249

(x′ − y′ − b1)(b2 − x′ + y′) ≥ 0.250
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Expanding and rearranging the above expression yields251

(3.9) x′y′ ≥ 1

2

[
(x′)2 + (y′)2 + (y′ − x′)(b1 + b2) + b1b2

]
.252

Equation (3.9) defines a valid convex under-estimator for the rotated bilinear function.253

In contrast to the four linear McCormick envelopes, the proposed relaxation yield two254

quadratic inequalities in the lifted space.255

The main result of this paper compares the derived envelopes with the standard256

McCormick envelopes and proves that the proposed upper bound strictly improves257

upon the corresponding McCormick upper bound.258

Lemma 3.1. Let259

UMc(x, y) := min
{
xUy + xyL − xUyL, xLy + xyU − xLyU

}
260

denote the McCormick concave over-estimator of xy over x ∈ [xL, xU ], y ∈ [yL, yU ].261

Then262

max
x∈[xL,xU ], y∈[yL,yU ]

{UMc(x, y)− xy} =
(xU − xL)(yU − yL)

4
.263

The maximum is attained uniquely at264 (
xL + xU

2
,
yL + yU

2

)
.265

The proof of Lemma 3.1 is a direct consequence of the convex and concave en-266

velopes derived in McCormick [22].267

Theorem 3.2. Let x ∈ [xL, xU ] and y ∈ [yL, yU ] and suppose that268

xU − xL > yU − yL.269

Let z be an auxiliary variable representing the bilinear term x · y.270

Define the worst-case upper relaxation gap under the McCormick upper bounds as271

gapMc
ub = max{z−xy : z ≤ xUy+xyL−xUyL, z ≤ xLy+xyU−xLyU , x ∈ [xL, xU ], y ∈ [yL, yU ]}.272

Define the worst-case upper relaxation gap under the proposed envelope as273

gappropub = max
{
z−x′y′ : z ≤ 1

2

[
−x′2−y′2+(x′+y′)(a1+a2)−a1a2

]
, a1 ≤ x′+y′ ≤ a2, b1 ≤ x′−y′ ≤ b2

}
.274

Under the above assumptions,275

gappropub < gapMc
ub .276

Proof. By Lemma 3.1,277

gapMc
ub =

(xU − xL)(yU − yL)

4
.278

Next, consider279

gappropub = max
{
z−x′y′ : z ≤ 1

2

[
−x′2−y′2+(x′+y′)(a1+a2)−a1a2

]
, a1 ≤ x′+y′ ≤ a2, b1 ≤ x′−y′ ≤ b2

}
.280
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10 JAIVARDHAN SOOD, AND JAY M. ROSENBERGER

Since the objective is z − x′y′ and z is constrained only by an upper bound, the281

maximum is attained when282

z = 1
2

[
− x′2 − y′2 + (x′ + y′)(a1 + a2)− a1a2

]
.283

Substituting this into the objective gives284

z−x′y′ = 1
2

[
−x′2−y′2+(x′+y′)(a1+a2)−a1a2

]
−x′y′ = 1

2

[
−(x′+y′)2+(x′+y′)(a1+a2)−a1a2

]
.285

Let s = x′ + y′. Then286

gappropub = max
a1≤s≤a2

1
2

[
− s2 + s(a1 + a2)− a1a2

]
.287

This is a concave quadratic in s, maximized at288

(3.10) s∗ =
a1 + a2

2
289

and hence290

gappropub = 1
2

[
−
(
a1 + a2

2

)2

+ (a1 + a2)

(
a1 + a2

2

)
− a1a2

]
=

(a2 − a1)
2

8
.291

Since292

a2 − a1 =
√
2 (yU − yL),293

it follows that294

gappropub =
(yU − yL)

2

4
.295

Therefore,296

gapMc
ub =

(xU − xL)(yU − yL)

4
and gappropub =

(yU − yL)
2

4
.297

Since xU − xL > yU − yL, we obtain298

(xU − xL)(yU − yL)

4
>

(yU − yL)
2

4
,

299

which proves that gapMc
ub > gappropub .300

Theorem 3.2 establishes that the proposed concave quadratic over-estimator has301

a strictly smaller worst-case upper relaxation gap than the McCormick concave relax-302

ation whenever xU−xL > yU−yL. Moreover, the maximizer of gappropub is independent303

of b1 and b2, and is attained at304

x′ + y′ =
a1 + a2

2
,305

which corresponds to a ridge in the middle of the elongated axis of the rotated feasible306

sub-region.307

Corollary 3.3 (Argmax structure and containment). Let x ∈ [xL, xU ] and308

y ∈ [yL, yU ], and suppose that309

xU − xL > yU − yL.310
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TIGHTENING BILINEAR RELAXATIONS WITH GEOMETRIC ROTATIONS 11

Let PM and PP denote the sets of spatial locations attaining the worst-case Mc-311

Cormick and proposed upper-relaxation gaps, respectively.312

Then the following hold:313

(i) The McCormick problem has the unique maximizer314

x∗M =
xL + xU

2
, y∗M =

yL + yU
2

,315

(ii) The argmax set of the proposed problem is316

PP =

{
(x′, y′, z) : x′ + y′ =

a1 + a2
2

, b1 ≤ x′ − y′ ≤ b2, z =
1
2

[
− x′2 − y′2 + (a1 + a2)(x

′ + y′)− a1a2
]}

.317

(iii) The McCormick maximizer belongs to the proposed argmax set:318

(x∗M , y
∗
M ) ∈ PP .319

(iv) Consequently,320

PM = {(x∗M , y∗M )} ⊆ PP .321

Proof. From the proof of Theorem 3.2, and using equation (3.10) the objective of322

the proposed problem is maximized uniquely at323

s∗ =
a1 + a2

2
.324

Hence any maximizer must satisfy325

x′ + y′ =
a1 + a2

2
.326

Since the feasible region in the rotated coordinates is defined by327

a1 ≤ x′ + y′ ≤ a2, b1 ≤ x′ − y′ ≤ b2,328

it follows that for any t = x′ − y′ ∈ [b1, b2], the pair329

x′ =
s∗ + t

2
, y′ =

s∗ − t

2
330

is feasible. Therefore, all such points achieve the same objective value, and the argmax331

set of the proposed problem is332

PP =

{
(x′, y′, z) : x+ y =

a1 + a2
2

, b1 ≤ x′ − y′ ≤ b2, z =
1
2 [−x

′2 − y′2 + (a1 + a2)(x
′ + y′)− a1a2]

}
.333

From Lemma 3.1, the McCormick problem has the unique maximizer334

x∗M =
xL + xU

2
, y∗M =

yL + yU
2

.335

Using the identities a1 + a2 = xL + xU + yL + yU , we obtain336

x∗M + y∗M =
a1 + a2

2
.337
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12 JAIVARDHAN SOOD, AND JAY M. ROSENBERGER

Moreover,338

x∗M − y∗M =
xL + xU − yL − yU

2
∈ [b1, b2].339

Thus,340

(x∗M , y
∗
M ) ∈ PP .341

Since the McCormick maximizer is unique, it follows that342

PM = {(x∗M , y∗M )} ⊆ PP .343

Corollary 3.3 shows that while the McCormick relaxation yields a unique maxi-344

mizer, the proposed relaxation admits a continuum of maximizers along the line345

x′ + y′ = a1+a2

2 . This indicates that the proposed envelope aligns more closely with346

the geometry of the bilinear surface, while retaining the McCormick solution within347

its optimal set.348

The main results can be summarized as follows:349

1. Theorem 3.2 establishes that the proposed upper envelope yields a strictly350

smaller worst-case relaxation gap than the McCormick envelope whenever351

xU − xL > yU − yL, demonstrating its improved tightness.352

2. Corollary 3.3 characterizes the structure of the maximizers, showing that353

while the McCormick relaxation admits a unique maximizer, the proposed354

relaxation yields a continuum of optimal solutions along the line x′ + y′ =355
a1+a2

2 , and that the McCormick maximizer is contained within this set.356

It is worth noting that when xU − xL > yU − yL, the proposed approach yields357

strictly tighter upper bounds compared to the standard McCormick envelopes, while358

the corresponding lower bounds are not guaranteed to improve upon the McCormick359

lower bounds. Conversely, a 45◦ anti-clockwise rotation can be employed to derive360

tighter lower bounds than the McCormick lower bounds.361

Without loss of generality, for the case yU−yL > xU−xL, the rotated formulation362

yields the following convex under-estimator:363

x′y′ ≥ 1

2

[
x′2 + y′2 + (y′ − x′)(d1 + d2) + d1d2

]
,364

where365

d1 =
xL + xU − yL − yU

2
− 1√

2
(yU−yL), d2 =

xL + xU − yL − yU
2

+
1√
2
(yU−yL).366

and the following concave over-estimator:367

x′y′ ≤ 1

2

[
− (x′2 + y′2) + (x′ + y′)(c1 + c2)− c1c2

]
,368

where369

c1 =
xL + xU + yL + yU

2
− 1√

2
(xU−xL), c2 =

xL + xU + yL + yU
2

+
1√
2
(xU−xL).370

This convex lower bound is strictly tighter than the corresponding McCormick371

lower bounds.372

These results highlight that the strength of the proposed relaxations depends373

on the relative scaling of the variable domains. By exploiting this asymmetry, the374

rotated feasible region better aligns with the curvature of the bilinear surface, lead-375

ing to directionally improved relaxations—upper or lower bounds depending on the376

orientation of the rotation. Finally, when xU − xL = yU − yL, the corresponding377

worst-case relaxation gaps of the proposed and McCormick formulations are equal;378

hence no strict improvement in worst-case gap is obtained from the rotation.379

This manuscript is for review purposes only.



TIGHTENING BILINEAR RELAXATIONS WITH GEOMETRIC ROTATIONS 13

Fig. 6: Surface plot for Bilinear terms under different geometric orientations

4. Range Analysis of Bilinear Terms Under Rotation. In this section, we380

analyze the range of the bilinear function over the original rectangular region and381

compare it with the range obtained after a 45◦ clockwise rotation about the center of382

the region. Fig 6 illustrates the surface of the bilinear term over both the original and383

rotated sub-regions. We observe that the rotated sub-region exhibits a comparatively384

flatter surface. This observation motivates the following question: when and why385

does the rotated surface appear flatter? This forms the basis for the range analysis386

developed in this section.387

For the original rectangular region, the maximum and minimum of the bilinear388

function occur at the corner points of the feasible region. In contrast, for the rotated389

sub-regions, the extrema may occur either at the vertices or along the edges (ridges)390

of the feasible region. Specifically, we consider391

∆orig := max(xy)−min(xy),392

and393

∆rot = max(x′1y
′
1)−min(x′2y

′
2)394

a1 ≤ x′1 + y′1 ≤ a2395

b1 ≤ x′1 − y′1 ≤ b2396

a1 ≤ x′2 + y′2 ≤ a2397

b1 ≤ x′2 − y′2 ≤ b2398

4.1. Preliminaries. Let399

x ∈ [xL, xU ], y ∈ [yL, yU ],400

with401

∆x := xU − xL, ∆y := yU − yL, ∆x > ∆y > 0.402

Define the center and half-widths as403

h :=
xL + xU

2
, k :=

yL + yU
2

,404

405

xhr :=
∆x

2
, yhr :=

∆y

2
406

4.2. Range of the Bilinear Function Under Rotation. The range of the407

bilinear function in the rotated space is defined as,408

∆rot = max(x′y′)−min(x′y′)409

a1 ≤ x′ + y′ ≤ a2410

b1 ≤ x′ − y′ ≤ b2411
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14 JAIVARDHAN SOOD, AND JAY M. ROSENBERGER

where a1, a2, b1 and b2 are defined in equations (3.6) and (3.7). The above problem412

is separable in nature and can be defined as two separate optimization problems.413

Consider the optimization problem414

(4.1)

zmax := max
x′,y′

x′y′

s.t. a1 ≤ x′ + y′ ≤ a2,

b1 ≤ x′ − y′ ≤ b2,

415

where416

a1 < a2, b1 < b2.417

4.3. KKT Conditions. To use the standard KKT convention for minimization418

problems with inequalities of the form gi ≤ 0, problem (4.1) is equivalently expressed419

as420

(4.2)

min
x′,y′

− x′y′

s.t. g1(x
′, y′) := a1 − x′ − y′ ≤ 0,

g2(x
′, y′) := x′ + y′ − a2 ≤ 0,

g3(x
′, y′) := b1 − x′ + y′ ≤ 0,

g4(x
′, y′) := x′ − y′ − b2 ≤ 0.

421

Let µi ≥ 0, i = 1, . . . , 4, be the Lagrange multiplier associated with gi. The422

Lagrangian is423

(4.3)
L(x′, y′, µ) = − x′y′ + µ1(a1 − x′ − y′) + µ2(x

′ + y′ − a2)

+ µ3(b1 − x′ + y′) + µ4(x
′ − y′ − b2).

424

The stationarity conditions derived from the Lagrangian are425

−y′ − µ1 + µ2 − µ3 + µ4 = 0,(4.4a)426

−x′ − µ1 + µ2 + µ3 − µ4 = 0.(4.4b)427

Adding and subtracting (4.4a) and (4.4b) gives428

x′ + y′ = 2(µ2 − µ1),(4.5a)429

x′ − y′ = 2(µ3 − µ4).(4.5b)430

The remaining KKT conditions are primal feasibility,431

(4.6) a1 ≤ x′ + y′ ≤ a2, b1 ≤ x′ − y′ ≤ b2,432

dual feasibility,433

(4.7) µi ≥ 0, i = 1, . . . , 4,434

and complementary slackness,435

µ1(a1 − x′ − y′) = 0,(4.8a)436

µ2(x
′ + y′ − a2) = 0,(4.8b)437

µ3(b1 − x′ + y′) = 0,(4.8c)438

µ4(x
′ − y′ − b2) = 0.(4.8d)439
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4.4. Admissible Active Sets. Let Ci denote the boundary gi(x
′, y′) = 0. Al-440

though four inequalities generate 24 = 16 formal active-set combinations, only nine441

are feasible.442

The constraints C1 and C2 cannot be active simultaneously, because this would443

require444

x′ + y′ = a1 and x′ + y′ = a2,445

which is impossible when a1 < a2. Similarly, C3 and C4 cannot be active simultane-446

ously, because this would require447

x′ − y′ = b1 and x′ − y′ = b2,448

which is impossible when b1 < b2.449

Furthermore, every subset of three or four constraints necessarily contains either450

the incompatible pair {C1, C2} or the incompatible pair {C3, C4}. Hence, no active451

set of cardinality three or four is feasible. The complete collection of admissible active452

sets is therefore453

(4.9) ∅,454

the four singleton sets455

(4.10) {C1}, {C2}, {C3}, {C4},456

and the four compatible pairs457

(4.11) {C1, C3}, {C1, C4}, {C2, C3}, {C2, C4}.458

Geometrically, these cases correspond, respectively, to an interior point, the rela-459

tive interiors of the four edges, and the four vertices of the parallelogram.460

4.5. KKT Candidate Points.461

4.5.1. Interior point. If no constraint is active, complementary slackness gives462

µ1 = µ2 = µ3 = µ4 = 0.463

The stationarity conditions then imply464

x′ = y′ = 0.465

Thus, the only interior KKT point is the origin, provided466

a1 < 0 < a2, b1 < 0 < b2.467

The Hessian of the original objective f(x′, y′) = x′y′ is468

(4.12) ∇2f(x′, y′) =

[
0 1
1 0

]
,469

whose eigenvalues are 1 and −1. Hence, the origin is a saddle point and cannot be a470

local maximum.471
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16 JAIVARDHAN SOOD, AND JAY M. ROSENBERGER

4.5.2. Edges x′ + y′ = ai. Suppose first that only C1 is active. Then472

x′ + y′ = a1, µ2 = µ3 = µ4 = 0.473

Stationarity gives474

x′ = y′ = −µ1.475

Therefore,476

(4.13) E1 =
(a1
2
,
a1
2

)
, µ1 = −a1

2
.477

Dual feasibility requires a1 ≤ 0. Moreover, because x′ − y′ = 0, feasibility requires478

b1 ≤ 0 ≤ b2.479

The point lies in the relative interior of the edge when b1 < 0 < b2. Its objective value480

is481

(4.14) f(E1) =
a21
4
.482

Similarly, if only C2 is active, then483

(4.15) E2 =
(a2
2
,
a2
2

)
, µ2 =

a2
2
.484

This point is a KKT candidate when485

a2 ≥ 0, b1 ≤ 0 ≤ b2,486

and487

(4.16) f(E2) =
a22
4
.488

To classify these stationary points, restrict the objective to an edge489

x′ + y′ = ai.490

Substituting y′ = ai − x′ gives491

f(x′, ai − x′) = aix
′ − (x′)2.492

Therefore,493

d2

d(x′)2
(
aix

′ − (x′)2
)
= −2 < 0.494

Hence, whenever Ei is feasible, it is the unique maximizer of the objective along the495

corresponding edge.496

4.5.3. Edges x′ − y′ = bj. If only C3 is active, stationarity gives497

(4.17) F1 =

(
b1
2
,−b1

2

)
, µ3 =

b1
2
.498

Thus, dual feasibility requires b1 ≥ 0, while primal feasibility requires499

a1 ≤ 0 ≤ a2.500
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If only C4 is active, stationarity gives501

(4.18) F2 =

(
b2
2
,−b2

2

)
, µ4 = −b2

2
.502

Thus, dual feasibility requires b2 ≤ 0, while primal feasibility again requires503

a1 ≤ 0 ≤ a2.504

These points cannot be local maxima. Indeed, on an edge505

x′ − y′ = bj ,506

substitution of y′ = x′ − bj gives507

f(x′, x′ − bj) = (x′)2 − bjx
′,508

and hence509

d2

d(x′)2
(
(x′)2 − bjx

′) = 2 > 0.510

Therefore, Fj is the unique minimum of the objective along the corresponding edge.511

Consequently, the only possible nonvertex local maximizers are E1 and E2.512

4.5.4. Vertices. For i, j ∈ {1, 2}, let Pij denote the vertex satisfying513

x′ + y′ = ai, x′ − y′ = bj .514

Solving these equations gives515

(4.19) Pij =

(
ai + bj

2
,
ai − bj

2

)
.516

The objective value at Pij is517

(4.20) f(Pij) =
a2i − b2j

4
.518

The associated KKT multipliers and dual-feasibility conditions are summarized519

in Table 1.520

Table 1: KKT conditions at the vertices of the rotated region.

Vertex Nonzero multipliers Dual-feasibility conditions
P11 µ1 = −a1/2, µ3 = b1/2 a1 ≤ 0, b1 ≥ 0

P12 µ1 = −a1/2, µ4 = −b2/2 a1 ≤ 0, b2 ≤ 0

P21 µ2 = a2/2, µ3 = b1/2 a2 ≥ 0, b1 ≥ 0

P22 µ2 = a2/2, µ4 = −b2/2 a2 ≥ 0, b2 ≤ 0
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18 JAIVARDHAN SOOD, AND JAY M. ROSENBERGER

4.6. Global Solution. The KKT conditions identify all possible local maximiz-521

ers, but they do not, by themselves, establish global optimality because f(x′, y′) = x′y′522

is neither concave nor convex. The global maximizer can be obtained by exploiting523

the identity524

(4.21) 4x′y′ = (x′ + y′)2 − (x′ − y′)2.525

Define526

(4.22) u = x′ + y′, v = x′ − y′.527

The transformation is nonsingular, with inverse528

(4.23) x′ =
u+ v

2
, y′ =

u− v

2
.529

Under this transformation, the feasible parallelogram becomes the rectangle530

(4.24) u ∈ [a1, a2], v ∈ [b1, b2],531

and the objective becomes532

(4.25) x′y′ =
u2 − v2

4
.533

Because u and v vary independently over their respective intervals,534

(4.26) max
u∈[a1,a2]
v∈[b1,b2]

u2 − v2

4
=

1

4

[
max

u∈[a1,a2]
u2 − min

v∈[b1,b2]
v2
]
.535

Define536

(4.27) A∗ := argmax
A∈{a1,a2}

A2
537

and538

(4.28) B∗ := proj[b1,b2](0) =


0, b1 ≤ 0 ≤ b2,

b1, b1 > 0,

b2, b2 < 0.

539

540

Proposition 4.1. Every global maximizer of (4.1) is of the form541

(4.29) (x′∗, y′∗) =

(
A∗ +B∗

2
,
A∗ −B∗

2

)
, A∗ ∈ A∗.542

The global optimal value is543

(4.30) zmax =
1

4

[
max{a21, a22} − dist(0, [b1, b2])

2
]
.544
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Proof. The maximum of u2 over the interval [a1, a2] is attained at an endpoint,545

so546

max
u∈[a1,a2]

u2 = max{a21, a22}.547

The minimum of v2 over [b1, b2] is attained at the projection of the origin onto that548

interval. Hence,549

min
v∈[b1,b2]

v2 = dist(0, [b1, b2])
2
.550

Substitution into (4.26) proves (4.30). The optimizer follows from the inverse trans-551

formation (4.23).552

Equivalently, the global optimal value can be written as553

(4.31) zmax =



1

4
max{a21, a22}, b1 ≤ 0 ≤ b2,

1

4

[
max{a21, a22} − b21

]
, b1 > 0,

1

4

[
max{a21, a22} − b22

]
, b2 < 0.

554

If555

b1 < 0 < b2,556

then B∗ = 0, and every global maximizer satisfies557

x′∗ = y′∗.558

The maximizer therefore lies in the relative interior of one of the edges x′ + y′ = ai.559

If b1 = 0 or b2 = 0, the same formula gives a vertex. If560

0 /∈ [b1, b2],561

then B∗ is one of the interval endpoints and the global maximizer is necessarily a562

vertex.563

We next consider564

(4.32)

zmin := min
x′,y′

x′y′

s.t. a1 ≤ x′ + y′ ≤ a2,

b1 ≤ x′ − y′ ≤ b2.

565

The feasible region, constraint functions gi, boundary sets Ci, and admissible566

active sets are identical to those introduced above. In particular, the only admissible567

active sets are568

∅, {C1}, {C2}, {C3}, {C4}, {C1, C3}, {C1, C4}, {C2, C3}, {C2, C4}.569

4.7. KKT conditions for minimizing x′y′. Let µi ≥ 0 denote the multiplier570

associated with gi, i = 1, . . . , 4. The Lagrangian for (4.32) is571

(4.33)
Lmin(x

′, y′, µ) = x′y′ + µ1(a1 − x′ − y′) + µ2(x
′ + y′ − a2)

+ µ3(b1 − x′ + y′) + µ4(x
′ − y′ − b2).

572
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The stationarity conditions are573

y′ − µ1 + µ2 − µ3 + µ4 = 0,(4.34a)574

x′ − µ1 + µ2 + µ3 − µ4 = 0.(4.34b)575

Equivalently,576

x′ + y′ = 2(µ1 − µ2),(4.35a)577

x′ − y′ = 2(µ4 − µ3).(4.35b)578

These equations are supplemented by primal feasibility,579

a1 ≤ x′ + y′ ≤ a2, b1 ≤ x′ − y′ ≤ b2,580

dual feasibility,581

µi ≥ 0, i = 1, . . . , 4,582

and complementary slackness,583

µ1(a1 − x′ − y′) = 0,(4.36a)584

µ2(x
′ + y′ − a2) = 0,(4.36b)585

µ3(b1 − x′ + y′) = 0,(4.36c)586

µ4(x
′ − y′ − b2) = 0.(4.36d)587

4.8. KKT candidates for global minima. Retain the candidate notation588

introduced in the maximization analysis:589

O := (0, 0),(4.37)590

Ei :=
(ai
2
,
ai
2

)
, i ∈ {1, 2},(4.38)591

Fj :=

(
bj
2
,−bj

2

)
, j ∈ {1, 2},(4.39)592

Pij :=

(
ai + bj

2
,
ai − bj

2

)
, i, j ∈ {1, 2}.(4.40)593

Their objective values are594

f(O) = 0,(4.41)595

f(Ei) =
a2i
4
,(4.42)596

f(Fj) = −
b2j
4
,(4.43)597

f(Pij) =
a2i − b2j

4
.(4.44)598

The KKT admissibility conditions for the minimization problem are summarized599

in Table 2.600

The edge classifications follow from the one-dimensional restrictions already ob-601

tained in the maximization analysis. On x′ + y′ = ai,602

x′y′ = aix
′ − (x′)2,603
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Table 2: KKT candidates for the minimization of x′y′.

Active set Candidate Nonzero multipliers Admissibility conditions Classification

∅ O None a1 < 0 < a2, b1 < 0 < b2 Saddle point

{C1} E1 µ1 = a1/2 a1 ≥ 0, b1 < 0 < b2 Maximum on C1

{C2} E2 µ2 = −a2/2 a2 ≤ 0, b1 < 0 < b2 Maximum on C2

{C3} F1 µ3 = −b1/2 b1 ≤ 0, a1 < 0 < a2 Minimum on C3

{C4} F2 µ4 = b2/2 b2 ≥ 0, a1 < 0 < a2 Minimum on C4

{C1, C3} P11 µ1 = a1/2, µ3 = −b1/2 a1 ≥ 0, b1 ≤ 0 Vertex candidate

{C1, C4} P12 µ1 = a1/2, µ4 = b2/2 a1 ≥ 0, b2 ≥ 0 Vertex candidate

{C2, C3} P21 µ2 = −a2/2, µ3 = −b1/2 a2 ≤ 0, b1 ≤ 0 Vertex candidate

{C2, C4} P22 µ2 = −a2/2, µ4 = b2/2 a2 ≤ 0, b2 ≥ 0 Vertex candidate

which is strictly concave. Hence Ei is an edge maximum and cannot be a local604

minimum in the relative interior of that edge.605

On x′ − y′ = bj ,606

x′y′ = (x′)2 − bjx
′,607

which is strictly convex. Hence Fj is the unique minimum on the corresponding edge.608

The interior point O is a saddle point. Therefore, every global minimizer is either609

F1, F2, or one of the four vertices Pij .610

4.9. Global minimizer. For any feasible point, let611

(4.45) A := x′ + y′, B := x′ − y′.612

Then613

(4.46) x′ =
A+B

2
, y′ =

A−B

2
,614

and consequently615

(4.47) x′y′ =
A2 −B2

4
.616

Since617

A ∈ [a1, a2], B ∈ [b1, b2]618

independently, minimizing x′y′ requires selecting the feasible A having the smallest619

absolute value and the feasible B having the largest absolute value.620

Define621

(4.48) A⋆ := proj[a1,a2](0) =


0, a1 ≤ 0 ≤ a2,

a1, a1 > 0,

a2, a2 < 0,

622

and623

(4.49) B⋆ := argmax
B∈{b1,b2}

B2.624
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Thus,625

(4.50) B⋆ =


{b1}, b21 > b22,

{b2}, b22 > b21,

{b1, b2}, b21 = b22.

626

Proposition 4.2. Every global minimizer of (4.32) is of the form627

(4.51) (x′⋆, y′⋆) =

(
A⋆ +B⋆

2
,
A⋆ −B⋆

2

)
, B⋆ ∈ B⋆.628

The global minimum is629

(4.52) zmin =
1

4

[
dist(0, [a1, a2])

2 −max{b21, b22}
]
.630

For every feasible A ∈ [a1, a2] and B ∈ [b1, b2],631

A2 ≥ (A⋆)2632

and, for any B⋆ ∈ B⋆,633

B2 ≤ (B⋆)2.634

Therefore,635

(4.53)
A2 −B2

4
≥ (A⋆)2 − (B⋆)2

4
.636

Equivalently,637

(4.54) zmin =



−1

4
max{b21, b22}, a1 ≤ 0 ≤ a2,

1

4

[
a21 −max{b21, b22}

]
, a1 > 0,

1

4

[
a22 −max{b21, b22}

]
, a2 < 0.

638

where639

dist(0, [a1, a2]) := min
A∈[a1,a2]

|A|.640

Hence,641

dist(0, [a1, a2])
2
=


0, a1 ≤ 0 ≤ a2,

a21, a1 > 0,

a22, a2 < 0.

642

Therefore, (4.52) can equivalently be written as643

If a1 < 0 < a2, then A
⋆ = 0, and every global minimizer satisfies644

x′⋆ = −y′⋆.645

Such a minimizer lies in the relative interior of C3 or C4, depending on which of |b1|646

and |b2| is larger. If a1 = 0 or a2 = 0, the corresponding minimizer is a vertex. If647

0 /∈ [a1, a2], every global minimizer is a vertex.648
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5. Comparison of the Bilinear Ranges. Let649

Rorig = [xL, xU ]× [yL, yU ]650

denote the original axis-aligned rectangle, and let651

Rrot = {(x′, y′) : a1 ≤ x′ + y′ ≤ a2, b1 ≤ x′ − y′ ≤ b2}652

Throughout this section, assume653

(5.1) xhr > yhr654

For notational convenience, define655

(5.2) S := |h+ k|, D := |h− k|, α :=
√
2 yhr, β :=

√
2xhr.656

Under (5.1),657

β > α.658

5.1. Range over the rotated region. Define the range of the bilinear term659

over the rotated region by660

(5.3) ∆rot := max
(x′,y′)∈Rrot

x′y′ − min
(x′,y′)∈Rrot

x′y′.661

The preceding maximization and minimization analyses give662

(5.4) zrotmax =
1

4

[
(S + α)2 − (D − β)2+

]
,663

and664

(5.5) zrotmin =
1

4

[
(S − α)2+ − (D + β)2

]
,665

where666

(t)+ := max{t, 0}.667

Subtracting (5.5) from (5.4) yields the following result.668

Proposition 5.1. The exact range of x′y′ over Rrot is669

(5.6)
∆rot =

1

4

[
(S + α)2 − (S − α)2+

+ (D + β)2 − (D − β)2+

]
.

670

Equivalently,671

(5.7)

∆rot =
1

4

[ (
|h+ k|+

√
2 yhr

)2

−
(
|h+ k| −

√
2 yhr

)2

+

+
(
|h− k|+

√
2xhr

)2

−
(
|h− k| −

√
2xhr

)2

+

]
.

672
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To expose the structure of (5.6), define673

(5.8) ψ(t, r) :=
1

4

[
(t+ r)2 − (t− r)2+

]
, t, r ≥ 0.674

Then675

(5.9) ψ(t, r) =


(t+ r)2

4
, 0 ≤ t ≤ r,

tr, t > r.

676

Consequently,677

(5.10) ∆rot = ψ(S, α) + ψ(D,β).678

The complete piecewise representation is therefore679

(5.11) ∆rot =



(S + α)2 + (D + β)2

4
, S ≤ α, D ≤ β,

(S + α)2

4
+Dβ, S ≤ α, D > β,

Sα+
(D + β)2

4
, S > α, D ≤ β,

Sα+Dβ, S > α, D > β.

680

The conditions appearing in (5.11) also identify the locations of the extrema. In681

particular,682

D ≤ β ⇐⇒ 0 ∈ [b1, b2],683

in which case a global maximizer satisfies x′ = y′. Similarly,684

S ≤ α ⇐⇒ 0 ∈ [a1, a2],685

in which case a global minimizer satisfies x′ = −y′.686

5.2. Range over the original rectangular region. Define687

(5.12) ∆orig := max
(x,y)∈Rorig

xy − min
(x,y)∈Rorig

xy.688

For a fixed value of x, the function xy is affine in y; hence, its maximum and689

minimum over [yL, yU ] occur at yL or yU . After restricting y to either endpoint,690

the resulting function is affine in x, and its extrema occur at xL or xU . Thus, both691

extrema over Rorig occur at vertices.692

Define the four corner values by693

(5.13)
qLL := xLyL, qLU := xLyU ,

qUL := xUyL, qUU := xUyU .
694

It follows immediately that695

(5.14) ∆orig = max{qLL, qLU , qUL, qUU} −min{qLL, qLU , qUL, qUU}.696

The next proposition gives an equivalent closed-form expression in terms of the697

midpoint and half-range parameters.698
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Proposition 5.2. Let699

(5.15) P := xhr|k|, Q := yhr|h|, H := xhryhr.700

Then701

(5.16) ∆orig = 2max{P +Q, P +H, Q+H}.702

Equivalently,703

(5.17) ∆orig = 2 (P +Q+H −min{P,Q,H}) .704

In terms of h, k, xhr, and yhr,705

(5.18)

∆orig = 2max
{
xhr|k|+ hy|h|,
xhr|k|+ xhryhr,

yhr|h|+ xhryhr
}
.

706

Proof. Write707

x = h+ σxhr, y = k + τyhr, σ, τ ∈ {−1, 1}.708

At a vertex,709

xy = h · k + σxhrk + τyhrh+ στxhryhr.710

Let711

E := xhrk, F := yhrh, G := xhryhr.712

After subtracting the common term h · k, the four corner values are713

E + F +G, E − F −G, −E + F −G, −E − F +G.714

The range equals the largest absolute difference between two of these quantities. The715

six pairwise differences, divided by 2, have absolute values716

|E + F |, |E − F |, |E +G|, |E −G|, |F +G|, |F −G|.717

Using718

max{|u+ v|, |u− v|} = |u|+ |v|,719

and noting that G ≥ 0, one obtains720

∆orig = 2max{|E|+ |F |, |E|+G, |F |+G}.721

Since722

|E| = xhr|k| = P, |F | = yhr|h| = Q, G = H,723

equation (5.16) follows. The identity724

max{P +Q,P +H,Q+H} = P +Q+H −min{P,Q,H}725

gives (5.17).726

This manuscript is for review purposes only.



26 JAIVARDHAN SOOD, AND JAY M. ROSENBERGER

5.3. Exact comparison of the two ranges. Define the range difference727

(5.19) Γ := ∆rot −∆orig.728

Using Propositions 5.1 and 5.2,729

(5.20)
Γ = ψ(S, α) + ψ(D,β)

− 2max{P +Q, P +H, Q+H}.
730

Equivalently,731

(5.21)
Γ = ψ(S, α) + ψ(D,β)

− 2 (P +Q+H −min{P,Q,H}) .
732

Equivalently, in terms of the original variable bounds,733

(5.22)

Γ =
1

16

[(∣∣xU + xL + yU + yL
∣∣+√

2 (yU − yL)
)2

−
(∣∣xU + xL + yU + yL

∣∣−√
2 (yU − yL)

)2

+

+
(∣∣xU + xL − yU − yL

∣∣+√
2 (xU − xL)

)2

−
(∣∣xU + xL − yU − yL

∣∣−√
2 (xU − xL)

)2

+

]

− 1

2

[
(xU − xL)

∣∣yU + yL
∣∣+ (yU − yL)

∣∣xU + xL
∣∣

+ (xU − xL)(yU − yL)

−min
{
(xU − xL)

∣∣yU + yL
∣∣ , (yU − yL)

∣∣xU + xL
∣∣ ,

(xU − xL)(yU − yL)
}]
,

734

where (q)+ := max{q, 0}.735

Thus,736

(5.23)

Γ < 0 ⇐⇒ ∆rot < ∆orig,

Γ = 0 ⇐⇒ ∆rot = ∆orig,

Γ > 0 ⇐⇒ ∆rot > ∆orig.

737

The expression (5.20) is an exact necessary-and-sufficient comparison criterion.738

It also shows that the comparison depends jointly on the dimensions of the rectangle739

and its position relative to the coordinate axes. The inequality xhr > yhr affects the740

relative widths β > α, but does not determine the sign of Γ.741

Proposition 5.3 (Absence of universal range dominance). The condition742

xhr > yhr743
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does not imply a fixed ordering between ∆rot and ∆orig. Under this condition, each of744

the relations745

∆rot < ∆orig, ∆rot = ∆orig, ∆rot > ∆orig746

can occur.747

Proof. Consider rectangles centered at the origin, so that748

h = k = 0.749

Then750

S = D = P = Q = 0.751

Equations (5.6) and (5.16) reduce to752

(5.24) ∆rot =
x2hr + y2hr

2
, ∆orig = 2xhryhr.753

Let754

ρ :=
xhr
yhr

> 1.755

Then756

(5.25) Γ =
y2hr
2

(
ρ2 − 4ρ+ 1

)
.757

For example,758

ρ = 2 =⇒ Γ < 0,759

whereas760

ρ = 2 +
√
3 =⇒ Γ = 0,761

and762

ρ = 4 =⇒ Γ > 0.763

All three choices satisfy ρ > 1, completing the proof.764

5.4. Centered rectangles. The preceding proof yields a complete characteri-765

zation for rectangles centered at the origin.766

Theorem 5.4. Suppose767

h = k = 0 and xhr > yhr > 0.768

Then769

(5.26) ∆rot =
x2hr + y2hr

2
, ∆orig = 2xhryhr.770

Moreover,771

(5.27) ∆rot



< ∆orig, 1 <
xhr
yhr

< 2 +
√
3,

= ∆orig,
xhr
yhr

= 2 +
√
3,

> ∆orig,
xhr
yhr

> 2 +
√
3.

772
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Proof. From (5.24),773

∆rot −∆orig =
1

2

(
x2hr − 4xhryhr + y2hr

)
.774

Dividing by y2hr/2 > 0 gives775

ρ2 − 4ρ+ 1, ρ :=
xhr
yhr

.776

The roots are777

ρ = 2−
√
3 and ρ = 2 +

√
3.778

Because ρ > 1, only the second root is relevant. The sign classification in (5.27)779

follows from the positive leading coefficient of the quadratic.780

Theorem 5.4 shows that, for a rectangle centered at the origin, rotation reduces781

the bilinear range when 1 < xhr/yhr < 2+
√
3, the two ranges coincide when xhr/yhr =782

2 +
√
3, and rotation increases the bilinear range when xhr/yhr > 2 +

√
3.783

5.5. Geometric interpretation. The distinction between ∆orig and ∆rot fol-784

lows from the orientation of the feasible boundaries relative to the bilinear surface.785

On the original rectangle, each edge fixes one variable. The restriction of xy to786

any edge is therefore affine, and its extrema occur at the endpoints of that edge.787

Hence, all extrema over Rorig occur at vertices.788

On the rotated region, the edges have the forms789

x′ + y′ = ai or x′ − y′ = bj .790

Along x′ + y′ = ai,791

x′y′ = aix
′ − (x′)2,792

which is strictly concave and may attain its maximum in the relative interior of the793

edge. Along x′ − y′ = bj ,794

x′y′ = (x′)2 − bjx
′,795

which is strictly convex and may attain its minimum in the relative interior of the796

edge.797

Accordingly, the range over the rotated region depends not only on the four vertex798

values but also on whether the intervals [a1, a2] and [b1, b2] contain the origin. These799

conditions are governed by800

|h+ k| ≤
√
2 yhr801

and802

|h− k| ≤
√
2xhr,803

respectively.804

Finally, the assumption805

xU − xL > yU − yL806

implies only that the feasible interval for x′ − y′ is wider than the feasible interval for807

x′ + y′. It does not control the locations of these intervals relative to the origin and808

therefore cannot, by itself, establish that one bilinear range dominates the other.809
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6. Conclusions and Future Work. In this work, we investigated the impact of810

introducing 45°-oblique cuts within the spatial branch-and-bound (sBB) framework,811

as opposed to the standard practice of using parallel axis cuts. We analyzed the812

geometry of the resulting partitions and derived directionally tighter relaxations for813

the corresponding sub-regions, demonstrating that these relaxations can improve upon814

the classical McCormick envelopes. In addition, we provided closed-form expressions815

that quantify the improvement in the relaxation bounds relative to the McCormick816

bounds.817

A key limitation of this approach, however, is that oblique cuts may generate818

sub-regions with geometries more complex than the diamond-shaped regions studied819

in this work. In particular, such cuts can lead to triangular or trapezoidal regions,820

for which deriving tight and computationally efficient relaxations may be more chal-821

lenging.822

Overall, this work serves as an initial step toward understanding branching strate-823

gies based on oblique partitioning. Future research directions include deriving effective824

relaxations for the triangular and trapezoidal sub-regions that may arise from oblique825

partitioning, developing implementable oblique branching rules, and integrating these826

ideas into a full spatial branch-and-bound framework to evaluate their effects on re-827

laxation quality, node counts, and computational time.828
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