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Abstract

Potential-based flow problems arise for a range of practical problems, like the operation
of lossless power networks. The distribution of flows through the network is governed by
the potential equation, which relates arc flows and node potentials following arc potential
functions. We consider a general variant with affine potential functions, topology switching,
and scenarios. It can be solved using a Benders decomposition algorithm, with each scenario
corresponding to a subproblem. Subproblem solving time can then significantly contribute
to overall running time. We present a fast algorithm to obtain Benders optimality and feasi-
bility cuts from fixed master solutions. Problems with affine potential functions are reduced
to equivalent problems where every potential function is the identity function. Optimal pri-
mal and dual solutions as well as unbounded dual rays are determined by systems of linear
equations (SLE), resulting in a constant number of SLEs solved per subproblem. SLEs are
solved using LU-factorizations, with the similarity between primal and dual, scenarios, and
master solutions exploited by reusing factorizations via low-rank updates to significantly
reduce theoretical complexity. We demonstrate the method on security-constrained optimal
transmission switching instances, where subproblem solve time reductions of 97.98 percent
compared to a standard LP solver are observed.

Keywords: Benders decomposition, potential-based flows, security-constrained optimal
transmission switching, system of linear equations, rank-1 updates.

1 Introduction

Infrastructure networks are an important part of modern supply systems. They allow for the
transportation of critical goods, such as water, electricity or gas from producers to household or
industrial consumers. Due to the scale of operations, efficient planning can result in significant
cost savings. This has become more pronounced in recent years, as the ongoing green energy
transition and the resulting transitory systems prove particularly challenging in certain areas.
For example, the German transmission system is experiencing a shift from relatively few, cen-
tralized power plants to many decentralized renewable energy producers (BDEW, 2023), as well
as an imbalanced distribution of large-scale consumers and producers (BDEW, 2023; BNetzA,
2023). These challenges necessitate the expansion and adaptation of existing grid infrastruc-
ture, with the current expansion efforts lagging behind the necessary capacities (BDEW, 2023;
BNetzA, 2023). This has caused an increase in costly operational measures such as the so-called
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re-dispatch, where already planned generation is changed in relatively short time periods, thus
incurring higher costs, to redirect flows within the network (BNetzA, 2023). In Germany alone,
re-dispatch cost has increased from e113.3 million in 2013 to e2,689.2 million in 2022 (BDEW,
2023).

As such, there is significant potential for the application of mathematical optimization in this
domain. Classical flow problem formulations, where each arc of a network carries a flow to satisfy
node demands, assume that the flow can be directly controlled, for example via trucks. However,
oftentimes flows can only passively be controlled by adjusting network and demand parameters.
Distribution through the network then depends on arc parameters and the relation between the
“pressure” of adjacent nodes. The behavior of these flows can be modeled through the potential-
based flow framework (e.g., Groß et al., 2019). There, a flow problem is extended by variable
node potentials, measuring the “pressure” at each node of the network, as well as constant arc
conductance and potential function to capture the physical properties of the flow. Flows and
potentials then need to satisfy the potential equation, which links the incident potentials with
conductance and flow following the potential function. Next to these so-called line arcs, switch
arcs freely carry flow like arcs in a classical flow problem, but can be switched on or off to disrupt
the synchronization of potentials of incident nodes. Based on the choice of potential function,
this framework unifies different applications including lossless electrical power systems, and gas
or water networks (Hendrickson and Janson, 1984; Pfetsch et al., 2026; Rockafellar, 1998).

An important additional consideration is the robustness of the network against certain con-
tingency scenarios, like the possible outage of a set of lines. An explicit analysis might even
be legally required (BNetzA, 2016). This requires the simultaneous analysis of the effects of
shared decisions on the individual flows and potentials of all scenarios. Structurally, this natu-
rally lends itself to Benders decomposition (Benders, 1962): the master problem determines the
shared switching and demand variables, while subproblems verify flow feasibility and solution
quality for each scenario. The application of Benders decomposition to potential-based flow
problems has been thoroughly studied in the literature (Binato et al., 2001; Humpola, 2017;
Khodaei and Shahidehpour, 2010; Ruiz and Conejo, 2015; Wu and Shahidehpour, 2010; Yang
et al., 2017). However, these works usually focus on improvements to the master problem, for
example via cuts, to reduce master problem linear relaxation solving time and branch-and-bound
tree size. The efficiency of the subproblem solution algorithm remains a relatively underexplored
subject in the Benders context, even though it can contribute significantly to overall running
time.

2 Related Work

Early works explicitly discussing potential-based flow problems include those by Birkhoff and
Diaz (1956), who already show the uniqueness of flows, and Rockafellar (1998). Recently, the
problems have found increased attention. For example, Börner et al. (2025) discuss valid in-
equalities based on potential bounds, Groß et al. (2019) study the hardness of certain related
algorithmic problems, and Pfetsch et al. (2026) provide an overview over methods and results
used in the context of mathematical optimization, including also application-specific work. These
applications include lossless DC power flow (Fisher et al., 2008; Hedman et al., 2009), which can
be modeled with affine potential functions, as well as gas (Correa-Posada and Sánchez-Martín,
2014; Koch et al., 2015; Schmidt and Thürauf, 2024) and water networks (Burgschweiger et al.,
2009; Mozafari and Zabihi, 2020). As mentioned by Birkhoff and Diaz (1956), related problems
include, for example, traffic assignment (Dafermos and Sparrow, 1969; LeBlanc et al., 1975),
where arcs are less attractive the more they are used.

Switch arcs correspond to different mechanisms, like valve switching and compressor activa-
tion control network configuration in gas networks (Correa-Posada and Sánchez-Martín, 2014),
the opening and closing of switches in electrical systems (Fisher et al., 2008; Heidarifar and
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Ghasemi, 2016), or configuring valves to en- or disable and control the direction of flow in water
networks (Burgschweiger et al., 2009).

Scenarios occur in the context of robust optimization and uncertainty: a set of decisions
have to be taken “here-and-now” before one of possibly infinitely many scenarios realizes, after
which the “wait-and-see” decisions can be adjusted. They can, for example, cover changes in
loads (Mozafari and Zabihi, 2020; Thürauf et al., 2026) or topology (Hedman et al., 2009; Li
et al., 2020). Both, an aggregate view over the scenarios (Hedman et al., 2009) and a worst-case
view (Li et al., 2020; Mozafari and Zabihi, 2020; Thürauf et al., 2026) can be considered.

The Benders decomposition algorithm (Benders, 1962) is a widely used exact algorithm where
complicating variables are temporarily fixed to reduce overall computational burden. Rahma-
niani et al. (2017) provide a survey of modern approaches. For affine (linear) potential-based
flow problems, this is a commonly used method, with research focusing on formulation or cut
design. A common application are linear power flow problems. For example, Binato et al.
(2001) solve a power transmission network design problem with Benders decomposition, using
big-M tightening and Gomory cuts. Khodaei and Shahidehpour (2010) determine generation
schedules over multiple security scenarios for a security-constrained unit commitment problem.
Wu and Shahidehpour (2010) propose strengthened Benders cuts for a network-constrained unit
commitment problem. Ruiz and Conejo (2015) solve a three-level robust transmission expan-
sion planning problem, using a column-and-constraint generation method with a specialized cut
computation procedure.

For nonlinear problems, Benders decomposition is mostly applied to gas networks. Here, the
generalized Benders decomposition algorithm of Geoffrion (1972) is used, which allows for solving
nonlinear optimization problems where the subproblem is convex. For example, Humpola (2017)
discusses multiple valid inequalities for passive and active gas network optimization problems
in a Benders context. They also propose domain relaxation to reduce the time spent on the
nonlinear subproblems. Yang et al. (2017) use a Benders decomposition approach to solve a gas
flow problem, solving the nonlinear subproblems via successive linear programming, with the
Benders cuts based on Lagrange multipliers on the nodal balance equations.

Overall, we observe that Benders decomposition is regularly used to solve potential-based
flow problems, in particular affine ones. Most works there focus either on the general design of
problem or decomposition, or on cut design. However, subproblem solving can be a significant
contributor to overall running time, particularly when many scenarios need to be considered
simultaneously. While stronger cuts can lead to fewer Benders iterations, and thus fewer sub-
problems to be solved, a specialized subproblem algorithm may still reduce overall running time.

Contribution

In this paper, we present a specialized subproblem solution algorithm as part of a Benders decom-
position approach for potential-based flow problems with affine potential functions, switchable
arcs and arc-based contingency scenarios. It is similar in spirit to, e.g., the knapsack algorithm
used by Fischetti et al. (2017) or the semi-assignment algorithm by Contreras et al. (2011).
In our case, the algorithm can be seen as a specialized simplex algorithm, where we obtain (a
sufficiently large part of) an optimal basis and corresponding primal and dual solutions or dual
proof of infeasibility in one step (cf. Vanderbei, 1998). It is split up into two parts.

First, a primal solution is determined to decide if and what kind of cut needs to be generated.
This is based on the observation that the flow of a passive, i.e., switch arc free, affine potential-
based flow problem is unique (Birkhoff and Diaz, 1956; Koch et al., 2015), together with a
procedure to convert active potential-based flow problems with switch arcs fixed by the master
solution into equivalent passive ones. The flow is then determined with a system of linear
equations, which has the weighted Laplacian of the network as coefficient matrix.

In the second step, the primal solution is used to construct a dual linear system of equations
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(SLE), which then provides the dual solution. Using a primal basis, another linear system is
constructed. It shares its coefficient matrix with that of the first step. Again, this requires
special handling of switch arcs. For optimality cuts, only the right-hand side differs between the
two steps, and we show that the resulting dual solution is optimal, and partially unique for the
chosen basis. For feasibility cuts, the matrix is extended by an additional row and column, and
the right-hand side changes. Different feasibility cuts are constructed based on the component
“causing” the infeasibility.

Similarly to simplex algorithms, our algorithm is extended by a factorization update scheme,
where potential similarities between subproblems, rather than bases of the same problem, are
exploited via low-rank updates. These occur between different master solutions and scenarios,
but also between the primal and dual systems. We discuss the theoretical implications of the
presented algorithm, concluding that the update scheme results in a significant reduction in
theoretical complexity. We note that factorization update schemes, in particular also involving
weighted Laplacian matrices such as the one we use, have been studied in other works as well,
see, e.g., Alsac et al. (1983).

We demonstrate our approach on instances of the lossless DC security-constrained optimal
transmission switching problem (Hedman et al., 2009), where transmission system operators
minimize operating costs while considering single-line contingency scenarios. As we show, any
affine potential-based flow problem instance can be transformed into such an instance, so these
instances are representative for the larger class. Computational experiments on 174 instances
demonstrate total running time reductions of more than 71.21% in the geometric mean over the
standard solving method, which further reduces to 97.98% when considering only the subproblem
solve time.

The paper is organized as follows: Section 3 provides a detailed problem description of the
core potential-based flow problem as well as the additional aspects considered here. We then
outline a branch-and-Benders-cut approach in Section 4, where each subproblem takes the form
of a specific, simpler potential-based flow problem. For individual subproblems, this structure
is exploited in Section 5 to arrive at an SLE-based solving algorithm. The factorization update
scheme is detailed in Section 6, tying together the different subproblems solved as part of the
branch-and-Benders-cut algorithm. Therein, we also briefly discuss the theoretical complex-
ity of the proposed subproblem solving algorithm. Section 7 then provides a computational
evaluation.

3 Potential-Based Flow Problems

Potential-based flows, as discussed by Groß et al. (2019), describe flow problems that often
model real-life physical networks. We consider directed graphs (V,AL ∪ AS) with nodes V and
line AL ⊆ V × V and switch arcs AS ⊆ V × V,AL ∩ AS = ∅. The set of all arcs is given by
A = AL ∪ AS . Each node u ∈ V has a variable potential πu ∈ R with lower and upper bounds

¯
πu ∈ R≤0 and π̄u ∈ R≥0, respectively. Every arc a = (u, v) ∈ AL has a variable flow x(u,v) ∈ R
and a conductance µ(u,v) > 0 which describes its ability to carry flow. The potential network
(G,µ) comprises the graph G and arc conductances µ ∈ RAL . For each line arc (u, v) ∈ AL, the
interdependence between flow x(u,v) and potentials πu, πv is given by the potential equation

πu − πv = ψ(u,v)(x(u,v))µ
−1
(u,v),

where ψ(u,v) : R → R is a potential function. Potential functions are continuous and strictly
increasing. Rearranging yields the flow as a function of the potentials:

x(u,v) = ψ−1
(u,v)((πu − πv)µ(u,v)).

The flow is limited by lower and upper bounds
¯
x(u,v) ∈ R≤0 and x̄(u,v) ∈ R≥0, respectively.
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Switch arcs (u, v) ∈ AS can be switched on or off to connect or disconnect nodes in the
graph, denoted by switching state z(u,v) ∈ {0, 1}. If a switch arc (u, v) ∈ AS is switched “on”
(z(u,v) = 1), the incident node potentials must be equal, πu = πv. If switched “off” (z(u,v) = 0),
the arc flow must be zero, x(u,v) = 0, and the potentials are no longer directly linked. In
the latter case, the difference of the respective potentials is confined to lower and upper limits

¯
π(u,v) ∈ R and π̄(u,v) ∈ R, respectively, which are selected such that they can never restrict the
choice of potentials.

We refer to switched on and off switch arcs as “active” and “inactive,” respectively. We
require that there are no two nodes in the same switch arc-connected component in the graph
(V,AS) that are incident to the same line arc. Additionally, for any two such components, there
can be at most one line arc that is incident to a node in each component. Figure 1 shows an
example graph with both line and switch arcs.

Figure 1: Network topology.

aℓ1 aℓ2

aℓ3 aℓ4

u1

u2

as1

as2

u3

Note. Line arcs are represented by solid lines, active and inactive switch arcs by dashed and dotted lines,
respectively. The active switch arcs and incident nodes form switch arc components.

Each node has an adjustable demand bu ∈ [
¯
bu, b̄u],

¯
bu, b̄u ∈ R,

¯
bu ≤ b̄u, with per-unit cost

Fu ∈ R. The demands are always balanced, i.e.,∑
u∈V

bu = 0,

due to the flow conservation constraints. If demands are fixed to a value and there are no switch
arcs, AS = ∅, the network is called passive. Otherwise, it is active.

A potential-based flow (x, π, z, b) then comprises arc flows x ∈ RA, node potentials π ∈ RV ,
switching states z ∈ {0, 1}AS and demands b ∈ RV . It is considered feasible if it fulfills (1a)–(1h):

z(u,v)¯
x(u,v) ≤ x(u,v) ≤ z(u,v)x̄(u,v) ∀(u, v) ∈ AS (1a)

(1− z(u,v))¯π(u,v) ≤ πu − πv ≤ (1− z(u,v))π̄(u,v) ∀(u, v) ∈ AS (1b)∑
(v,u)∈δ−(u)

x(v,u) −
∑

(u,v)∈δ+(u)

x(u,v) = bu ∀u ∈ V (1c)

ψ−1
(u,v)((πu − πv)µ(u,v)) = x(u,v) ∀(u, v) ∈ AL (1d)

bu ∈ [
¯
bu, b̄u] ∀u ∈ V (1e)

z(u,v) ∈ {0, 1} ∀(u, v) ∈ AS (1f)

x(u,v) ∈ [
¯
x(u,v), x̄(u,v)] ∀(u, v) ∈ A (1g)

πu ∈ [
¯
πu, π̄u] ∀u ∈ V (1h)
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Constraints (1a) and (1b) ensure that switch arcs carry no flow when off and have equal
incident potentials when on. Here, for all switch arcs (u, v) ∈ AS , the “big-M ” parameters

¯
x(u,v), x̄(u,v) ∈ R are chosen such that the bound can never be met while the arc is on, and
analogously for

¯
π(u,v), π̄(u,v) ∈ R. Constraint (1c) enforces flow conservation: the net flow

at each node meets its demand. Constraint (1d) is the potential equation relating flows and
potentials. Constraints (1e)–(1h) specify the variables’ domains.

Extended potential-based flow problems. In addition to this basic potential-based flow
problem, we consider scenario-based robustness, line arc overloading, and switching limits. Ro-
bustness is enforced via a set of contingencies C ⊆ 2A, where each contingency C ∈ C represents
a scenario in which all contained arcs fail. The methods discussed in this work extend naturally
to arbitrary contingencies with individual bounds, (fixed) demands or conductances, however we
focus on (single) arc contingencies for the sake of simplicity. The set C may include the empty
set ∅, representing the base case without failures. Switching and demand decisions are made in-
dependently of which contingency occurs, while flows and potentials adapt to each contingency.
We denote by AC

L := AL \ C and AC
S := AS \ C, respectively, the sets of line and switch arcs

unaffected by contingency C, and by AC := AC
L ∪AC

S the set of all such arcs.
In each contingency C ∈ C, each line arc (u, v) ∈ AL can be overloaded by oC(u,v) ∈ R≥0

beyond its soft bounds
˜
x(u,v), x̃(u,v) ∈ R at cost F o ∈ R≥0 per unit, within the already introduced

hard bounds
¯
x(u,v) and x̄(u,v), i.e.,

¯
x(u,v) ≤

˜
x(u,v) ≤ x̃(u,v) ≤ x̄(u,v). Overloaded arcs contribute

to the objective function for each contingency individually. Alternatively, ways to aggregate
subproblem costs, e.g., the maximum over all subproblems, could also be considered.

Each switch arc (u, v) ∈ AS has a default state. We collect arcs switched on by default in
set A1

S ⊆ AS , and in set A0
S = AS \ A1

S those which are inactive in the default state. At most
Z ∈ N switch arcs may be switched away from their defaults. The graph has to be “islanding-
free” in all contingencies. That is, all nodes u ∈ V where demands are not fixed to zero, i.e.,

¯
bu ̸= 0 or b̄u ̸= 0, have to be part of the same connected component induced by the active arcs
(arcs that are switched on and not part of the contingency). This is a looser requirement than
full connectedness in that it allows for parts of the graph to be disconnected by switching or
contingencies, as long as only one of them is relevant to the distribution of demands.

All these parameters define a potential-based flow problem P = (G,µ, ψ, C, H), where

H = (
¯
b, b̄,

¯
x, x̄,

˜
x, x̃,

¯
π, π̄, A0

S , Z, F, F
o)

collects bounds, default state, and costs. Should the contingencies be irrelevant in a statement,
we omit them from the description of P.

We are ready to state the complete extended model (omitting the connectedness constraints)
in Constraints (2a)–(2n). Arc flows and node potentials now materialize in every scenario. The
corresponding variables are thus superscripted with the respective contingency.

6



min
∑
u∈V

Fubu +
∑
C∈C

∑
(u,v)∈AC

L

F ooC(u,v) (2a)

s.t. ∀C ∈ C :∑
(u,v)∈A1

S

(
1− z(u,v)

)
+

∑
(u,v)∈A0

S

z(u,v) ≤ Z (2b)

z(u,v)¯
x(u,v) ≤ xC(u,v) ≤ z(u,v)x̄(u,v) ∀(u, v) ∈ AC

S (2c)

(1− z(u,v))¯π(u,v) ≤ π
C
u − πCv ≤ (1− z(u,v))π̄(u,v) ∀(u, v) ∈ AC

S (2d)∑
(v,u)∈δ−(u)\C

xC(v,u) −
∑

(u,v)∈δ+(u)\C

xC(u,v) = bu ∀u ∈ V (2e)

ψ−1
(u,v)((π

C
u − πCv )µ(u,v)) = xC(u,v) ∀(u, v) ∈ AC

L (2f)

˜
x(u,v) − oC(u,v) ≤ x

C
(u,v) ≤ x̃(u,v) + oC(u,v) ∀(u, v) ∈ AC

L (2g)

¯
x(u,v) ≤ xC(u,v) ≤ x̄(u,v) ∀(u, v) ∈ AC

L (2h)

¯
πu ≤ πCu ≤ π̄u ∀u ∈ V (2i)

bu ∈ [
¯
bu, b̄u] ∀u ∈ V (2j)

z(u,v) ∈ {0, 1} ∀(u, v) ∈ AS (2k)

xC(u,v) ∈ R ∀(u, v) ∈ AC (2l)

πCu ∈ R ∀u ∈ V (2m)

oC(u,v) ≥ 0 ∀(u, v) ∈ AC
L (2n)

The objective function minimizes total demand and overload costs across all contingen-
cies. Constraint (2b) enforces the switching limit on deviations from default settings. The core
potential-based flow Constraints (1a)–(1d) are replicated for each contingency via Constraints
(2c)–(2f). Constraint (2g) tracks line arc overloading beyond soft bounds. Constraints (2h)
and (2i) enforce the bounds on flows and potentials for each contingency. Constraints (2j)–(2n)
specify bounds and domains of the variables.

Affine Potential Functions. In this work, we focus on instances with affine potential func-
tions with positive slope:

ψ(u,v)(x) = r(u,v)x+ s(u,v), ∀x ∈ R, (u, v) ∈ AL,

where r(u,v) ∈ R>0 and s(u,v) ∈ R. By standard transformation, any such function can be
replaced by the identity function:

Proposition 1. Let P = (G,µ, ψ,H) be a potential-based flow problem with affine potential
functions ψ. Then, there exists an equivalent potential-based flow problem P ′ = (G,µ′, ψ′, H ′)
where every potential function is the identity function id : R → R, id(x) = x such that any
feasible solution (x′, π, z, b′) to P ′ can be transformed into a feasible solution (x, π, z, b) to P
with the same objective function value, and vice versa.

Proof. We transform the original instance via arc parameter rescaling and demand adjustment.
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For each (u, v) ∈ AL, inverting the potential function in Constraint (1d) yields

x(u,v) = ψ−1
(u,v)((πu − πv)µ(u,v))

=
(πu − πv)µ(u,v) − s(u,v)

r(u,v)

= (πu − πv)
µ(u,v)

r(u,v)
−
s(u,v)

r(u,v)
.

The rescaled conductance is
µ′(u,v) :=

µ(u,v)

r(u,v)
,

yielding

x′(u,v) :=(πu − πv)µ′(u,v)

=(πu − πv)
µ(u,v)

r(u,v)
−
s(u,v)

r(u,v)
+
s(u,v)

r(u,v)

=x(u,v) +
s(u,v)

r(u,v)
.

The shift s(u,v)/r(u,v) is absorbed into all flow bounds, for instance, the transformed lower bound
becomes

¯
x′(u,v) = ¯

x(u,v)+s(u,v)/r(u,v). These shifts also affect flow conservation Constraints (1c).
Substituting

x(u,v) = x′(u,v) −
s(u,v)

r(u,v)
(3)

gives

bu =
∑

(v,u)∈δ−(u)

x(v,u) −
∑

(u,v)∈δ+(u)

x(u,v)

=
∑

(v,u)∈δ−(u)

x′(v,u) −
∑

(u,v)∈δ+(u)

x′(u,v)

−
∑

(v,u)∈δ−(u)

s(v,u)

r(v,u)
+

∑
(u,v)∈δ+(u)

s(u,v)

r(u,v)
.

Rearranging yields ∑
(v,u)∈δ−(u)

x′(v,u) −
∑

(u,v)∈δ+(u)

x′(u,v) = b′u,

with transformed demand

b′u := bu +
∑

(v,u)∈δ−(u)

s(v,u)

r(v,u)
−

∑
(u,v)∈δ+(u)

s(u,v)

r(u,v)
(4)

for all u ∈ V . We shift the demand bounds accordingly

¯
b′u =

¯
bu +

∑
(u,v)∈δ−(u)

s(u,v)

r(u,v)
−

∑
(u,v)∈δ+(u)

s(u,v)

r(u,v)
,

analogously for b̄′u, and add the term

−Fu ·

 ∑
(v,u)∈δ−(u)

s(v,u)

r(v,u)
−

∑
(u,v)∈δ+(u)

s(u,v)

r(u,v)


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to the objective function.
To summarize, the transformed instance is obtained from the original instance by, for all line

arcs (u, v) ∈ AL, replacing the conductance µ(u,v) by the rescaled µ′(u,v), shifting flow bounds

¯
x(u,v), x̄(u,v),

˜
x(u,v), and x̃(u,v) by s(u,v)/r(u,v), and replacing its potential function with the

identity potential function

x′(u,v) = µ′(u,v)(πu − πv) ∀(u, v) ∈ AL;

and for all nodes u ∈ V , shifting its demand bounds
¯
bu, b̄u and adding a term to the objective to

match the adjusted demand bu. The transformed instance is equivalent to the original instance:
following Equations (3) and (4), any feasible solution to the transformed instance can be trans-
formed into a feasible solution to the original instance with the same objective function value,
and vice versa. □

In the following, we can thus assume all potential functions to be the identity function. As
such, we can substitute all flow variables on line arcs by a term over potential variables following
the potential equation. For ease of notation, we still refer to flows where helpful, but line arc
flows and potential equations are not explicitly part of the following models.

Problem (1a)–(1h) is NP-hard if potential functions are the identity function (Lehmann
et al., 2014), and thus following Proposition 1 also if they are affine.

4 A Benders Decomposition Approach

We decompose the problem Constraints (2a)–(2n) into a master problem (MP) and one sub-
problem (SP) per contingency C ∈ C. The MP initially consists only of demand b and switching
z variables as well as the constraint on switching actions (2b) and constraint∑

u∈V
bu = 0

to enforce global demand balance. Additionally, it has one Benders recourse variable ηC ≥ 0
for each contingency C ∈ C that is added to the objective function, reflecting a lower bound
estimate of that contingency’s objective function contribution for any master solution.

Subproblems contain the remaining constraints and variables, with master variables as fixed
parameters. Let (b̂, ẑ, η̂C), b̂ ∈ RV , ẑ ∈ {0, 1}AS , η̂C ∈ R denote a master solution with values
for demands, topology, and the Benders variable of contingency C ∈ C, respectively. We denote
the corresponding C-th subproblem as SC(b̂, ẑ, η̂C), and its optimal objective function value, if
feasible, as SC(b̂, ẑ, η̂C)∗ ∈ R. The subproblem SC(b̂, ẑ, η̂C) is a potential-based flow problem
where contingency arcs (u, v) ∈ C are removed, and the master problem decisions are fixed.
We call these networks with fixed demands and switch arc states semi-passive. The subproblem
model for C ∈ C is given in Model (5a)–(5j). For reference, we indicate the dual variables (or
“Farkas multipliers,” respectively) corresponding to the respective constraints in square brackets.

9



SC(b̂, ẑ, η̂C)
∗ =

min
∑

(u,v)∈AC
L

F ooC(u,v) (5a)

s. t. ẑ(u,v)¯
x(u,v) ≤ xC(u,v) ≤ ẑ(u,v)x̄(u,v) [

¯
τC , τ̄C ] ∀(u, v) ∈ AC

S (5b)

(1− ẑ(u,v))¯π(u,v) ≤ π
C
u − πCv ≤ (1− ẑ(u,v))π̄(u,v) [

¯
αC , ᾱC ] ∀(u, v) ∈ AC

S (5c)∑
(v,u)∈δ−(u)∩AC

L

(πCv − πCu )µ(v,u)

−
∑

(u,v)∈δ+(u)∩AC
L

(πCu − πCv )µ(u,v)

+
∑

(v,u)∈δ−(u)∩AC
S

xC(v,u)

−
∑

(u,v)∈δ+(u)∩AC
S

xC(u,v) = b̂u [φC ] ∀u ∈ V (5d)

˜
x(u,v) − oC(u,v) ≤ (πCu − πCv )µ(u,v) ≤ x̃(u,v) + oC(u,v) [

¯
σC , σ̄C ] ∀(u, v) ∈ AC

L (5e)

¯
x(u,v) ≤ (πCu − πCv )µ(u,v) ≤ x̄(u,v) [

¯
γC , γ̄C ] ∀(u, v) ∈ AC

L (5f)

¯
πu ≤ πCu ≤ π̄u [

¯
ξC , ξ̄C ] ∀u ∈ V (5g)

xC(u,v) ∈ R ∀(u, v) ∈ AC
S (5h)

πCu ∈ R ∀u ∈ V (5i)

oC(u,v) ∈ R≥0 ∀(u, v) ∈ AC
L (5j)

The decomposed problem is solved using a branch-and-Benders-cut algorithm (cf. Rahma-
niani et al., 2017). The MP is solved as usual using a branch-and-bound algorithm. Every time
an integer feasible MP solution is obtained during the algorithm, it needs to be verified with all
subproblems, and is only valid if it is “accepted” by all of them. For this, each subproblem is
solved with the master solution’s values as parameters. If an SP is infeasible, a feasibility cut
is added to the MP. This feasibility cut is based on the values of a dual direction of unbound-
edness (“Farkas multipliers”), and cuts off at least the master solution causing the infeasibility.
With

¯
τC∗ and τ̄C∗ denoting dual direction values of the lower and upper bound, respectively, of

Constraint (5b), and analogously for the other constraints, a feasibility cut is∑
(u,v)∈AC

S

(
z(u,v)x̄(u,v)τ̄

C∗
(u,v) − z(u,v)¯x(u,v)¯τ

C∗
(u,v)

+ (1− z(u,v))π̄(u,v)ᾱC∗
(u,v) − (1− z(u,v))¯π(u,v)¯α

C∗
(u,v)

)
+

∑
(u,v)∈AC

L

(
x̃(u,v)σ̄

C∗
(u,v) − ˜

x(u,v)¯
σC∗
(u,v) + x̄(u,v)γ̄

C∗
(u,v) − ¯

x(u,v)
¯
γC∗
(u,v)

)
+

∑
u∈V

(
buφ

C∗
u +

¯
πu
¯
ξC∗
u + π̄uξ̄

C∗
u

)
≤ 0.

(6)

Otherwise, if an SP is feasible, and the optimal objective function value of SC(b̂, ẑ, η̂C) is strictly
larger than the master solution value for ηC , an optimality cut is added to the MP. This cut
is based on the values of an optimal dual solution. Denoting these the same way as for the
feasibility cut, the cut inequality only differs in the right-hand side, here ηC , i.e., the Benders
recourse variable. By adding these cuts, changes in switching actions and demands in the MP
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reducing line arc overloads in contingencies are thereby incentivized. If neither cut is added in
any subproblem, the master solution is accepted as a valid solution in the current node of the
branch-and-bound tree.

5 Solving Subproblems as Systems of Linear Equations

In this section, we focus on solving a single subproblem SC(b̂, ẑ, η̂C) after obtaining the master
solution, i.e., fixed values for demand b, topology z and ηC . We discuss how a constant number
of systems of linear equations (SLE) are sufficient to solve subproblems, i.e., check for and
compute optimality and feasibility cuts. The next section then integrates this as part of the
larger branch-and-Benders-cut algorithm, where multiple subproblems are solved in succession.

We assume that the graph is islanding-free. That is, all nodes with demands not fixed to zero
by their bounds are connected in the graph induced by the active arcs, i.e., those switched-on
and not part of a given contingency. This can be enforced through, e.g., a separate separation
procedure. We verify connectedness by computing a minimum cut on the contracted graph (see
upcoming section) with line arcs not in the contingency contracted as well. Additionally, all
nodes that are not part of the connected component containing these demands are removed
with their incident arcs, as we can assume that they do not carry flow (or potentials) in an
optimal solution.

The subproblem solving algorithm is motivated by the comparatively high computational
effort of the simplex algorithm—it requires solving a potentially very high number of linear
equation systems, whereas our algorithm requires solving only one or two of equal or smaller size.
It is roughly divided into two parts: first we solve a reduced version of the primal subproblem,
free of soft and hard variable bounds, the objective function, and switch arcs. From this, we
obtain flow and potential variable values for all arcs and nodes. The potential differences as
well as relevant flow values of a switch arc-free network are unique for a given master solution
(Birkhoff and Diaz, 1956). With these, we can thus check whether the subproblem is feasible,
and, if so, compute its objective function value. This determines whether the subproblem yields
an optimality or a feasibility cut, or neither. If it does yield a cut, we solve a reformulated version
of the dual subproblem as an SLE to obtain all necessary dual variable values to construct the
respective cut. While similar, this dual SLE differs between optimality and feasibility cuts, as
detailed later.

The remainder of this section is structured as follows: in Subsection 5.1, we discuss an
arc contraction procedure for fixed switch arcs to obtain a switch arc-free graph yielding an
equivalent line arc flow. Subsection 5.2 discusses the first part of the algorithm, i.e., how to
construct the primal SLE from a given master solution. Subsections 5.3 and 5.4 then explain the
second part of the algorithm, i.e., how to construct the dual SLE for an optimality or feasibility
cut, respectively, from a given master and primal SLE solution. The resulting improvements in
computational complexity are discussed jointly in the next section.

5.1 Switch Arc Contraction

With all switching variables fixed in the subproblem, and thus a semi-passive network, we can
simplify the underlying network by substituting all switch arcs in a way that preserves the flow
on line arcs. This is done by “contracting” switch arcs iteratively, eventually resulting in a graph
with only line arcs. The uniqueness of flows with regard to a passive network was observed by,
e.g., Birkhoff and Diaz (1956), so the contraction procedure can be seen as a precondition for the
uniqueness of flows in our subproblems. Similarly, contracted graphs are used for constructing
the dual SLEs. For both primal and dual solutions, we first determine most variable values on
the contracted graph, and then any remaining values as necessary, as discussed in the following
sections.
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We first show that we can disregard inactive switch arcs. For ease of readability, we omit
any notational reference to the contingency. Then, we describe the contraction procedure that
eliminates active switch arcs.

Proposition 2. Let P = ((V,AL ∪AS), µ, ψ,H) be a potential-based flow problem with a semi-
passive network fixed by b̂ ∈ RV and ẑ ∈ AS. Let Aẑ

S = {(u, v) ∈ AS | ẑ(u,v) = 1} be the set
of active switch arcs. Any optimal solution to the identical problem without inactive switch arcs
P ′ = ((V,AL ∪Aẑ

S), µ, ψ,H) can be transformed into an optimal solution to P.

Proof. Let (π∗, x∗′), π ∈ RV , x∗′ ∈ RAẑ
S , be an optimal solution to P ′. Then, (π∗, x∗), where

x∗(u,v) =

{
x∗′(u,v), (u, v) ∈ Aẑ

S

0, else

is a feasible solution to P: all constraints except for Constraints (5b) and (5c) for all (u, v) /∈ Aẑ
S

as well as Constraints (5d) of the incident nodes are unaffected and thus trivially fulfilled. Let
(u, v) /∈ Aẑ

S be an inactive arc. Since it is inactive, i.e., x∗(u,v) = 0, Constraints (5b) are fulfilled
with equality, and Constraints (5c) are always fulfilled by construction. Constraints (5d) for the
incident nodes u, v ∈ V sum over the additional variable x(u,v), but since x∗(u,v) = 0, the result
does not change.

The solution (π∗, x∗) is optimal for P, otherwise, there must be a solution (π∗′′, x∗′′) for P
with improved objective function value and x∗′′(u,v) = 0 for all (u, v) /∈ Aẑ

S . But then, (π∗′′, x∗′′)
reduced to arcs in Aẑ

S is clearly feasible for P ′, so (π∗, x∗′) can not be optimal for P ′. □

Figure 2: Switch arc component contraction.

aℓ2

aℓ3 aℓ4

u1

u2

aℓ1

(a) After contracting arc as1.

aℓ1 aℓ2

aℓ3 aℓ4

u1

u2

(b) Full switch arc contraction.

Note. Contraction of switch arc components from Figure 1 after removing inactive switch arcs. Solid lines
represent line arcs, dashed lines active switch arcs. In (a), the arc aℓ

1 is now directly connected to u1. In (b),
the components have fully been merged into the representative nodes u1 and u2.

For a specific contingency C denote by Aẑ,C
S ⊆ {(u, v) ∈ AC

S | ẑ(u,v) = 1} the set of remaining,
active switch arcs in the network. Let W ẑ,C ⊆ 2V denote the set of connected components in
the subgraph (V,Aẑ,C

S ), the active switch arc components. By Constraints (5c), the nodes of any
such component share the same potential. To determine the potential of all nodes, it thus suffices
to consider each connected component in the graph as a single representative node, the potential
of which represents the potential of all members of the component. We iteratively replace each
arc (u, v) ∈ Aẑ,C

S and its incident nodes in the component W ∈ W ẑ,C with a single contracted
node: first, we remove (u, v) from Aẑ,C

S . Then, we replace all arcs (u′, v), (v, v′) ∈ AC
L ∪ A

ẑ,C
S

that are incident to v with (u′, u) and (u, v′), respectively (while keeping their other properties
the same). If a node is adjacent to both u and v, i.e., replacing the arc incident to v would result
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in two parallel arcs, we do not add the second arc. As no line arc can be incident to two nodes
of the same switch arc-connected component, such an arc can only be a switch arc. Lastly, we
remove v from V and set the demand of the contracted node to b̂u + b̂v.

We denote the remaining node of component W by u(W ). The set of (line) arcs in the
contracted graph is denoted by Aẑ,C

L . Refer to Figure 2 for examples.
Solving the contracted problem is sufficient to obtain an optimal primal solution to the

original problem. As before, our notation does not refer to the contingency in the result and
proof.

Theorem 1. Let P = ((V,AL ∪ AS), µ, ψ,H) be a potential-based flow problem with a semi-
passive network fixed by b̂ ∈ RV and ẑ ∈ AS. Let P ′ = ((V ′, A′

L ∪ A′
S), µ

′, ψ′, H ′), A′
S = ∅, be

the potential-based flow problem on the corresponding passive contracted network. Any optimal
solution (π∗′, x∗′) for P ′ can be transformed directly into an optimal solution (π∗, x∗) for P, and
vice versa.

Proof. Following Proposition 2, we can disregard all inactive switch arcs of P. For the trans-
formed solution, for all switch arc components W ∈ W ẑ, we set the potential of all contained
nodes to that of the representative node,

π∗u = π∗′u(W ) ∀u ∈W,W ∈ W ẑ.

The switch arc flows x∗ need to be assigned values such that the flow conservation Constraints
(5d) are fulfilled. Let again Aẑ

S = {(u, v) ∈ AS | ẑ(u,v) = 1} denote the set of active switch
arcs. We determine a spanning tree on the subgraph (W,Aẑ

S ∩ (W ×W )) for each component
W ∈ W ẑ. All arcs of that subgraph not in the spanning tree are assigned a flow of zero, in
analogy to non-basic variables in a network simplex algorithm. Then, starting from the leaves
of the spanning tree until all variables are determined, there always is a node in W where the
flow conservation equation has only one undetermined variable, the flow of an incident switch
arc. It is easy to see that this solution is feasible and has the same objective function value in
P, the flows on line arcs remain unchanged.

Conversely, we show that for any feasible solution of P, the contraction procedure preserves
the flow on line arcs, i.e., that a solution with its variables adapted as described remains feasible
in P ′. Let x∗ ∈ RAL∪Aẑ

S denote an optimal flow solution, with line arc flows obtained follow-
ing the potential equations. Let (u, v) ∈ Aẑ

S be the first arc we contract (into node u). By
Constraints (5d), it holds that ∑

(v,u)∈δ−(u)

x∗(v,u) −
∑

(u,v)∈δ+(u)

x∗(u,v) = b̂u (7)

and ∑
(u,v)∈δ−(v)

x∗(u,v) −
∑

(v,u)∈δ+(v)

x∗(v,u) = b̂v. (8)

The adapted Constraint (5d) at the contracted node u is∑
(v,u)∈δ−(u)

x(v,u) −
∑

(u,v)∈δ+(u)

x(u,v)

+
∑

(u,v)∈δ−(v)

x(u,v) −
∑

(v,u)∈δ+(v)

x(v,u)

= b̂u + b̂v,

which is the sum of Equations (7) and (8), and thus the solution fulfills the new constraint. It
is clear that all other constraints remain fulfilled, and that the adapted solution is still optimal.
By induction, this holds after repeating the procedure on the remaining arcs in Aẑ

S as well. □

Any semi-passive network can thus be simplified to a passive network, and the results by
Birkhoff and Diaz (1956) apply.
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5.2 Primal Solving

In this subsection, we construct the “primal” SLE, and show how it is used to obtain a full primal
solution. We first show how this SLE is constructed from a master solution, and provide a proof
showing that it always has a unique solution (Birkhoff and Diaz, 1956). This unique solution
then allows us to determine if and which cut needs to be generated. Additionally, certain of the
resulting primal variable solution values are needed to construct the dual SLEs in the following
sections.

Following Proposition 2 and Theorem 1, we are able to omit all switch arcs. For ease
of notation, we assume without loss of generality that the graph is already switch arc free.
Then, we can simplify the formulation given in Constraints (5a)–(5j) to the one in (9a)–(9g) by
removing Constraints (5b) and (5c) and variables xC(u,v) for (u, v) ∈ AC

S .

SC(b̂, ẑ, η̂C)
∗ =

min
∑

(u,v)∈AC
L

F ooC(u,v) (9a)

s. t.
∑

(v,u)∈δ−(u)\C

(πCv − πCu )µ(v,u)

−
∑

(u,v)∈δ+(u)\C

(πCu − πCv )µ(u,v) = b̂u [φC ] ∀u ∈ V (9b)

˜
x(u,v) − oC(u,v) ≤ (πCu − πCv )µ(u,v) ≤ x̃(u,v) + oC(u,v) [

¯
σC , σ̄C ] ∀(u, v) ∈ AC

L (9c)

¯
x(u,v) ≤ (πCu − πCv )µ(u,v) ≤ x̄(u,v) [

¯
γC , γ̄C ] ∀(u, v) ∈ AC

L (9d)

¯
πu ≤ πCu ≤ π̄u [

¯
ξC , ξ̄C ] ∀u ∈ V (9e)

πCu ∈ R ∀u ∈ V (9f)

oC(u,v) ∈ R≥0 ∀(u, v) ∈ AC
L (9g)

Constraints (9b) of the simplified model then yield a system of linear equations on the potential
variables. We call it the primal SLE and denote it by Lẑ,C,p. With δ(u) \C as the set of in- and
outgoing arcs of node u ∈ V , the coefficient matrix of the primal SLE is given by the (negated)
weighted Laplacian matrix of the graph, i.e.,

Dẑ,C
u,v =


−
∑

(u,v)∈δ(u)\C µ(u,v), u = v,

µ(u,v), (u, v) ∈ AC
L ,

µ(v,u), (v, u) ∈ AC
L ,

0, else,

(10)

for all u, v ∈ V : for Constraints (9b) for node u ∈ V , variable πu occurs in the first sum
for each incoming arc (u, v) ∈ δ−(u) \ C with coefficient −µ(u,v), and in the second sum for
each outgoing arc (u, v) ∈ δ+(u) \ C with coefficient µ(u,v), but the sum itself has a negative
coefficient. Similarly, each node v ∈ V adjacent to u occurs exactly once with the conductance
of the connecting arc as positive coefficient.

For passive potential-based flow problems such as this one, it is known that the flow, obtained
from the solution of the SLE following the potential equation, is unique (Birkhoff and Diaz, 1956).
As stated by Pfetsch et al. (2026), we can thus first obtain a primal solution to SC(b̂, ẑ, η̂C) by
solving the SLE, and then check its adherence to the bounds afterward. This covers the soft
bounds given by Constraints (9c) that are penalized in the objective function, and the hard
bounds given by Constraints (9d) and (9e). We show a proof for the uniqueness here as we give
similar proofs later on, and as it is integral to our work—otherwise we might derive a suboptimal
solution or falsely conclude that the subproblem is infeasible.
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Theorem 2. Any solution to the primal SLE Dẑ,CπC = b̂ yields the same flow.

Proof. We select as reference node an arbitrary node, say node w ∈ V , such that removing it
does not split the graph into disconnected components. Such a node always exists, for example
any leaf of a spanning tree of the graph. We then set its potential πCw to some arbitrary value
πref ∈ R. This value can indeed be chosen arbitrarily at first, as, due to the linear potential
function, the flows are unaffected by linear shifts in potentials, i.e., π1−π2 = (π1+ ε)− (π2+ ε)
for any π1, π2, ε ∈ R.

We then remove the entries corresponding to the reference node in the SLE to obtain the
remaining coefficient matrix Dẑ,C,ref, with

Dẑ,C,ref
u,v = Dẑ,C

u,v ∀u, v ∈ V \ {w}.

The matrix is identical to the original matrix, but without the row and column corresponding
to the reference node. In particular, the remaining diagonal entries remain unchanged.

From standard linear algebra, we know that any SLE Dx = b, D ∈ Rm×n, b ∈ Rm,m ∈ N
with n ∈ N variables has a unique solution exactly if rank(D) = n. In our remaining SLE,
Dẑ,C,ref needs to have rank |V | − 1. This is the case if

1. it is weakly diagonally dominant, i.e.,∣∣∣Dẑ,C,ref
u,u

∣∣∣ ≥ ∑
v∈V \{u,w}

∣∣∣Dẑ,C,ref
u,v

∣∣∣ ∀u ∈ V \ {w}, (11)

2. Equation (11) holds with strict inequality for at least one u ∈ V \ {w}, and

3. Dẑ,C,ref is irreducible (Johnson et al., 2023).

All of these hold:

1. This is true due to the matrix structure, and since all conductances are positive. For all
u, v ∈ V \ {w}:

Dẑ,C,ref
u,v =


−
∑

(u,v)∈δ(u)\C µ(u,v), u = v,

µ(u,v), (u, v) ∈ AC
L ,

µ(v,u), (v, u) ∈ AC
L ,

0, else.

Then for all u ∈ V \ {w}:

∣∣∣Dẑ,C,ref
u,u

∣∣∣ =
∣∣∣∣∣∣−

∑
(u,v)∈δ(u)\C

µ(u,v)

∣∣∣∣∣∣
=

∑
(u,v)∈δ(u)\C

∣∣µ(u,v)∣∣
≥

∑
(u,v)∈δ(u)\C

{u,v}̸∋w

∣∣µ(u,v)∣∣
=

∑
v∈V \{w,u}

∣∣∣Dẑ,C,ref
u,v

∣∣∣ .

(12)

2. Since the graph is connected, there must be at least one node u ∈ V that is connected to
the reference node, so (u,w) ∈ AC

L or (w, u) ∈ AC
L . For each such u,

(δ(u) \ C) ⊋ (δ(u) \ C) \ {(u,w), (w, u)}.

Thus, since all conductances are positive, the inequality in Equation (12) holds strictly.
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3. The matrix is reducible exactly if there exists a partition U,U ′ of V such that Dẑ,C,ref
u,u′ = 0

for all u ∈ U , u′ ∈ U ′. But then the graph would be disconnected (or it is only connected
at node w, but w was chosen such that removing it does not split the graph).

□

Since any solution to Lẑ,C,p determines a unique flow and the objective function solely de-
pends on the flow, this flow must coincide with the optimal flow in SC(b̂, ẑ, η̂C), provided the
solution is feasible. Consider a solution πC∗ ∈ RV to Lẑ,C,p. From Constraints (9c), we have
that for any optimal solution,

oC∗
(u,v) = max{ − (πC∗

u − πC∗
v )µ(u,v) +

˜
x(u,v),

(πC∗
u − πC∗

v )µ(u,v) − x̃(u,v), 0}

for all (u, v) ∈ AC
L , i.e., if overloaded, the overloading variables match the violation of the soft

bounds. The optimal objective function value to SC(b̂, ẑ, η̂C) is given by

SC(b̂, ẑ, η̂C)
∗ =

∑
(u,v)∈AC

L

F ooC∗
(u,v).

Adherence to Constraints (9d) can be immediately determined from the solution. For Constraints
(9e), it is based on the choice of reference potential. They are necessarily violated exactly if

max{0,max{πC∗
u − π̄u | u ∈ V }}

>max{0,min{πC∗
u − ¯

πu | u ∈ V }}, or

max{0,min{π̄u − πC∗
u | u ∈ V }}

<max{0,max{
¯
πu − πC∗

u | u ∈ V }},

i.e., if potentials can not be shifted enough to satisfy the largest violation of an upper bound
without violating any lower bound, or vice versa.

This is sufficient to decide on the type of cut we construct: If SC(b̂, ẑ, η̂C)∗ > η̂C , and the
subproblem is feasible, we construct an optimality cut. The subproblem is infeasible if any of
Constraints (9d) or (9e) are violated, in which case we construct a feasibility cut. Otherwise,
if the subproblem is feasible, and SC(b̂, ẑ, η̂C)

∗ ≤ η̂C , the master solution is accepted by this
subproblem. Note that, unlike when using a simplex algorithm, we do not have a dual solution
to the subproblem. This comes next.

5.3 Optimality Cuts

In this subsection, we construct a separate SLE, the solution of which allows us to easily construct
an optimality cut. We consider the uncontracted subproblem with switch arcs in this section.
We first determine an optimal primal basis based on our optimal primal solution, and then use
that basis to construct the “dual” SLE and show that it yields an optimal dual solution.

Optimal primal basis. The primal solution potentially induces multiple optimal primal bases
for SC(b̂, ẑ, η̂C) in augmented form, as the potential values can be additively shifted, as discussed,
and the flow on cyclic switch arc components is not necessarily uniquely determined. We deter-
ministically select one of them as follows, and then use it to compute an optimal dual solution.
The basis needs to contain m ∈ N variables, where m is the number of constraints of SC(b̂, ẑ, η̂C),
including all variables that are non-zero. This includes the additional slack variables that we
need to introduce to convert the inequality constraints to equality constraints. The columns
of the selected variables need to be linearly independent. Following the proof of Theorem 2,
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we know that this does not hold directly for the potential variables. As in the proof, we thus
substitute the potential variable πCw of the reference node w ∈ V by the reference value πref ∈ R
and remove the corresponding constraint. With this, there are m = 4|AC

S | + 3|V | − 1 + 4|AC
L |

constraints.
For the basis B, we select one variable per constraint, always selecting the ones that are

non-zero for a solution derived from πC∗:

• We select both slack variables of Constraints (5b).

• For Constraints (5c) for arc (u, v) ∈ AC
S , both slack variables are zero if the arc is on, else

both are potentially non-zero. Of all the switch arcs that are on, we choose a maximal
subset Aẑ,C′

S ⊆ Aẑ,C
S such that the underlying undirected subgraph (V, {{u, v} | (u, v) ∈

Aẑ,C′
S }) is a forest (i.e., for each switch arc component, we select only arcs corresponding

to an arbitrary undirected spanning tree), and select the corresponding flow variables xC

for the basis. We select the upper bound slack variables of the remaining switch arcs, as
well as all lower bound slack variables.

• Up to |V | − 1 πC variables are non-zero as a result of Lẑ,C,p and Constraints (5d). We
select all πC variables for the basis (excluding that of the reference node).

• For Constraints (5e) for arc (u, v) ∈ AC
L , either oC∗

(u,v) > 0, in which case at least one of the
slack variables is zero, or oC∗

(u,v) = 0. In the latter case, we select both slack variables, in
the former the non-zero one and oC(u,v).

• We select both slack variables of (5f) and (5g), they can be zero or non-zero.

These variables form a valid basis for the Model (5a)–(5j), derived from our optimal solution.
We select exactly m variables, one for each constraint. This includes all non-zero variables, as
only zero valued variables are discarded. The corresponding columns are also linearly indepen-
dent: the columns of all slack variables, i.e., those for Constraints (5b), (5f), and (5g); and those
we selected for Constraints (5c) and (5e) are unit vectors. This also holds for any selected over-
load variable oC(u,v), (u, v) ∈ AL. These unit vectors are trivially linearly independent and can
be used to remove any non-zero entries in the rows corresponding to the respective constraints.
Then, only the coefficients of Constraints (5c) where the arc is switched on and Constraints
(5d) remain. Together, they form a (|Aẑ,C

S |+ |V | − 1)× (|Aẑ,C
S |+ |V | − 1) coefficient matrix of

some SLE with the right-hand side according to that of the constraints. Its variables are the
potential variables of all nodes except for the reference node, as well as the flow variables of
all selected switch arcs. As discussed in Subsection 5.2, the solution of the contracted graph is
uniquely determined, and immediately gives us the potentials of all nodes of the original graph.
The potential of the nodes that were contracted is equal to that of their representative node.
The flows on all selected switch arcs are then uniquely determined following the nodal balance
equations (5d), as discussed for the proof of Theorem 1: since the underlying undirected graph
of each component is always a spanning tree, the nodal balance equation at each leaf node of
such a tree always only has at most one undetermined variable, the flow on an incident switch
arc. The same then holds for at least one additional node, until eventually all flow variables
are uniquely determined. In total, the SLE has a unique solution, and thus the columns of its
coefficient matrix must be linearly independent, as desired. Hence, our selection represents a
valid primal basis for our optimal solution.

Dual system of linear equations. We use the basis to construct a system of linear equations
to obtain an optimal dual solution for Model (5a)–(5j). For this, we first dualize the primal
subproblem containing only the variables in our basis. For brevity, we do not explicitly show
the full form of this dual subproblem here, as it is not of further interest. Instead, we discuss
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how it can be simplified to obtain the system of linear equations shown in (13a)–(13h), which
then is reduced to the SLE (16), the SLE that is solved during the algorithm. We also keep the
reference node’s variable and constraints for ease of notation, removing them is only needed for
uniqueness arguments.

First, all dual constraints of non-slack primal variables can be treated as equality constraints,
since we want to obtain an optimal solution: xC and πC are unrestricted, so their dual constraints
are equality constraints immediately from dualization. The variable oC is only chosen if positive,
so its dual constraint must be an equality constraint following complementary slackness.

Second, we can disregard most of the dual variables, as they are equal to 0 or not relevant to
the remaining solution. We keep the dual variables for flow conservation (5d) φC

u for all nodes
u ∈ V , switch arc potential linking (5c) αC

(u,v) for all active switch arcs (u, v) ∈ Aẑ,C
S (including

those that are not in Aẑ,C′
S ), and overloading constraints (5e) for all overloaded line arcs

¯
σC(u,v),

(u, v) ∈ AC
L , xC∗

(u,v) < ˜
x(u,v), as well as σ̄C(u,v), (u, v) ∈ A

C
L , xC∗

(u,v) > x̃(u,v).
All other dual variables are assumed to be equal to zero: from complementary slackness,

we know that in an optimal solution, this must be the case for any dual variable where the
corresponding slack variable is positive. For Constraints (5b), if the arc is off, the dual variable
has objective function coefficient 0 and does not appear in any other constraints (the flow
variable is not in the basis), so it can be chosen arbitrarily. If the arc is on, the slack variables
are positive by construction. For Constraints (5c), if the arc is off, the slack variables are
positive by construction. For the remaining dual variables of Constraints (5e), (5f), and (5g),
some constraints can be fulfilled with equality. We assume for now that the corresponding dual
variables can always be chosen as zero in an optimal solution, which we show in the proof of
Theorem 3.

For ease of notation, we denote for all line arcs (u, v) ∈ AL

¯
ωC
(u,v) := (φC

u − φC
v − ¯

σC(u,v))µ(u,v),

ω̄C
(u,v) := (φC

u − φC
v + σ̄C(u,v))µ(u,v),

ωC
(u,v) := (φC

u − φC
v )µ(u,v),

and

ω̂C
(u,v) :=


¯
ωC
(u,v), xC∗

(v,u) < ˜
x(v,u)

ω̄C
(u,v), xC∗

(v,u) > x̃(v,u)

ωC
(u,v), else.

The resulting system of linear equations can then be seen in (13a)–(13h).
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∑
(v,u)∈δ−(u)\C

ω̂C
(v,u) −

∑
(u,v)∈δ+(u)\C

ω̂C
(u,v)

+
∑

(v,u)∈δ−(u)∩Aẑ,C
S

ᾱC
(v,u)

−
∑

(u,v)∈δ+(u)∩Aẑ,C
S

ᾱC
(u,v) = 0 [πC ] ∀u ∈ V (13a)

−
¯
σC(u,v) = F o [oC ] ∀(u, v) ∈ AC

L , x
C∗
(u,v) < ˜

x(u,v) (13b)

−σ̄C(u,v) = F o [oC ] ∀(u, v) ∈ AC
L , x

C∗
(u,v) > x̃(u,v) (13c)

−φC
u + φC

v = 0 [xC ] ∀(u, v) ∈ Aẑ,C′
S (13d)

ᾱC
(u,v) ∈ R ∀(u, v) ∈ Aẑ,C

S (13e)

¯
σC(u,v) ∈ R ∀(u, v) ∈ AC

L , x
C∗
(u,v) < ˜

x(u,v) (13f)

σ̄C(u,v) ∈ R ∀(u, v) ∈ AC
L , x

C∗
(u,v) > x̃(u,v) (13g)

φC
u ∈ R ∀u ∈ V (13h)

This SLE has |Aẑ,C
S |−|A

ẑ,C′
S |more variables than equations, so we can not always immediately

obtain a unique solution. Similarly to the last section, we avoid this by first calculating a
solution without switch arcs. We first describe the procedure for this and then show that it
always provides an optimal solution.

From Constraints (13b) and (13c), the values of
¯
σC(u,v) and σ̄C(u,v) are directly determined for

all line arcs:

¯
σC∗
(u,v) =

{
0, xC∗

(u,v) ≥ ˜
x(u,v)

−F o, xC∗
(u,v) < ˜

x(u,v),

σ̄C∗
(u,v) =

{
0, xC∗

(u,v) ≤ x̃(u,v)
−F o, xC∗

(u,v) > x̃(u,v)

for all (u, v) ∈ AC
L . We unify this as

σC∗
(u,v) =


0,

˜
x(u,v) ≤ xC∗

(u,v) ≤ x̃(u,v)
−F o, xC∗

(u,v) < ˜
x(u,v)

F o, xC∗
(u,v) > x̃(u,v)

for all (u, v) ∈ AC
L . Note that this term is fixed based on the primal solution. Observe that

the remaining dual problem is almost a semi-passive potential-based flow with identity potential
functions itself—potentials φC , conductances µ, switch flows ᾱC , and demands σC∗ with µ.
However, the objective function does not fit with our definition of a potential-based flow problem.

Nevertheless, from Theorem 1, we know that the contraction procedure preserves “flows” for
both line ωC = (φC

u − φC
v )µ(u,v), (u, v) ∈ AC

L , and switch arcs ᾱC
(u,v), (u, v) ∈ A

ẑ,C
S . As before,

let W ⊆ V be a set of all the nodes that are contracted to a common node, i.e., the nodes of
a connected component in (V,Aẑ,C

S ), and let W ẑ,C denote the set of all such sets. Summing up
Equation (13a) for all u ∈W allows us to remove the ᾱC variables, it yields

∑
u∈W

 ∑
(v,u)∈δ−(u)\C

ωC
(v,u) − σ

C∗
(v,u)µ(v,u) −

∑
(u,v)∈δ+(u)\C

ωC
(u,v) − σ

C∗
(u,v)µ(u,v)

 = 0
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(each switch arc in Aẑ,C
S ∩ (W ×W ), i.e., that is part of the component, occurs exactly once as

incoming and outgoing arc each). We can move the fixed terms containing σC∗ to the right-hand
side

∑
u∈W

 ∑
(v,u)∈δ−(u)\C

ωC
(v,u) −

∑
(u,v)∈δ+(u)\C

ωC
(u,v)


=

∑
u∈W

 ∑
(v,u)∈δ−(u)\C

σC∗
(v,u)µ(v,u) −

∑
(u,v)∈δ+(u)\C

σC∗
(u,v)µ(u,v)

 .

We denote the right-hand side term as

σC∗
W :=

∑
u∈W

 ∑
(v,u)∈δ−(u)\C

σC∗
(v,u)µ(v,u) −

∑
(u,v)∈δ+(u)\C

σC∗
(u,v)µ(u,v)

 . (14)

This yields the SLE

∑
u∈W

 ∑
(v,u)∈δ−(u)\C

ωC
(v,u) −

∑
(u,v)∈δ+(u)\C

ωC
(u,v)

 = σC∗
W ∀W ∈ W ẑ,C . (15)

This SLE may still have more variables than equations. We mitigate this by merging the φC

variables of each component onto its representative node in the contracted graph. This preserves
the optimality of our computed dual solution, as discussed for Theorem 3. We denote the
representative node in the contracted graph of component W ∈ W ẑ,C by u(W ). The resulting
dual SLE, denoted Lẑ,C,d is∑

(u(U),u(W ))∈δ−(u(W ))

ωC
(u(U),u(W )) −

∑
(u(W ),u(U))∈δ+(u(W ))

ωC
(u(W ),u(U)) = σC∗

W ∀W ∈ W ẑ,C . (16)

The sets δ− and δ+ refer to the contracted graph here. Observe that, for any graph, only the
right-hand side changes between dual SLE Lẑ,C,d for the optimality cut and the primal SLE
Lẑ,C,p (cf. Equation (10)).

For switch arcs, it remains to calculate values for the ᾱC variables following Equation (13a).
This is a separate flow problem for each component, with nodal surpluses derived from the
dual line flows given by φC∗ and µ. As discussed for the primal switch arc flows, we solve
it by constructing a spanning tree for each of the components of a given substation, and then
moving the surpluses “up” starting from the leaves. If an (undirected) component contains cycles,
the solution values for these dual variables are not unique. However, their objective function
coefficient is 0, so they do not directly influence the objective function value.

It remains to show that the computed dual solution is optimal.

Theorem 3. Any solution to the SLE Lẑ,C,d, extended by the tree-based recovery of the dual
variables ᾱC and setting the dual variables corresponding to the remaining bounds to zero, yields
an optimal dual solution to the original SC(b̂, ẑ, η̂C).

Proof. We need to show that the system produces a unique solution for the dual “flows” ωC , and
that reference value, contraction procedure, and disregarding part of the slack variables do not
lead to a suboptimal solution.

From Theorem 2, we know that the SLE yields a unique flow ωC∗ ∈ Aẑ,C
L on the contracted

graph, with unique values for φC∗ ∈ W ẑ,C given a chosen reference value and node. Following
Constraints (13d), it holds that φC∗

u = φC∗
u(W ) for all W ∈ W ẑ,C , u ∈ W , as required by the

contraction procedure.
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However, unlike the potential variables, the dual variable for node u ∈ V , including the
reference node, appears in the objective function of the dual subproblem with potentially non-
zero coefficient b̂u ∈ R. We must hence show that the choice of reference value has no impact
on the objective function value. We required that the demand in the network is balanced, i.e.,
that its sum over all nodes is equal to 0. Let ε ∈ R. Then,∑

u∈V
φC∗
u · b̂u =

∑
u∈V

φC∗
u · b̂u + ε · 0

=
∑
u∈V

φC∗
u · b̂u + ε ·

∑
u∈V

b̂u

=
∑
u∈V

(φC∗
u + ε) · b̂u,

as desired.
Lastly, assume, for a contradiction, that it is invalid to disregard the dual variables of Con-

straints (5e), (5f), and (5g). That is, there is some constraint where the flow or potential is
exactly equal to a (soft or hard) bound, and the dual variable of that constraint cannot be equal
to zero in any optimal solution. Consider a relaxation that differs from the original LP (5a)–(5j)
only in loosening exactly this bound by some ε ∈ R>0 (i.e., increasing the upper bound or de-
creasing the lower bound, as applicable). As discussed, the potentials of the primal problem are
uniquely determined independently of this bound; thus, relaxing it impacts neither the feasibility
nor the objective function value of the primal solution. Since the bound is now no longer active,
the dual variable vanishes by complementary slackness. This dual solution is feasible for the
dual of the original LP, because changing a right-hand side of the primal does not affect the dual
feasible region. Since the changed dual variable is at value zero, its modified objective function
coefficient (the loosened bound) does not affect the dual objective function value. Therefore, by
weak duality, our dual solution (of the same objective function value as the primal) must also
be optimal. This contradicts our assumption that there is no such solution. We conclude that
we can set all remaining dual variables corresponding to Constraints (5e), (5f), and (5g) to zero.
□

5.4 Feasibility Cuts

In this section, we adapt Lẑ,C,d for the case that SC(b̂, ẑ, η̂C) is infeasible, and we thus need to
construct a feasibility cut. To do so, we need to find a dual direction of unboundedness, i.e.,
a direction with positive objective function value, of which we can add any positive multiple
to a feasible dual point without violating any constraints. There are two cases in which the
subproblem is infeasible: an arc flow (resulting from the bound-free primal subproblem) violates
its hard bounds in Constraints (9d), or a node potential violates its hard bounds in Constraints
(9e). Both cases can occur simultaneously, also for multiple arcs or nodes. We add exactly one
cut, prioritizing flows over potentials.

Flow bound violation. If a flow violates some hard bound, we know that there must be a line
arc (w, u) ∈ AC

L between nodes w, u ∈ V and components W ′, U ′ ∈ W ẑ,C , w ∈W ′, u ∈ U ′, with
(πCw−πCu )µ(w,u) < ¯

x(w,u) or (πCw−πCu )µ(w,u) > x̄(w,u). We discuss only the latter case, the former
is analogous. The dual variable of the violated constraint for the contracted graph is γ̄C(u(W ′),u(U ′))

with objective function coefficient x̄(u(W ′),u(U ′))/µ(u(W ′),u(U ′)). Increasing the solution value of
γ̄C(u(W ′),u(U ′)) increases the objective function value of the dual solution. However, we need to
do so in a way that does not impact the feasibility of the solution. The variable occurs only in
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Constraints (13a), for both endpoints of the arc. We modify the SLE in Equation (15) to∑
(u(W ),u(U))∈δ−(u(W ))

ωC
(u(W ),u(U)) −

∑
(u(U),u(W ))∈δ+(u(W ))

ωC
(u(U),u(W )) = 0 ∀W ∈ W ẑ,C \ {W ′, U ′},

γ̄C(u(W ′),u(U ′)) +
∑

(u(W ′),u(U))∈δ−(u(W ′))

ωC
(u(W ′),u(U)) −

∑
(u(U),u(W ′))∈δ+(u(W ′))

ωC
(u(U),u(W ′)) = 0,

− γ̄C(u(W ′),u(U ′)) +
∑

(u(U ′),u(U))∈δ−(u(U ′))

ωC
(u(U ′),u(U)) −

∑
(u(U),u(U ′))∈δ+(u(U ′))

ωC
(u(U),u(U ′)) = 0. (17)

Any solution that satisfies this SLE can be added onto a dual feasible point without leaving the
dual feasible region. It thus is a feasible direction for the dual subproblem. The direction also
needs to have a positive objective function value (here, e.g., 1), so we add this equation to (17)∑

W∈W ẑ,C

b̂u(W ) · φC
u(W ) +

∑
(u(W ),u(U))∈Aẑ,C

L

(
(
¯
σC∗
(u(W ),u(U)) + σ̄C∗

(u(W ),u(U))) · x̃(u(W ),u(U))

)
+
x̄(u(W ′),u(U ′))

µ(u(W ′),u(U ′))
· γ̄C(u(W ′),u(U ′)) = 1.

Since the primal is infeasible and the dual is feasible, a dual direction of unboundedness must
exist. As our SLE is constructed to find exactly such a direction, it is guaranteed to be solvable.

Potential bound violation. If Constraint (9e) is violated, let w̃ ∈ V , part of component
W ′ ∈ W ẑ,C be a node with the largest violation (or closest to violation) of its upper bound, i.e.,

w̃ ∈ argmax{πC∗
u − π̄u | u ∈ V }.

We do not need to consider the lower bound case, as we can always shift the potentials such that
only upper bounds are violated. Analogously to the previous discussion, we modify the SLE in
Equation (15) to∑

(u(W ),u(U))∈δ−(u(W ))

ωC
(u(W ),u(U)) −

∑
(u(U),u(W ))∈δ+(u(W ))

ωC
(u(U),u(W )) = 0 ∀W ∈ W ẑ,C \ {W ′},

ξ̄Cu(W ′) +
∑

(u(W ′),u(U))∈δ−(u(W ′))

ωC
(u(W ′),u(U)) −

∑
(u(U),u(W ′))∈δ+(u(W ′))

ωC
(u(U),u(W ′)) = 0, (18)

and add the objective function via equation∑
W∈W ẑ,C

b̂u(W ) · φC
u(W ) +

∑
(u(W ),u(U))∈Aẑ,C

L

(
(
¯
σC∗
(u(W ),u(U)) + σ̄C∗

(u(W ),u(U))) · x̃(u(W ),u(U))

)
+ π̄u(W ′) · ξ̄Cu(W ′) = 1.

As for optimality cuts, solving the respective SLEs yields values for all dual variables, and
the desired cut.

6 Factorization Scheme & Complexity

In this section, we discuss the implications of our proposed subproblem solving regarding the
overall branch-and-Benders-cut algorithm. We first discuss how to leverage the similarity of the
SLEs within and between subproblems. Afterward, we analyze the theoretical complexity of the
resulting algorithm.
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Subproblem similarity. During the branch-and-Benders-cut algorithm, the set of active arcs
changes between master solutions and between contingencies and their corresponding subprob-
lems. Each subproblem SC(b̂, ẑ, η̂C) is solved with a primal and possibly a dual SLE. Each SLE
Dx = b consists of a subproblem-dependent matrix D ∈ Rn×n and a right-hand side b ∈ Rn

representing currently active arcs (cf. Constraints (9b) and Equation (15)), where n = |W ẑ,C |
for primal and optimality cut subproblems, and n = |W ẑ,C |+ 1 in case of a feasibility cut. We
solve these linear equation systems using an LU -factorization: first, D is decomposed into a
lower triangular matrix L and an upper triangular matrix U , with L,U ∈ R|W ẑ,C |×|W ẑ,C |, such
that LU = D. Afterward, we solve Ly = b for y and then Ux = y for x to obtain a solution to
the original SLE. Computing the factorization from scratch has as running time complexity of
O(|W ẑ,C |3) (Golub and Van Loan, 2013). This dominates the running time complexity when the
matrix is triangular, e.g., for solving an SLE using an existing factorization, O(|W ẑ,C |2) (Golub
and Van Loan, 2013). As discussed below, we can convert the factorization of a matrix into that
of a sufficiently similar one in O(|W ẑ,C |2) as well. We thus want to avoid complete factorizations
by exploiting the similarity between the matrices of the subproblems that we solve.

The similarities occur between Benders iterations, between contingencies, and between the
primal and dual SLEs of the same subproblem. As observed before, the coefficient matrices of
the SLEs for primal Lẑ,C,p and optimality cuts Lẑ,C,d are equal. The similarity of contingencies
depends on the contingency size, in our evaluation instances, for example, it is small and inde-
pendent of the network size. The switching limit parameter Z restricts the number of differing
switch arcs between master solutions.

Updating individual arcs. Subproblems within or between Benders iterations differ in the
underlying contracted graph. Switch arc states determine the components of the graph, line arc
states determine how components are connected. In the simplest case, two subproblems differ
in a single line arc that is operational or failed due to a contingency. A matrix D−(u′,v′) with
arc (u′, v′) ∈ AL disconnected differs from the same matrix D+(u′,v′) with that arc connected
only slightly (cf. Equation (10)):

D−(u′,v′) +D(u′,v′) = D+(u′,v′),

where

D
(u′,v′)
(u,v) =


−µ(u′,v′), {u, v} ⊊ {u′, v′}
µ(u′,v′), {u, v} = {u′, v′}
0, else

for all u, v ∈ V . Let

q(u
′,v′)

u =


µ(u′,v′), u = u′

−µ(u′,v′), u = v′

0, else,

and

r(u
′,v′)

u =


−1, u = u′

1, u = v′

0, else,

for all u ∈ V . Then,
D(u′,v′) = q(u

′,v′)r(u
′,v′)⊤.

Given an LU -factorization L−(u′,v′)U−(u′,v′) = D−(u′,v′), we can thus perform a rank-1 update
to arrive at an LU -factorization L+(u′,v′)U+(u′,v′) = D+(u′,v′). This update can be performed in
O(|V |2) (Stange et al., 2007).
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Figure 3: Component reconfiguration.

a1

U

W

a2

(a) U and V split.

a1

U ∪W

a2

(b) U and V merged.

Note. Reconfiguration line arcs are represented by solid lines, active and inactive switch arcs by dashed and
dotted lines, respectively. Activating arc a1 merges or splits components U and W (case 1 and 2). Changing the
state of arc a2 has no immediate effect, as its incident nodes are part of the same component regardless (case 3).

Differing switch arc states can lead to a change in the components represented in the ma-
trix. Recall that the matrix considers only active components, i.e., components that contain at
least one node with non-zero demand. There are three distinct outcomes regarding switch arc
components after changing the state of a single arc:

• After an arc is activated, two previously separated components are now connected, result-
ing in one merged component. If at least one of them is active, we connect it (in the matrix,
via rank-1 updates) to the line arcs of the other component. If the other component is also
active, we disconnect all its line arcs and then delete the corresponding row and column
in the matrix.

• The reverse: after deactivating an arc, a component is split into two now distinct compo-
nents. If at least one of them is active, we disconnect all line arcs of the other component,
the matrix entries now represent this first component. If the second component is also ac-
tive, we add it as a new component to the matrix by adding a row and column to represent
the new component in the matrix and then connecting its line arcs.

• No change in active components. If the arc is activated, this is because the incident
nodes are already part of the same component, or because one of the incident nodes was
previously not part of an active component. If the arc is deactivated, this is because the
incident nodes are connected via other active switch arcs, or because nodes are removed
from the component, but do not form an active component. The matrices stay the same,
so we do not need to update the factorization.

Refer to Figure 3 for an example.
A special case occurs if the switch arc is paired with exactly one line arc, i.e., there are nodes

u, v, w ∈ V , (u, v) ∈ AL, (v, w) ∈ AC
S , δ(v) = {(u, v), (v, w)}. This can be seen as a combined

line and switch arc (u,w), if switched on it has the properties of (u, v) and if switched off, the
potentials u,w are disconnected. The potential at v is not explicitly relevant, it is equal to that
of u if the arc is on and to that of w if it is off. We omit its row and column in the SLE matrices,
and treat switching the arc analogously to a contingency including the line arc.

Factorization update algorithm. Multiple differing arcs can be resolved by an iterative
chain of such updates. Algorithm 1 is called after a valid integer feasible solution is found
during the branch-and-Benders-cut algorithm. It describes how to perform one subproblem
iteration of the Benders algorithm, i.e., solve a subproblem for each contingency and return
optimality or feasibility cuts if applicable. We depart from the factorization of the previous
master topology ẑ′ ∈ {0, 1}|AS |, Lẑ′U ẑ′ = Dẑ′ . For the first call, this is the “base” factorization
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Algorithm 1 Subproblem Solving with Factorization Updates.

1: input network and contingency data (G,µ, ψ, C, H); previous factorization Lẑ′ , U ẑ′ ; master
solution ẑ, b̂, η̂; previous master topology ẑ′

2: C ′ ← ∅
3: Lẑ,C′

, U ẑ,C′ ← rank-1 updates to Lẑ′ , U ẑ′ according to ẑ

• disconnect all (u, v) ∈ Aẑ′,∅
L \Aẑ,∅

L

• update component representation for all (u, v) ∈ AS , ẑ(u,v) ̸= ẑ′(u,v)

• reconnect all (u, v) ∈ Aẑ,∅
L \A

ẑ′,∅
L

4: for all C ∈ C do
5: Lẑ,C , U ẑ,C ← rank-1 updates to Lẑ,C′

, U ẑ,C′

• disconnect all (u, v) ∈ C ∩Aẑ,C′

L

• update component representation for all (u, v) ∈ ((C ∪ C ′) \ (C ∩ C ′)) \Az̄
S

• reconnect all (u, v) ∈ C ′ ∩Aẑ,C
L

6: solve primal SLE with Lẑ,C , U ẑ,C (cf. Subsection 5.2)
7: if SC(b̂, ẑ, η̂C) infeasible then
8: feasibility cut: expand Lẑ,C , U ẑ,C and solve feasibility cut SLE (cf. Subsection 5.4)

• for φC , γ̄C(ũ,ṽ), where (ũ, ṽ) ∈ AC
L is a violating arc, or

• for φC , ξ̄Cũ , where ũ ∈ V is a violating node

9: else
10: ηC ← SC(b̂, ẑ, η̂C)

∗

11: if ηC > η̂C then
12: optimality cut: solve optimality cut SLE with Lẑ,C , U ẑ,C (cf. Subsection 5.3)
13: end if
14: end if
15: C ′ ← C
16: end for
17: Lẑ,C′

, U ẑ,C′ ← rank-1 updates to Lẑ,C′
, U ẑ,C′

• update component representation for all (u, v) ∈ C ∩Aẑ,C
S

• reconnect all line arcs (u, v) ∈ C ′

18: return all found cuts
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LU = D that corresponds to the equation system with all arcs switched according to the default
configuration of the network, i.e., ẑ′(u,v) = i for all (u, v) ∈ Ai

S , i ∈ {0, 1}.
From this initial factorization, we want to compute the factorization LẑU ẑ = Dẑ of the

current master topology ẑ ∈ {0, 1}AS . For each arc (u, v) ∈ AS , ẑ(u,v) ̸= ẑ′(u,v), that differs
between the master solutions, the underlying contracted graph can change. As discussed before,
this can lead to a change in the components represented in the matrix, which is resolved by
sequentially activating or deactivating the line arcs incident to either component.

After updating the factorization to the master topology, a subproblem is solved for each
contingency. To go from one contingency C ′ ∈ C to the next C ∈ C, we need to disconnect each
line arc in C ∩ Aẑ,C′

L , and connect each line arc in C ′ ∩ Aẑ,C
L . Each of these requires a rank-1

update, if the incident components are active. Switch arcs (u, v) ∈ ((C ∪ C ′) \ (C ∩ C ′)) \ Az̄
S

activated or deactivated between the contingencies can lead to a change in matrix components,
handled as above.

We then solve the primal SLE, as discussed in Subsection 5.2. If the subproblem is feasible
and its objective function value ηC is smaller than or equal to the “estimated” objective function
value η̂, no cut needs to be added, we proceed with the next subproblem.

If it is feasible and its objective function value is larger than η̂, we compute an optimality
cut. As detailed in Subsection 5.3, the matrix of the corresponding SLE is the same as for the
primal subproblem, only the right hand side changes.

If it is infeasible, let (ũ, ṽ) ∈ Aẑ,C
L be an arc violating the hard flow bounds, if one exists. As

discussed in Subsection 5.4, we need to solve the SLE(
Dẑ,C s(ũ,ṽ)

b̂⊤ x̄(ũ,ṽ)

)(
φC

γ̄C(ũ,ṽ)

)
=

(
0
1

)
,

where Dẑ,C is the matrix of the primal SLE, b̂ is the dual objective function coefficient vector
for φC , and

s
(ũ,ṽ)
u(W ) =


1, u(W ) = ũ

−1, u(W ) = ṽ

0, else,
∀W ∈ W ẑ,C

corresponds to the coefficients of γ̄C(ũ,ṽ) in Equations (17). We already have the factorization for
Dẑ,C = Lẑ,CU ẑ,C and want to expand it to cover the remaining entries of the matrix. It must
hold that (

Dẑ,C s(ũ,ṽ)

b̂⊤ x̄(ũ,ṽ)

)
=

(
Lẑ,C 0
ℓẑ,C⊤ 1

)(
U ẑ,C uẑ,C

0⊤ vẑ,C

)
=

(
Lẑ,CU ẑ,C Lẑ,Cuẑ,C

ℓẑ,C⊤U ẑ,C ℓẑ,C⊤uẑ,C + vẑ,C

)
.

We need to compute ℓẑ,C , uẑ,C ∈ RW ẑ,C and vẑ,C ∈ R. For this, we can solve the SLEs

U ẑ,C⊤ℓẑ,C = b̂

and
Lẑ,Cuẑ,C = s(ũ,ṽ),

and then solve
vẑ,C = x̄(ũ,ṽ) − ℓẑ,C⊤uẑ,C .

Note that U ẑ,C⊤ and Lẑ,C are already triangular, and these SLEs are thus solvable inO(|W ẑ,C |2).
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If no violating arc exists, let instead ũ ∈ V be a node with the highest or closest to violation,
as discussed in Subsection 5.4. The SLE we need to solve is(

Dẑ,C sũ

b̂⊤ π̄ũ

)(
φC

ξ̄Cũ

)
=

(
0
1

)
,

where

sũu(W ) =

{
1, u(W ) = ũ

0, else,
∀W ∈ W ẑ,C .

We proceed analogously to update the factorization.
Finally, after all subproblems have been solved, we revert the changes to Lẑ,C and U ẑ,C

caused by the contingencies, and return all cuts that were found.

Theoretical complexity. As a last point, we discuss the theoretical complexity of the pro-
posed methods, as a complement to the empirical results in the next section. We propose a
method with which the subproblems can be solved with systems of linear equation, and combine
it with a factorization update scheme. We compare this to solving the subproblems as LPs with
a simplex algorithm. The methods differ only in their way to obtain primal and dual solutions.

While a simplex algorithm can require up to 2n−1 iterations, in practice it empirically uses
only O(m), with a small constant (Bertsimas and Tsitsiklis, 1997), where n = |V |+ |AC

S | is the
number of variables and m = 4|AC

S |+ 3|V |+ 4|AC
L | is the number of constraints. Each of these

iterations requires solving up to three SLEs of size m. For solving the SLEs, a factorization
update scheme similar to ours can be used, which reduces their overall complexity to O(m2)
per simplex iteration. We solve |C| different subproblems in one Benders iteration. In total, we
arrive at O(|C| ·m ·m2) = O(|C| · (|V |+ |A|)3) = O(|C| · |A|3). When the number of contingencies
is restrained to the number of line arcs by some constant factor (e.g., one contingency per line
arc), this reduces to O(|A|4).

To solve each subproblem with our method, we need to solve at most two SLEs. Additionally,
these SLEs contain only at most one variable per node. Solving all of them without factorization
updates thus has a total complexity of O(|C| ·2 · |V |3) ⊆ O(|C| · |A|3), or O(|A|4) if the number of
contingencies is restrained by the number of arcs. This can be reduced when using factorization
updates: Let Ĉ ∈ Z be the size of the largest contingency. Computing the initial factorization, or
updating from a previous master solution, can be done in O(|V |3). For each subproblem, we then
need to revert up to Ĉ updates from the previous subproblem, and apply equally many of the
current subproblem. Afterward, we solve the primal and dual SLE via forward and backward
substitution. For feasibility cuts, we require another forward and backward substitution to
update the factorization. We arrive at a total complexity of O(|V |3+ |C| ·(2 ·Ĉ · |V |2+4 · |V |2)) =
O(|V |3 + |C| · Ĉ · |V |2) ⊆ O(|A|3 + |C| · Ĉ · |A|2). If the number of contingencies is restrained by
the number of arcs, and Ĉ is independent of the network size, this reduces to O(|A|3) ⊂ O(|A|4).
This is, e.g., the case for the so-called N − 1 criterion, where we have at most one contingency
per line arc, and each contingency contains at most one line arc. Note that our coarse analysis
is overly conservative for our approach as in sparse networks where the number of arcs is linear
in the number of nodes, whereas in general |A| ∈ O(|V |2).

It should be remarked that our method can be seen as a specialized simplex algorithm, and
many standard acceleration techniques apply. These are out of the scope of this work. We refer
to, for example, Vanderbei (1998) and Bertsimas and Tsitsiklis (1997) for details.

7 Evaluation

In this section, we evaluate the performance of the proposed subproblem algorithms: “classical”
with Gurobi GRB, with the systems of linear equations solver SLE, introduced in Sections 5.2–5.4,
as well as the systems of linear equations solver with factorization updates SLE-U (Section 6).
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All algorithms are implemented using Julia 1.12.6 (Bezanson et al., 2017). We use Power-
Models 0.21.85 (Coffrin et al., 2018) with JuMP 1.30.0 (Lubin et al., 2023) to model the Benders
master, as well as the Benders subproblem for GRB. They are solved using Gurobi 13.0.0 (Gurobi
Optimization, LLC, 2026), with one model object modified between subproblems. The Benders
functionality is implemented via Gurobi’s callbacks. For SLE and SLE-U, subproblems are solved
with the Julia package LinearSolve 3.75.0 (Kimmerer et al., 2026). The factorization update
functionality for SLE-U is newly implemented, based on the work by Stange et al. (2007). To
avoid numerical issues, factorizations are recomputed in regular intervals, among other things
whenever the dimension of the coefficient matrix changes.

Evaluation setting. We evaluate the methods on instances of the DC security-constrained
optimal transmission switching problem (SCOTS). For these instances, the graph represents
a DC power network, with potentials and flows representing voltage angles and power flows,
respectively. The potential function is affine, with r(u,v) = 1 on all arcs (u, v) ∈ AL. The
constant s(u,v) ∈ R can model, e.g., transformers. Most line arcs in the instances are switch-
able themselves, which can be modelled as the aforementioned pairing of two correspondingly
parametrized line arcs and one switch arc in the potential-based flow setting. Switch arcs can
also represent substations, i.e., components that are located so close to each other that their
electrical properties can be disregarded. This corresponds to the switch arc components dis-
cussed in the previous sections. The set of contingencies aligns with the N − 1-criterion, i.e.,
one contingency per line arc, as long as it does not split the network. As discussed, any affine
potential based flow instance can be transformed into one with an identity function as potential
equation, and thus also a SCOTS instance.

Benchmark dataset. We use a custom benchmark set based on the PGLib-OPF (Babaeine-
jadsarookolaee et al., 2019) set, instances of which are commonly used for testing power flow
applications (Fisher et al., 2008; Hedman et al., 2009; Heidarifar and Ghasemi, 2016). The
original benchmark set itself is insufficient since it contains too few instances that are solvable
within sufficient time with our computational setup. Additionally, many of the instances are
infeasible for the SCOTS. We compute new instances by joining parts of the existing instances
onto each other. The resulting benchmark set contains 174 instances. The construction of the
benchmark set will be detailed in an upcoming publication.

Computational Setup. We use machines with 2× Intel Xeon L5630 quad-core processors at
2.13 GHz (8 cores, 16 GB RAM) on Debian GNU/Linux 11 across all experiments. A three-hour
time limit is imposed per instance.

7.1 Results

We compare the three methods under scenarios with a reduced number of available switch arcs.
For the remaining discussion in this section, we disregard all 25 instances that are infeasible or
where all instances encountered the time limit, leaving a remaining 149 instances. Where primal
solutions were found, the reported gaps for instances exceeding the time limit remain within
1.00% for almost all instances, and differ only marginally between solution methods. We hence
omit gap values from further discussion.

Time distribution. Since we exclusively change the method for solving subproblems while
leaving the output unchanged, the largest difference between the methods can be expected to
occur in the subproblem running time. Figure 4 shows the relative distribution of the different
parts of the solving process for all three methods in box plots. We observe that for GRB, the
mean subproblem running time dominates the overall running time at 72.49%, with Gurobi’s
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Figure 4: Mean running time distribution.
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Note. Legend in order from left to right for each method. “Primal” is the time spent exclusively solving the
subproblem LP with Gurobi or the primal SLE, respectively. “Dual” is the equivalent for the dual SLE for SLE

and SLE-U. “Update” is the factorization update time for SLE-U. “Misc. SP” is any remaining SP time, including
connectedness separation and generation of the cut object. “MP” is the MP solving time. Each box spans the

interquartile range, whiskers extend to 1.5× IQR, dots are outliers.

solving process taking up 49.46% (“Primal”, dual solutions are obtained without relevant addi-
tional effort). As such, noticeable improvements in that solving process also result in noticeable
improvements in the overall solving process. While the absolute time spent on solving the MP
remains relatively constant for all methods, its relative running time contribution increases to
75.25% for SLE and 82.93% for SLE-U. This is due to reductions in the time spent on solving
the “core” of the SP, i.e., in the LP or SLE solver: for SLE, solving the primal SLEs uses 9.35%,
and solving the optimality and feasibility SLEs 4.75% of running time. For SLE-U, these are
further reduced to 0.70% and 0.69%, respectively, with an additional 0.77% for factorization
updates. The remaining time is taken up by miscellaneous subproblem computations, including
cut construction and allocation, checking for disconnected components, updating the LP and
SLE objects and checking the solutions against bounds. Despite effort spent to reduce the time
spent on these computations, it remains a noticeable contributor. Further improvements here
are likely possible, but would not influence the SP solving time.

MP and miscellaneous SP times can be seen as relatively static, as they are not directly
influenced by the choice of SP solver. This can be observed particularly for SLE and SLE-U,
where they match very closely (1099.73 s vs. 1142.31 s). GRB times differ slightly, this is due to
a slightly different set of miscellaneous SP computations, as well as possible differences in dual
solutions. While we often observed equal dual solutions, up to numerical differences, between
Gurobi and our algorithms, the subproblems do not necessarily have unique solutions. In fact, as
discussed, while our dual solutions are always feasible and where applicable optimal, a different
choice of connected component spanning trees or violated flow or potential for feasibility cuts
can yield different solutions for our algorithms as well. These differences seem to be mildly
disadvantageous to our methods (95747.2581 solved SPs for GRB, 98962.1218 for SLE, 101760.1538
for SLE-U on average).While this may point to slightly weaker cuts that we produce, it can also
be attributed to advanced internal solver mechanisms that are not publicly documented.

Running time comparison. Table 1 provides an aggregate view on the running time behavior
of the methods. In every metric, there is a clear hierarchy, with SLE-U as the fastest solver, SLE
in second, and GRB last.
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Table 1: Aggregate running time statistics for GRB, SLE and SLE-U.

Solved Mean Geo. Mean

GRB 141 2321.6646 958.7539
SLE 146 986.1129 367.8782
SLE-U 147 906.2038 276.0177

Note. “Mean” is the arithmetic mean, "geo. mean" is the shifted geometric mean with shift 10. Aggregate
values cover only the 136 instances solved by all methods.

Figure 5: Performance profile for total solve time.
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To investigate the methods as a part of the overall solving process as well as individually, the
following time comparisons feature the total solve time (Figure 5), the total SP time (Figure 6a),
which includes the miscellaneous SP time, and the SP solve time (“Primal,” “Dual,” and “Update”
in Figure 6b). The figures depict performance profiles, where the x-axis shows the relative
slowdown compared to the best performing method on a given instance, and the y-axis the
fraction of instances where the slowdown is at most as large as the x-value. For example, in
Figure 5 for 89.93% of instances, GRB is at most 10 times slower than the best performing
method.

For total running time, Figure 5, SLE-U is the fastest solver for 83.22% of instances, and
less than 54.77% slower for 95.00%. SLE is the fastest method for 14.77% of instances. It is at
least 2 times slower for about 12.08% of instances, and at least 3 times slower for about 4.70%
of instances. GRB is by far the slowest method. Only 10.07% of instances are at most 2 times
slower. Half of all instances are at least 3.4924 times slower, 10.07% of instances are at least 10
times slower and 5.37% of instances are at least 100 times slower.

The magnitude of the differences increases when observing only the SP time. Here, SLE is
at least 2 times slower for 64.43% of instances, and at least 3 times slower for about 10.07% of
instances. For GRB, 69.80% of instances are at least 10 times slower. 5.37% of instances remain
at least 100 times slower.

The SP solve time, the focus of the methods, shows the largest improvements. SLE-U is the
fastest method for all instances. SLE is at least 2 times slower for 97.32% of instances, and at
least 10 times slower for about 47.65% of instances. For GRB, 86.58% of instances are at least
30 times slower, and 16.11% of instances are at least 100 times slower.

In Section 6, we discussed the theoretical complexity of the methods, and observed that, for
single line arc contingencies, SLE has a running time complexity in O(|A| · |V |3) and SLE-U in
O(|V |3+ |A| · |V |2). While |A| would be equal to |V |2 for a fully connected graph, the instances
in the benchmark set have an average of only 1.4683 arcs per vertex, i.e., the underlying graphs
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Figure 6: Performance profiles for SP time.
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(b) Solve time (GRB/SLEs).

Figure 7: Synthesized data for SP solve times (SLEs).
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Note. Data for artificial methods SLE2/3 and SLE1/2 is synthesized from individual SLE data points.

are sparsely connected, and thus a relatively low number of subproblems are solved per iteration.
Additionally, the SLE matrices corresponding to a graph with all switch arcs active and without
contingencies have an average number of non-zero entries of 1.80% over all instances. SLE
solution algorithms specialized on sparse matrices exhibit near-linear running time based on the
number of non-zero elements of the matrix (Schaub et al., 2017; Spielman and Teng, 2004).

Figures 7a and 7b visualize this relationship. Here, we added artificial methods SLE2/3

and SLE1/2, and compare them with SLE and SLE-U. For each instance, letting t ∈ R be the
time in seconds needed by SLE, the time needed for SLE2/3 and SLE1/2 is set to be t2/3 and t1/2,
respectively. This roughly emulates a hypothetical method in a complexity class correspondingly
reduced compared to SLE. Note that this view ignores hidden constants in O-notation and only
serves as an intuition. In Figure 7a, SLE-U matches closely with SLE1/2, suggesting that it indeed
exhibits a near-linear running time and SLE a quadratic one. Note, however, that the y-axis of
the performance denotes the fraction of instances instead of specific instances. An instance-by-
instance comparison is provided by Figure 7b. SLE-U seems to be closer to SLE1/2 for easier
instances, and slows down to between SLE1/2 and SLE2/3 for harder instances.
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8 Conclusion

Potential-based flow problems cover a range of different network flow related problems. Due to
their application to several infrastructure domains, they are of significant practical importance.
Affine potential functions cover, for example, applications in lossless DC power systems. Benders
decomposition is a common exact algorithm in this area, particularly when considering different
scenarios simultaneously. Even though the resulting subproblems are linear programs, typically
solved with a simplex algorithm, they can account for a major share of the total running time.

Our contribution builds on the classical fact that in a passive, potential-based network with
fixed topology and nodal demands, the resulting flow is unique (as observed by Birkhoff and
Diaz, 1956). We conclude that in the subproblems “there is nothing to optimize,” and thus the
general simplex method is a considerable overhead. Our work can be interpreted as exposing this
special problem structure to the simplex algorithm. Primal solutions are obtained from solving
a single, carefully crafted system of linear equations (SLE). More importantly, dual solutions
are required to construct Benders cuts. It is only natural that dual solutions arise from solving
the same SLE (“transposed”), and we develop that this is indeed the case (and deriving a dual
direction of unboundedness requires only a little more work). Overall, we need to solve at most
two SLEs per subproblem. Just like in the simplex method, we accelerate solving the SLEs
by factorizing the coefficient matrices. Over multiple subproblems, factorizations are updated,
thereby reducing the theoretical complexity and practical running times in certain, natural cases.
It should be noted that our SLEs have smaller coefficient matrices than those that would be
solved in the simplex method. Overall, this gives us an efficient “simplex-free,” but “simplex-
inspired” subproblem solving algorithm for affine potential-based flow problems with switchable
arcs and arc-based contingency scenarios.

Using our approach, we were able to obtain significant improvements over Gurobi as a base-
line on instances synthesized from the PGLib-OPF (Babaeinejadsarookolaee et al., 2019). The
shifted geometric mean of the overall running time is reduced by 71%. The subproblem solving
time share decreases from 49% for Gurobi to a little more than 2% for our approach. Empirical
results also match theoretical results regarding factorization update complexity.

Finally, we would like to mention two potential further developments of our work, one easier,
one more challenging:

• The Benders algorithm presented in this work, where we solve all subproblems in every
iteration and obtain at most one cut per subproblem, is only one option for handling
multiple scenarios. It might be worthwhile to compute additional cuts, for example by
choosing multiple violated components for a feasibility cut or by solving additional, related
subproblems in a given Benders iteration. Adding additional cuts can lead to a reduced
number of iterations overall, and thus less time spent in the master problem. Our algorithm
allows for exploring many additional subproblems at very low computational cost.

• A natural extension would be to consider flow problems with non-affine potential functions.
However, our algorithm relies on the subproblems being linear to construct linear systems.
Nevertheless, it suffices that potential functions ψ are continuous, strictly increasing and
ψ(0) = 0 for the flow to be unique (Pfetsch et al., 2026), so there is room for improvement
also in these cases.
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