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Abstract

The Frank—Wolfe theorem states that a quadratic function bounded from below on a polyhedron
attains its infimum. We study when this remains true in the presence of integer variables, for sets
defined by quadratic inequalities. Our main result is a complete classification for sets defined by convex
quadratic inequalities with rational coefficients and a rational affine hull, a condition that holds for all full-
dimensional sets. One integer variable never destroys attainment: if every rational quadratic objective that
is bounded from below attains its infimum over the set, even after adding rational linear constraints, the
same holds with one integer variable. In dimension at most 2, integer variables never destroy attainment.
In dimension at least 3 and with two or more integer variables, attainment holds for every such objective
if and only if the set has bounded curvature, that is, it is bounded except along directions in which all
constraints are linear. Without convexity, these results remain valid, except that bounded curvature is no
longer necessary. Moreover, integer variables can destroy attainment only if there are at least two of them
and at least one continuous variable. The result for one integer variable follows from a lifting theorem,
which also extends known results for cubic objectives and convex polynomial constraints. Finally, for
convex constraints and rational data, attainment holds when the objective is bounded from above, convex,
or quasi-convex over a full-dimensional convex set containing the feasible region.

Keywords: Frank—Wolfe theorem; Mixed integer quadratic optimization; Existence of optimal solutions;

Quadratically constrained quadratic programming.

1 Introduction

A classical theorem of Frank and Wolfe [12] states that a quadratic function that is bounded from below on
a polyhedron attains its infimum. Results of this kind are called Frank—Wolfe type theorems, and many of
them are known for continuous problems, see Section 1.3. In this paper, we ask when they remain true in
the presence of integer variables.

Setting. We consider mixed integer quadratically constrained quadratic programs of the form

inf fo(x)

(D
st.xeSNPNA.

Here

S={xeR": fi(x) <0, i=12,...,m}, 2)
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where, foreach j =0,1,...,m,
fi(x) = xTij + q}x +cj,

with a symmetric matrix Q; € R"™*", ¢; € R", and ¢; € R. Moreover, P C R" is a polyhedron, and A is a
mixed integer lattice, that is, a set of the form

A=1(ZP xR"P),

where 7(x) = Mx + X for an invertible M € R"*" and X € R". We say that A has p integer components. For
p = 0, we obtain the continuous case A = R". We say that (1) attains its infimum if there existsx € SNPNA
such that fy(x) < fo(y) for every y € S N P N A. In particular, the infimum is then finite. To avoid trivial
cases, we assume throughout the paper that S N P N A is nonempty.

An instance of (1) has rational data if all f; have rational coefficients, that is, all entries of Q;, g, and
c; are rational, P is rational, that is, defined by finitely many linear inequalities with rational coefficients,
and A is rational, that is, M and X can be chosen rational. In this introduction, we always assume rational
data.

The Frank-Wolfe property. Whether an optimization problem has an optimal solution is one of the most
basic questions in optimization. Algorithms, optimality conditions, and complexity results often assume
that the infimum is attained. For mixed integer quadratic optimization, this leads to a fundamental question:
for which sets S is the infimum in (1) attained for every fy, P, and A for which it is finite? For continuous
variables, that is, if only A = R" is allowed, the Frank—Wolfe theorem shows that § = R” has this property,
and Frank—Wolfe type theorems give other such sets. This question leads to the following definition.

Definition 1.1. A set S C R" has the Frank—Wolfe property FW,, or simply is FW,,, if, for every rational
mixed integer lattice A with at most p integer components, every rational polyhedron P, and every quadratic
function f; with rational coefficients that is bounded from below on S N P N A # 0, problem (1) attains its
infimum.

The intersection with P makes the property hereditary: if S is FW,, then so is § N P for every rational
polyhedron P. Moreover, FW, implies FW,_;, and FW, only concerns continuous variables. In this
language, the Frank—Wolfe theorem shows that R” is FWy, and hence so is every rational polyhedron.

1.1 Main result

The following notion turns out to characterize the Frank—Wolfe property for convex constraints.

Definition 1.2. Let S be defined as in (2), and let N := (", ker Q;. We say that S has bounded curvature if
S C B + N for a bounded set B.

In words, S is bounded except along the directions in N, along which all constraints are linear. Equiv-
alently, the orthogonal projection of S onto N* = ' range Q; is bounded. For example, polyhedra and
compact sets have bounded curvature, while the paraboloid {x € R3 : x% + x% < x3} does not.

Our main result is the following complete classification.

Theorem 1.3. Let S be given by (2), where all f; are convex with rational coefficients, and assume that the
affine hull of S is rational. Then

(i) Sis FWy if and only if S is FW).

(ii) If the affine hull of S has dimension at most 2, then S is FW,, if and only if S is FW).



(iii) If the affine hull of S has dimension at least 3, then for every 2 < p < n, the set S is FW,, if and only if
S has bounded curvature.

In words, one integer variable never destroys attainment, and in dimension at most 2, no number of
integer variables does. This follows from Theorem 3.1, which lifts attainability results from the purely
continuous setting to the one integer setting. In dimension at least 3 and with two or more integer variables,
attainment for all quadratic objectives is equivalent to bounded curvature. The assumption on the affine
hull holds for full-dimensional sets, and for sets defined by one convex quadratic inequality and linear
inequalities [9, Theorem 1.2].

The threshold 3 in (iii) is sharp. The set {x € R? : x% < xp} is FWy by [16, Theorem 2], and hence
FW; by (ii), but it does not have bounded curvature. For a full-dimensional set in R3 as in Theorem 1.3, the
theorem leaves three possibilities: the set is FW3, it is FW | but not FW3, or it is not FW(. All three occur.
Sets with bounded curvature are FW3. The set {x € R3: x% + x% < x3} is FW; by [16, Theorem 2] and (i),
but it is not FW; by Example 4.5. Finally, the set {x € R3: x% <xi, x% < x1+ 1} is not even FWj [6, Section

3].

1.2 Extensions and consequences

We now discuss which parts of Theorem 1.3 extend to nonconvex constraints, what our results imply about
the role of integer variables, how conditions on the objective can replace bounded curvature, and what
happens without rational data. We conclude by relating our results to those of Luo and Zhang [16].

Nonconvex constraints. Without convexity, parts (i) and (ii) of Theorem 1.3 remain valid, see Corollar-
ies 3.2 and 4.11. In part (iii), bounded curvature remains sufficient for S to be FW,,, see Corollary 4.3, but it
is no longer necessary. Remark 4.4 gives a nonconvex set that is FW,, but does not have bounded curvature.

The role of integer variables. Let S be given by (2), convex or not, and assume that S is FWy, so that
attainment holds with continuous variables only. Then integer variables can destroy attainment only if there
are at least two of them, by Corollary 3.2, and at least one continuous variable, since attainment always
holds when all variables are integer, see Corollary 4.10. Moreover, this can only happen if S does not have
bounded curvature, by Corollary 4.3.

Conditions on the objective. Theorem 1.3 concerns only the set S, and it quantifies over all mixed integer
lattices and all quadratic objectives. Under additional assumptions on the objective, the infimum is attained
even when S does not have bounded curvature, as the following result shows.

Theorem 1.4. Consider an instance of (1) with rational data, where all f; are convex and fy is bounded
from above and from below on S N P N A. Then fy attains its infimum on S N P N A.

We prove Theorem 1.4 as Theorem 5.1 in Section 5. Together with its consequences for convex and
quasi-convex objectives, Theorem 1.4 shows that, for convex constraints, the objective in any nonattainment
example is nonconvex and unbounded from above, see Remark 5.3.

Irrational data. So far we assumed rational data. With one integer variable, the lifting theorem in Section 3
does not need rational data. With two integer variables, rational data are needed, even for polyhedra, see
Appendix C, where Table 1 summarizes both settings.



Relation to Luo and Zhang. Our results extend to the mixed integer setting the results of Luo and
Zhang [16] on attainment in continuous quadratically constrained quadratic programming. First, they showed
that a set S defined by a single convex quadratic inequality and linear inequalities is FW( [16, Theorem 2].
By Corollary 3.2, such a set is always FW1, and if S has dimension at most 2 and a rational affine hull, then
it will be FW,, by Corollary 4.11. For S which has dimension at least 3 and a rational affine hull, § is FW ,
for any 2 < p < nif and only if S has bounded curvature by Corollary 4.7. Additionally, for a single convex
quadratic inequality x"Qx + ¢"x + ¢ < 0 with Q # 0 and n > 3, Corollary 4.8 shows that § is FW,, if and
only if g € range Q.

Second, Luo and Zhang showed that the infimum is attained when all constraints are convex and fy is
quasi-convex over the polyhedron defined by the linear constraints [16, Theorem 3]. Corollary 5.2 shows that,
for any number of integer variables, it suffices that f; is convex or quasi-convex over some full-dimensional
convex set containing S. For at most one integer variable, Corollary E.5 only requires that fj is quasi-convex
over S. Luo and Zhang also showed that nonconvex constraints can define sets that are not FWy, even when
the feasible region is convex [16, Example 3].

1.3 Related literature

Frank—Wolfe type theorems for continuous problems have been studied extensively. Alternative proofs and
extensions of the Frank—Wolfe theorem are given in [8,11,26]. Attainment is also known for cubic objectives
with linear constraints [1, 14], for convex polynomial objectives and constraints [5, 6], and for other classes
of objectives and constraints [10,21,22]. Ozdaglar and Tseng [25] and Bertsekas and Tseng [7] gave unified
existence results based on recession and asymptotic directions, and Bertsekas and Tseng mention extensions
with integer variables as a topic for future research [7, Section 4].

Other works characterize the feasible sets on which Frank—Wolfe type theorems hold. Kummer [15]
proved such a theorem for sets of the form K + D, where K is compact and D is a polyhedral cone. Martinez-
Legaz et al. [18, Theorem 12.2] proved the converse: if every quadratic function that is bounded from below
on K + D attains its infimum there, for a closed convex cone D, then D is polyhedral. This is a continuous
analog of Theorem 4.6. They also characterize the convex sets on which every quadratic objective that is
quasi-convex on the set and bounded from below attains its infimum [17, Theorem 3.1]. Corollary 5.2 is a
result of this type in the mixed integer setting.

In the mixed integer setting, Meyer [19] proved attainment for linear objectives and linear constraints
with rational coefficients, and Bank and Hansel [3] for quadratic objectives with linear constraints. Bank and
Mandel [4] extended this result to sets of the form K + V, where K is compact and V is generated by finitely
many integer vectors. Corollary 4.3 follows from their result, and the converse in Theorem 1.3(iii) is new.
For integer programs with convex or reverse convex constraints, Obuchowska [23, 24] studied boundedness
and the existence of optimal solutions.

Organization of the paper. Section 2 introduces our notation. Section 3 lifts attainment results from
continuous variables to one integer variable, and proves part (i) of Theorem 1.3. Section 4 considers two or
more integer variables and proves the rest of Theorem 1.3. Section 5 considers conditions on the objective
and proves Theorem 1.4. The appendix contains the omitted proofs, further consequences of the lifting
theorem, and the results on irrational data.

2 Preliminaries

Throughout the paper, f;, Q;, g, and c; always refer to an instance of (1). Results that are more general
than (1) use other notation, typically g;. Since a linear inequality is a quadratic inequality with Q; = 0,



in results about a single instance of (1) we include the inequalities defining P among those defining S, and
write S N A for the feasible region.

We say that a direction d € R" is a recession direction of an inequality f(x) < 0 where f : R" — R, if
f(x+1td) <0 forevery x with f(x) < 0and ¢ > 0. Similarly, d is a recession direction of a set X C R" if

Vxe X,Vt>0,x +td € X.

We denote by rec(X) the set of recession directions of X. The dimension of a set is the dimension of its affine
hull. We denote by e’ the i-th standard unit vector, whose dimension is clear from the context. An affine
subspace of R" is rational if it can be defined by linear equations with rational coefficients, or equivalently,
if it is of the form {xo + Wz : z € RF} with xg € Q" and W € Q"*k,

Throughout the paper, when we refer to a quadratic function g : R® — R, the canonical form is
g(x) = x"Ox + ¢"x + ¢, where Q € R™" is a symmetric matrix, ¢ € R”, and ¢ € R. The function g is
convex if and only if Q is positive semidefinite [27, Theorem 4.5].

Remark 2.1. All examples in this paper can be extended by any number of additional integer or continuous
variables that appear neither in the constraints nor in the objective. Hence they generalize to higher
dimensions.

Our proofs use four elementary lemmas on recession directions and rational approximation. We state
and prove them in Appendix A.

3 One integer variable

In this section, we show that attainability in the continuous setting can be lifted to the single integer setting.
Specifically, we consider problems of the form

inf go(x)
stt. g;(x) <0, i=12,...,m, 3)
X EAN,
where for j =0,1,...,m, g; : R" — Ris a general function, and A = M (Z X R"‘l) + x for an invertible

M € R™" and X € R". Thus A is a mixed integer lattice with one integer component, and in this section it
need not be rational. Let a* := M~ Te!,sothat A = {x e R" : (a*)T(x — X) € Z}.
We also utilize the related continuous problem with additional constraints, given by

inf go(x)
stt. g;(x) <0, i=12,...,m,
. @)
L<ax<U
x € R",

obtained by relaxing the mixed integer lattice in (3) and adding bounds L,U € R U {—co, o0} on a'x for
some a € R", but keeping the same functions g; for j =0, 1,...,m.
Attaining the infimum is defined as for (1).

Theorem 3.1. Consider a problem of the form (3) with finite infimum c, and assume that the set
{xeR":g0(x) <c,gi(x) <0, i=1,2,...,m}

has finitely many connected components. Assume that for a = a* and every choice of L, U € ((a*)T)E +Z)U
{—00, 00} for which (4) has a finite infimum, this infimum is attained. Then (3) attains its infimum.



The idea of the proof is as follows. Consider a sequence of feasible points whose objective values
converge to the infimum. If their integer coordinates are bounded, then only finitely many slices with a fixed
integer coordinate are involved, and each slice attains its infimum by assumption. Otherwise, the sublevel
set of the continuous relaxation at the infimum has finitely many connected components, and each of them
lies strictly between two consecutive values of the integer coordinate. Beyond the last of them, a relaxation
with one additional linear constraint has the same infimum but does not attain it.

We prove Theorem 3.1 in Appendix B.

We now prove part (i) of Theorem 1.3, for every set given by (2).

Corollary 3.2. For any S defined as in (2), S is FW if and only if S is FW}.

Proof. By definition, every FW| set is FWq, so we only need to prove the converse.
Let P be a rational polyhedron. Consider the set

Se:={xeR": fu(x) <c, fi(x) <0, i=12,...,m}.

Milnor [20, Theorem 3] shows that any set defined by polynomial inequalities has a finite sum of Betti
numbers, and this also applies to S. N P since P is given by linear inequalities. Since the Oth Betti number
is the number of connected components, this shows that for any ¢ the number of connected components of
S. N P is finite.

Since S is FWy, so is S N P. Mixed integer lattices with no integer components are covered by the
definition of FW(. Consider a rational mixed integer lattice A with one integer component, and an instance
of B) with{x e R" : g;(x) <0, i=1,2,...,m} =8N P and an objective go that is quadratic with rational
coefficients. Since A is rational, a* and (a*)'x are rational. Hence each relaxation (4) in Theorem 3.1 only
adds rational linear inequalities, and it attains its infimum when this is finite. By Theorem 3.1, problem (3)
attains its infimum. Hence S is FW;. O

In the same way, Theorem 3.1 lifts other attainment results from continuous variables to one integer
variable. In Appendix B, we extend the results of Luo and Zhang [16, Theorem 2] for one convex quadratic
constraint, of Klatte [14] for cubic objectives, and of Belousov and Klatte [6, Theorem 3] for convex
polynomials. These extensions do not require rational data or a rational mixed integer lattice. In contrast,
rational data are needed with two integer variables, see Appendix C.

4 Two or more integer variables

In this section, we consider mixed integer lattices with at least two integer components. We first show that
bounded curvature implies the property FW,,, for every set with rational coefficients. We then show that
bounded curvature is necessary for convex sets of dimension at least 3 with a rational affine hull. Finally, we
treat lattices with n integer components and sets of dimension at most 2.

Lemma 4.1. Let S be defined as in (2), and assume that S is nonempty. Let N := (', kerQ; and
R := {weN:ql.TwSO, i=1,2,...,m}

(1) If S has bounded curvature, then S = K + R for a compact set K.
(2) If all f; are convex, then R = rec(S), and the following are equivalent:

(a) S has bounded curvature.
(b) S =K +V, where K is a compact set and V is a polyhedral cone.

(c) S =K +rec(S), where K is a compact set.



We prove Lemma 4.1 in Appendix D.
The following result is due to Bank and Mandel [4, Section 6.2, Theorem 2 with Lemma 2(ii)].

Theorem 4.2. Let S = C + V where C is compact and V is a cone generated by finitely many integer
vectors. Let f(x) = x'Dx+q'x +c for D € Q" g € R", ¢ € R. If f is bounded from below on
SN (ZP xR"P) + 0, then it attains its infimum there.

This gives the following corollary, which proves one direction of Theorem 1.3(iii), without convexity.

Corollary 4.3. Let S be given by (2), where all f; have rational coefficients, and assume that S has bounded
curvature. Then S is FW,,.

Proof. Let A = 1 (Z” x R"~P) be arational mixed integer lattice and let P = {x € R" : Ax < b} be arational
polyhedron. After the change of variables x = 7(y), the lattice becomes Z” X R"~” and the transformed
set is still defined by quadratic inequalities with rational coefficients. It still has bounded curvature, since
7 Y (B+N) = M~ (B-x)+M~'N,and M~ N is the intersection of the kernels of the transformed quadratic
forms. Hence we may assume that A = ZP x R"~P. The set S N P is defined by the constraints of S and the
linear inequalities of P, so it also has bounded curvature. By Lemma 4.1(1), we can write SN P = C + R for
a compact set C, where R = {w € N : qlTw <0,i=1,2,...,m, Aw < 0}. This cone is defined by rational
linear equations and inequalities, so it is generated by finitely many rational vectors, which can be scaled to
be integer. Thus Theorem 4.2 applies to S N P for every quadratic objective with rational coefficients, and S
is FW,,. O

Remark 4.4. The converse of Corollary 4.3 does not hold without convexity. For example, let S := {x €
R":1- x% < 0}. Its orthogonal projection onto N+ = span(e!) is unbounded, so S does not have bounded
curvature. However, for every rational polyhedron P, the set S N P is the union of the rational polyhedra
Pn{x:x;>1}and PN {x:x; <-1}. By [28, Theorem 8.5], each of them is the sum of a polytope and
a cone generated by finitely many integer vectors. As in the proof of Corollary 4.3, Theorem 4.2 applies to
each of them. If fj is bounded from below on S N P N A, it attains its infimum on the intersection of each
piece with A when this is nonempty, and the smaller of these minima is the minimum over SN P N A. Hence

Sis FW,,.

We now show the converse, for sets of dimension at least 3 with a rational affine hull, given by convex
quadratics with rational coefficients, and for2 < p <n — 1.

The following example shows that a single convex quadratic constraint can prevent attainment. It
illustrates the construction in the proof of Theorem 4.6.

Example 4.5. For every n,p € N such that 2 < p < n — 1, there exists an instance of (1) with a rational
mixed integer lattice A with p integer components, a nonconvex fy, and a single convex quadratic constraint
f1, both with rational coefficients, such that the infimum is finite but not attained.

Proof. Consider the instance of (1) as

inf x3 — x%

s.t. x% +x§ -x3<0
xe{(t,21 + 1,20, + 1) : t e R, A1, A, € Z}.
On the feasible region, the objective satisfies x3 — x% > x% > 0, with equality if and only if x; = 0 and
X3 = x%. The mixed integer lattice is a union of lines that do not intersect this parabola.
For some feasible x = (¢,24; + t,24, + 1) to have an objective value of 0, it would require r = 0, but
then we would also need (21;)% = 21, + 1, which is impossible as 42% is even while 21, + 1 is odd.



k=1,X3=5 k=2,X3=17 k=4,X3=65
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Figure 1: Example 4.5 in the planes x3 = 4k + 1. The shaded region is the slice of S, and the line is the
slice of the lattice line with x, = x| + 2k. The dot is the point x*, with objective value ti. The cross is the
point with x; = 0 and x3 = x%, which has objective value 0 but is not in the lattice.

Now fix 41 and A,. The values of ¢ for which the constraint holds with equality are the roots of a quadratic

equation, and one of them is
241+ 42— 42 + 40,

t = 5 . (&)

If this is a real number, the corresponding point has objective value #>. We show that # can be made arbitrarily
small.
Fork =1,2,...,letd; x :=kand Ay ¢ = 2k2, so that 2 — 4/1% et 425 = 4k% + 2, and let t;, be given

by (5). Then x* := (tx, 211 x + tx, 2421 + 1) is feasible with objective value 2, and t;, = Vk? +1/2 — k =

1
2(Vk2+1/2+k)

By Remark 2.1, adding integer or continuous variables gives an example for all n and p with 2 < p <
n-1. O

. Hence limy_, tx = 0, so the infimum is 0, and it is not attained. Figure 1 shows these points.

Theorem 4.6. Let S be given by (2), where all f; are convex with rational coefficients. Assume that S has
dimension at least 3, has a rational affine hull, and does not have bounded curvature. Then for every p with
2 < p < n— 1, there exist a quadratic function fy with rational coefficients, a rational mixed integer lattice
A with p integer components, and a rational polyhedron H such that fy has a finite infimum over SN H N A,
but does not attain it.

Proof (sketch). After a rational change of variables, we may assume that S is full-dimensional. Since §
does not have bounded curvature, there are points x* € § whose projections u* onto N* satisfy ||u*| — co.
We write x¥ = u* + w with w* € N of norm O(||u¥||?). The constraints that curve in the limit direction
e of u*/||u¥|| force ||w*|| to grow quadratically in |[«¥||, and the limit direction of w* /||w¥|| is a recession
direction of S along which these constraints decrease. We replace these two limit directions by rational
directions € and d with the same properties.

Together with a third rational direction v, the directions € and d span a three-dimensional affine subspace
H through a rational interior point of S, with coordinates (s, ¢, y). For all large s and all y in a small interval,
points in S N H satisfy r > (s, y), where ¢ is a quadratic function with rational coefficients. The objective
fo=t—y(s,y)+ (y—6)?, for arational 6, is nonnegative on S N H, and it vanishes only on the curve where



y =6 andt = (s,0). The lattice in H consists of the points with s = k + Ao, t € Z + %, and y = o,

where k € Z, 0 € R, 1 € {1,2}, and D is a common denominator of the values ¥ (k + 16, 8). It does not
meet the curve, since these values lie in %Z. The value of  changes at rate proportional to k, so a change
of o of order % reaches a point with ¢ = (s, y) andr € Z + %. These lattice points have objective values
of order %, so the infimum is 0 and it is not attained. Finally, we add p — 2 integer and n — p — 1 continuous
directions to obtain a lattice in R" with p integer components. O

Example 4.5 follows a similar construction, with & = %, d = ¢3, v = e, ¥(s,y) = s> + y*>, and 6 = 0.
There, the objective is x3 — x% =1t —(s,y) + y?, and the lattice consists of the points with s — y € 2Z and
t € 2Z + 1. The full proof of Theorem 4.6 is in Appendix D.

Together, these results give part (iii) of Theorem 1.3.

Corollary 4.7. Let S be given by (2), where all f; are convex with rational coefficients. Assume that S has
dimension at least 3 and a rational affine hull, and let2 < p < n. Then S is FW, if and only if S has bounded
curvature.

Proof. By Corollary 4.3, if § has bounded curvature, then it is FW,,, and hence FW,. Conversely, if S does
not have bounded curvature, Theorem 4.6 gives a counterexample with 2 integer components, which exists
since n > 3. Hence § is not FW, for any p > 2. O

Every full-dimensional set with n > 3 satisfies the assumptions of Corollary 4.7. So does every set
of dimension at least 3 defined by a single convex quadratic inequality and linear inequalities with rational
coefficients, since its affine hull is rational by [9, Theorem 1.2]. For a single convex quadratic inequality, we

obtain the following characterization, which we prove in Appendix D.

Corollary 4.8. Letn >3, and let S := {x € R" : x'Qx + q"x + ¢ < 0}, where Q is positive semidefinite and
nonzero, and Q, q, and c are rational. Then S is FW; if and only if g € range Q. In this case, S is FW,,.

To complete the picture, we also have the following elementary result [4, Section 7.3, Remark 4].

Theorem 4.9. Let X C Z" be nonempty. If f is a polynomial with rational coefficients which is bounded
from below on X, then f attains its infimum on X.

This gives the following corollary for mixed integer lattices with n integer components.

Corollary 4.10. Let S be given by (2) with n > 1, let A be a rational mixed integer lattice with n integer
components, let P be a rational polyhedron, and let fy be a quadratic function with rational coefficients that
is bounded from below on SN PN A # 0. Then fy attains its infimum on SN PN A. Consequently, S is FW,
ifand only if S is FW,_1, and if n <2, then S is FW,, if and only if S is FW),.

Proof. Write A = 7(Z"™). Then f; o 7 is a polynomial with rational coefficients that is bounded from below
on the nonempty set 7~ (S N P N A) C Z". By Theorem 4.9, it attains its infimum there, so fy attains its
infimum on S N P N A. By definition, every FW,, set is FW,,_1, and the converse follows from the first
statement. For n < 2, the last statement then follows from Corollary 3.2 in Section 3. O

Finally, we consider sets of dimension at most 2. This proves part (ii) of Theorem 1.3, without convexity.

Corollary 4.11. Let S be given by (2), and assume that the affine hull of S is rational and has dimension at
most 2. Then S is FW,, if and only if S is FWj.

Proof (sketch). By [9, Theorem 1.1], a rational affine map identifies the affine hull of S, intersected with A,
with a mixed integer lattice in R¥, where k < 2. The corresponding set in R is FW, and hence FW; by
Corollary 4.10. The full proof is in Appendix D. O



5 Conditions on the objective

In this section, we show that the infimum of (1) is attained under assumptions on the objective that are not
covered by Theorem 1.3. The main result is Theorem 5.1: if the data are rational, the constraints are convex,
and fy is bounded from above and from below on § N A, then the infimum is attained.

The idea of the proof of the following theorem is as follows. If S N A is bounded, then the infimum is
attained. Otherwise, there is a rational recession direction d of the constraints. Since fy is bounded on SN A,
it is constant along d on S N A. After adding two linear constraints, it is constant along d on the continuous
relaxation, and we can project out d and use induction on #.

Theorem 5.1. Consider an instance of (1) with rational data. If all constraints f; (i = 1,2,...,m) are
convex quadratic functions, and fy(x) is bounded from above on S N A, then (1) attains its infimum when it
is finite.

We prove Theorem 5.1 in Appendix E, using three lemmas.

Corollary 5.2. Consider an instance of (1) with rational data, where all constraints f; (i = 1,...,m) are
convex. Assume that fy is convex, or that fy is quasi-convex over a full-dimensional convex set C 2 S N A.
Then (1) attains its infimum (when it is finite).

Proof. First, assume that f; is convex, that is, Qg is positive semidefinite. Letr € Q withr > infycsna fo(y),
and add the constraint fy(x) — r < 0. This constraint is convex and has rational coefficients. A point attains
the infimum of the original problem if and only if it attains the infimum of the new problem. In the new
problem, fy is bounded from above on the feasible region, so the infimum is attained by Theorem 5.1.
Next, assume that Qg is not positive semidefinite. Then fy is quasi-convex but not convex over a full-
dimensional convex set C 2 S N A. By [2, Theorem 6.3], applied to — fj, the function fj is bounded from
above on C (see also [16, Lemma 7]), and thus on S N A. The infimum is attained by Theorem 5.1. O

If S is full-dimensional and fj is quasi-convex over S, we can take C = S. If the polyhedron defined by
the linear constraints is full-dimensional and fj is quasi-convex over it, as in [16, Theorem 3], we can take
C to be this polyhedron.

For at most one integer variable, Corollary E.5 in Appendix E removes the rationality assumption of
Corollary 5.2, and it only requires that the objective is quasi-convex over S.

Remark 5.3. Theorem 5.1 and Corollary 5.2 restrict the objectives in Theorem 4.6. There, the constraints that
define SN H are convex with rational coefficients. Hence the objective f; is not convex, it is not quasi-convex
over any full-dimensional convex set containing S N H, and it is unbounded from above on SN H N A. In
particular, in this setting every linear objective with rational coefficients attains its infimum when it is finite.
The objective x3 — x% of Example 4.5 has these properties.
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A Auxiliary lemmas

We collect some lemmas that are used in several proofs. The first lemma describes the recession directions
of a set defined by convex quadratic inequalities.

Lemma A.l. Let X := {x e R" : g;(x) <0, i = 1,2,...,m}, where each gi(x) = x'Qix + ql.Tx +c; is
convex, and assume that X is nonempty. Then rec(X) = {d € R" : Q;d = 0, qg—d <0,i=12,...,m}.
Moreover, d € rec(X) if and only if d is a recession direction of each inequality g;(x) < 0.

Proof. Let d satisfy Q;d = 0 and qde < 0 for every i. Then g;(x +td) = gi(x) + tqde < gi(x) for every
x € R",t >0, and i. Hence d is a recession direction of each inequality, and of X. Conversely, let x € X,
and let d be a recession direction of X or of each inequality. In both cases, for every i and every ¢t > 0 we
have

0> gi(x+1d) = gi(x) +1 (2xTQl-d + qde) +2d70,d.

Dividing by ¢> and letting t — oo gives d' Q;d < 0. Since Q; is positive semidefinite, this implies Q;d = 0.
Then g;(x) + tqle <Oforeveryt >0, so ql.Td <0. O

The next lemma replaces a nonzero vector in a rational polyhedron by a nearby nonzero rational vector.

Lemma A.2. Ler P :={x e R" : Ax < b} with A € Q™" and b € Q™, and let X € P \ {0}. Then for every
€ > 0 there exists x € (P \ {0}) N Q" with ||x — X|| < e.

Proof. Let B be a box defined by rational inequalities, with side length less than \/%, such that x € B
and O ¢ B. Then P N B is a nonempty polyhedron defined by rational inequalities, since it contains X.
By [28, Theorem 10.1], it contains a rational point x. This point is nonzero since 0 ¢ B, and ||x — X|| < €

since both points lie in B. O
The following lemma is implicit in the proof of [16, Theorem 1].
Lemma A.3. Consider a convex quadratic inequality
f(x) = x'Ox + qTx +c<0. (6)
Let (xk) be a sequence of solutions of (6) with limg_,« ||x¥|| = oo such that the limit d = limg_eo ﬁ

exists. Then d is a recession direction of (6).

Proof. Taking the inequality for x* and dividing through by ||x¥||? yields

kAT k k

X X T X c
I — |+ + ——<0.
(lekll) Q(le"ll) 1 [lx*(12  [lxk]]2

Taking the lim sup as k tends to infinity gives d'Qd < 0, but since Q is positive semidefinite this means
0d =0.
If we instead only divide by ||x*|| we get

(xk)Tka + qTi + ¢ < 0
k(- flx*])

[l

Then we must have ¢'d < 0, because the first term is always nonnegative and the last term tends to 0, so
q"d > 0 would imply f(x¥) > 0 for large enough values of k.
Then Lemma A.1 gives that d is a recession direction for (6). O
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The following lemma is used several times. It shows that moving along a rational direction by integer
multiples of a suitable step stays in a mixed integer lattice.

Lemma A4, Letd € Q" let p € {0, 1,...,n}, and let A = T (ZP X R"™P) for an invertible rational affine
map v. Then there exists a rational t > 0 such that x + ktd € A for every x € A and every k € Z.

Proof. After the change of variables x = 7(y), we may assume that A = ZP X R"~P, since d is replaced by
the rational vector M ~'d. Write d; = Z—j with a; € Z and b; € Z~y. Then t := Hle b;, where the empty
product is 1, ensures that the first p components of x + ktd are integer. O

B One integer variable

This appendix contains the proof of Theorem 3.1 and further consequences of it.

Proof (of Theorem 3.1). After the change of variables x = My + ¥, we may assume that A = Z x R""!
and that the relaxations in the assumption are those with bounds L,U € Z U {—oc0, 0} on x;. Indeed,
(a*)Tx = y1 + (a*)"x. To refer to the feasible regions of the problems, we define

K={xeR":g(x)<0, i=12,...,m},

Kry={xeR":L<x <U,gi(x)<0, i=12,...,m},

and T := {x € R" : go(x) < c¢}. By assumption, T N K has finitely many connected components.

Now, assume for contradiction that (3) does not attain its infimum. Then no x € K N (Z x R""1) satisfies
g0(x) < ¢, and there is a sequence (x*) in K N (Z x R"™) with limy_,« go(x*) = c.

First, assume that the sequence (x{‘ ) is bounded. Since its elements are integers, it takes finitely many
values j. For each such j, the relaxation (4) with L = U = j has feasible region K; ; € K N (Z X R™*"1), so
its infimum 7 is finite and at least c. By assumption, 7, is attained, so y; > c¢. Then gg (x*) > min jYj>c¢
for every k, a contradiction.

Hence (x{‘) is unbounded. Passing to a subsequence, we may assume that xi‘ tends to oo, as the case
where it tends to —oo is symmetric. Every x € T N K satisfies x| ¢ Z, since otherwise x would attain the
infimum. Let C be a connected component of 7 N K. Its projection onto the first coordinate is connected,
and thus an interval in R that contains no integer. Hence there is nc € Z such that nc < x; < nc + 1 for
every x € C. Since T N K has finitely many connected components, we can take B := max¢ n¢ + 1, or any
B e Zif T NK is empty. Then TN Kp o is empty. Hence every feasible point of the relaxation (4) with
L = Band U = o has objective value larger than ¢. On the other hand, x* € K3, for all k large enough,
and limy_,, go(x*) = ¢. Hence the infimum of this relaxation is ¢. By assumption, it is attained, so there is
X € Kp o with go(x) = c¢. This contradicts that 7 N Kp  is empty. O

Theorem 3.1 also lifts other known attainment results from continuous variables to one integer variable.
This applies to every class of problems defined by polynomials that remains in the class when linear
inequalities are added. The sets in Theorem 3.1 are then semialgebraic, so they have finitely many connected
components. If the continuous result allows linear inequalities with real coefficients, the mixed integer lattice
A need not be rational. The proofs are the same as the proof of Corollary 3.2, so we omit them.

For example, we can generalize [16, Theorem 2].

Corollary B.1. Consider a problem of the form (3), where g is a quadratic function, all constraint functions
gi (i =1,2,...,m) are convex quadratic functions, and at most one of them is not affine. Then (3) attains
its infimum (when it is finite).

The following lifts the cubic programming attainability from Klatte [14] to the mixed integer setting.
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Corollary B.2. Consider a problem of the form

inf go(x)
s.t. Ax<b @)
X €N,

where A € R™" b € R™, g is a polynomial of degree at most 3, and A is as in (3).
Then (7) attains its infimum (when it is finite).

We can also lift the result of Belousov and Klatte for convex polynomials [6, Theorem 3].

Corollary B.3. Consider a problem of the form

inf go(x)
stgi(x) <0, i=12,....m ®)
X EN,
where g; : R" — R for j =0,1,...,m is a convex polynomial, and A\ is as in (3).

Then (8) attains its infimum (when it is finite).

Corollaries B.1, B.2, and B.3 do not require rational data or a rational mixed integer lattice. In contrast,
the next section shows that rational data are needed with two integer variables.

C Irrational data

In this section, we show that rational data are needed in general once there are two integer variables, even
for linear constraints.

We first recall two results of Meyer. Theorem C.1 is the example in [19, Section 2], and Theorem C.2
follows from [19, Theorem 2.1].

Theorem C.1. There exists an instance of (1) withn = p = 2 and A rational, where all constraints and the
objective function are affine, but some constraint has irrational coefficients, such that the infimum is finite
but not attained.

Theorem C.2. Consider an instance of (1) where A is rational, all functions f; (j = 0,...,m) are affine,
and all constraints f; (i = 1,...,m) have rational coefficients. Then the infimum is attained whenever it is
finite.

Hence, when all functions are affine, rationality of the constraints alone ensures that the infimum is
attained, and this assumption cannot be dropped in general. The next example shows that rational constraints
are not enough for a quadratic objective: an objective with irrational coefficients may not attain its infimum.

Example C.3. There exist instances of (1) where A is rational, all constraints f; (i = 1,...,m) are affine
with rational coefficients, but the objective fy is a quadratic function with irrational coefficients, such that
the infimum is finite but not attained.

Proof. Consider

inf (x; — x2V2)?
S.t. xp > 1

x € 7.
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Table 1: When can integer variables destroy attainment for a set S given by (2) that is FWq, convex or not?
Here p is the number of integer components of the mixed integer lattice.

Rational data Irrational data
p<l1 never (Corollary 3.2) never, if the continuous result
allows real data (Section 3)
2<p<n-1 only if S does not have bounded possible, even for polyhedra

curvature (Corollary 4.3), and (Theorem C.1 and Remark 2.1)

exactly then if S is convex with

a rational affine hull of dimen-

sion at least 3 (Theorem 1.3(iii))
p=nx2 never (Corollary 4.10) possible, even for polyhedra
(Theorem C.1 and Remark 2.1)

An objective value of 0 cannot be attained for any x € Z2, because that would require % = V2. For

k = 1,2,..., define positive integers a, by by ar + beV2 := (1 + V2)X, and let x* := (ag, by). Then
ax — biV2 = (1 — V2)¥, so the objective value of x* is (V2 — 1)2*, which tends to 0. Since by > 1, the
points x*¥ are feasible. Hence the infimum is 0, and it is not attained. |

Both examples have two integer variables. With one integer variable, the infimum is attained in both
settings, even if the mixed integer lattice is not rational. This follows from Corollary B.2, since the objectives
are polynomials of degree at most 2 and the constraints are linear.

Table 1 summarizes when integer variables can destroy attainment for a set that is FWy, with and without
rational data.

D 'Two or more integer variables

This appendix contains the proofs omitted from Section 4.

Proof (of Lemma 4.1). Let U := N*, and let 7y and 7 denote the orthogonal projections onto U and N.
For every x € R" and w € N, we have f;(x + w) = f;(x) + ql.Tw, since Q;w = 0. In particular, x + r € § for
everyx € Sandr € R.

For (1), write each x € S asx = u+w, where u = my(x) and w = 7 (x). Since S has bounded curvature,
7y (S) is contained in a bounded set B. For each u € i/ (S), the set of w € N such thatu + w € S is

F, = {weN:qlTws—fi(u), i=1,2,...,m}.

This polyhedron is nonempty, and its recession cone is R. By [28, Theorem 8.5], we can write F,, =
conv(Z,) + R, where Z,, C F), is a finite set that contains an arbitrary point of each minimal face of F},.

Each minimal face of F, is of the form {w € N : q;.rw = —fi(u), i € I'} for some I’ C {1,2,...,m},
and we choose its point of minimum norm. This point is Gy by (u), where by (u) := (—f;(u));ep and Gp
is a matrix that depends only on I’ and on the constraints. Since u € B is bounded, f;(u) is also bounded.
Hence each element of Z, lies in a bounded set B’ that is independent of u. We can take B’ convex, so
that conv(Z,) C B’. Then we can write w = w + r, where w € B’ N F, and r € R. Since u and w are
bounded, we have ||u + || < p for a constant p, and u + w € S since w € F,,. Hence S C K + R, where
K :=Sn{x eR": ||x|| £ p}is compact. The reverse inclusion K + R C S holds by the first paragraph of
the proof.

For (2), Lemma A.1 gives rec(S) = R. Then (a) = (c) follows from (1), and (c) = (b) holds since R
is a polyhedral cone. For (b) = (a), we have V C rec(S) = R € N. Hence ny(S) € ny(K), which is
bounded. O

16



The next lemma characterizes bounded curvature for a set defined by a single convex quadratic inequality.

Lemma D.1. Let S be given as in (2) for a single convex quadratic constraint f; with Q1 # 0. Then S has
bounded curvature if and only if q| € range Q1. Moreover, if q1 ¢ range Q| then S is full-dimensional.

Proof. Let N = kerQq and U = N+, and let 7y denote orthogonal projection onto U. If ¢ € range Q1, let
X € R" satisfy g1 = —2Qx. Then for any x € R" we can write

xOx + q-lrx +c1=(x— )E)TQl(x -X)+c,

for some constant ¢’. Then (x — X)7Q(x — %) = u' Qu, where u = ny(x — X). But Q| is positive definite
on U, so the set defined by uTQ1u + ¢’ < 0is an ellipsoid, which is bounded. Thus, 77 (S) is bounded, so S
has bounded curvature.

Now suppose ¢ ¢ range Q1, so we can write g; = gy + gy for gy € U,qn € N\ {0}. Then we have
QOi1gn =0and quN = |lgn 1%, so foru € U,t € R we can write

filu—tgn) = u'Qu + qu]” +cr - f||61N||2-

For large enough ¢, this is negative, so every u € U belongs to 7y (S). Since Q; # 0, U is unbounded,
showing S does not have bounded curvature. Moreover, this also shows there are x € S with fj(x) < 0,
which is an interior point since fi is continuous. O

Proof (of Corollary 4.8). If g € range Q, then S has bounded curvature by Lemma D.1, so S is FW,, by
Corollary 4.3. Otherwise, S is full-dimensional and does not have bounded curvature by Lemma D.1, so S
is not FW; by Corollary 4.7. O

Proof (of Theorem 4.6). We first reduce to the case where § is full-dimensional. Let £ > 3 be the dimension
of S. Since the affine hull of S is rational, it is {xo + Wz : z € R} for some xo € Q" and W € Q"¢ with full
column rank. The set Sy := {z € RC : fi(xo+ Wz) <0, i = 1,2,...,m} is full-dimensional and defined
by convex quadratic inequalities with rational coefficients, and S = xo + WSw. If Sw = Kw + rec(Sw) for
a compact set Ky, then S = (xo + WKyw) + rec(S), since rec(S) = Wrec(Sw). Hence, by Lemma 4.1, Sy
does not have bounded curvature. Let pw be an integer with max{2,p —n + ¢} < pw < min{¢ — 1, p},
which exists since £ > 3 and 2 < p < n — 1. Assume that the theorem holds for Sw and pyw, with objective
/Y, rational mixed integer lattice Ay C R’, and rational polyhedron Hy . Let g',...,¢" ¢ € Q" be such
that the columns of W and these vectors form a basis of R”, and define

n—¢€
A= {xo+Wz+ ﬂjgf 17 € Aw, /leZP—waRn—f—erpW}‘
j=1

This is a rational mixed integer lattice with p integer components, and A N {xo + Wz : z € R’} = xo + WAw,
since the vectors g/ and the columns of W are linearly independent. Let W* := (WTW)™'WT, let H :=
xo + WHy, which is a rational polyhedron, and let fy(x) := fOW(WJr (x — x0)), which is a quadratic function
with rational coefficients. Since W*W is the identity, the map z — xo+ Wz is a bijection from Sy N Hw NAw
to S N H N A that preserves objective values. Hence f has a finite infimum over S N H N A that is not
attained. Therefore, from now on we assume that S is full-dimensional, so that n > 3.

Let N = N, kerQ; and U = N*. Our goal is to find directions in the set S with specific properties,
which we can use to build our counterexample.

Let nryy denote the orthogonal projection map onto U, and 7 likewise for N. Then S not having bounded
curvature implies there is a sequence (x¥) such that limy_, |7y (x%)|| = co. Let u* = ny(x*). Then if we
consider

Frp={weN: qiTw <—fi® i=1,2,...,m},
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we have u* + w € S iff w € Fy, and Fy is nonempty since it contains 7y (xk). First, we note that for
each constraint, there is a constant L; such that for every u € R”, | f;(u)| < L;(1 + ||u]|?). Combined with
Hoffman’s error bound [13] applied to 0, we get that there is a constant L independent of k such that there is
wk e Fy with ||w¥|| < L(1 + [|u¥||?). Then we replace x* with u* + w¥, and work with this sequence instead.

Now, pass to a subsequence such that the limit limg_,q (m) = ¢ € U exists. We show below

that wk # 0 for all sufficiently large k. Passing to a further subsequence, we may assume that the limit
limy 00 (ﬁ) = d also exists. We show that e and d have some useful properties. First, since ¢ € U \ {0},
we have e ¢ N, so the set

I:={ie{l,2,...,m}:e'Qje >0},

~ (1K
is nonempty. For d, leti € I and let a; = ¢'Q;e > 0. Then we have that limy_, jl?u(,lfuz) = a;, so for
large enough k we have f;(u¥) > %aillukllz. Then we have qika < —fi(u*) < —%a,-||uk||2, so ¢; # 0 and
(| > 5% ik, meaning [|w*[] is ©(Ju¥ ).
This implies that limy_, ﬁ = d, so by Lemma A.3 applied to each constraint, d is a recession
direction of S. We further have that
T,k k112
gk k| a;
T i -
;d = lim <limsup-=¢j————F— = ——
R I S Ay Y R L T2

Since i € I was arbitrary, we have ql.TJ < Oforeachi € I.

That is, for every constraint for which moving in the direction e causes a quadratic increase, moving in
the direction d causes those constraints to decrease. Our next step is to replace these directions with rational
directions with the same properties. For d, since the recession cone of S is given by rational inequalities by
Lemma A.1, we can apply Lemma A.2 to get a rational recession direction d of S, and by taking € small
enough we still have q;.rd < Oforeachi € I.

LetJ :={ie{1,2,...,m}: qle = 0}. These are the constraints where moving along d does not change
the value, and note that it is disjoint from /. We want to replace e with a direction which is both rational,
and does not behave badly on the constraints indexed by J. Define the cone

C:= {p=ZMiQi1,U20,ﬂN(P) =0} cu.
ieJ

Now we have that for each x € § the inequality qlTx < —c; holds for each i = 1,2,...,m, because the

quadratic term is always nonnegative. Then for any p € C and any k, we can write

T k T k
p X =pu S—Zutci,
il

since p'w* = 0 by definition of C. Dividing this inequality by ||«*|| and taking the limit as k — oo, we get
pTe <0, s0 e € C°, the polar cone of C.

This is the property we wanted e to have, and now we show how to find a rational direction close to e
which keeps the desired properties. C can be expressed as the image of {¢ > 0 : 7x (X;cs tiqi) = 0} under
a rational linear map, so C is a rational polyhedral cone. This means it has a finite set of rational generators
P1,-..,pPr. Then we have

Co={xeR":p/x<0 i=12,...,r},

which is a rational polyhedron. Also consider Z = U N();¢; ker Q;, and we have e € Z, and want to preserve
this as well. Then we can apply Lemma A.2 to C° N Z to get a rational element ¢’ € C° N Z, and by taking
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€ small enough we still have e’TQ;e’ > 0 for i € I, and the point of intersecting with Z is that we ensure we
still have Q;e’ = 0 fori ¢ 1.

Now, we want to adjust ¢’ to be well behaved on each constraint indexed by J, since those are the
constraints where d does not cause a decrease. Towards this end, we want to find an adjustment vector o
such that q;.r(e' +0) < 0foreachi € J. Let Vy be a matrix whose columns are a rational basis for N, so we
can write the condition as finding a vector w such that qlTVNa) < —ql.Te’ for each i € J. By Farkas’ lemma,
this system is infeasible iff there is u > 0 with

Z,UzVII/C]z =0, Z _,ulql e’

ieJ ieJ

But the first condition says that p = 3. u;q; has nx(p) = 0, while the second says p'e’ > 0, which
contradicts that ¢’ € C°, so the system is actually feasible, and has a rational solution @, and we can then
take 6 = Vy@ as our adjustment vector, and define ¢ = ¢’ + 4.

Since 6 € N, we still have ¢'Q;é > 0iff i € I, and now qlTe' < 0 fori € J, while for d we have qde <0
forig J,and I NJ = 0.

Now to actually construct our counterexample using these directions, fix X € intS N Q", which exists
since § is full-dimensional, and let v € Q" \ span(¢, d). Fix a rational € such that X + yv € § for all |y| < e.
Let

H:={x(s,t,y) =X +se+td+yv:s,tyeR}

Note that H is 3 dimensional: & and d are linearly independent, since &'Q;é > 0 while Q;d = 0 for each
i € I. Now we can express our constraints on H as

iel: fi(x(s,1,y)) = ais® + Bi(y)s + fi (X + yv) +1q, d
i¢l: filx(s.t,y)) = fi(R+yv) +5q; ¢ +1q,d

Where @; = €' Q;é and B;(y) = 2(X + yv)TQ;é + q;.re’. Then if we define for i € I the function

a;is® + Bi(y)s + fi(X + yv)
q/d

l/li(svy) ==

which is well defined since ql.Td < 0fori €I, we have fi(x(s,t,y)) <0ifft > ¢;(s,y). Thus, we note
SNHC {x(s,t,y) it malx;l/,-(s,y)} .
[AS]

Now, we order the functions ¢;,i € I. Lety; := —q%d > 0, so that

Ui(s,y) = yiais® + ¥iBi(y)s + v fi (X + yv).

For a fixed value of y, consider the triple y; (a;, Bi(¥), f; (X + yv)), and order these triples lexicographically.
For two distinct indices 7, j € I, the affine functions y;5;(y) and ;8 (y) are equal for at most one value
of y, unless they are equal everywhere. Similarly, the quadratic functions y; f; (X + yv) and y; f; (X + yv)
are equal for at most two values of y, unless they are equal everywhere. Thus, we can find an interval
[v1,y2] € (—¢, €) with y; < y; that avoids these finitely many values. Then the lexicographic order of the
triples is the same for all y € [y, y2], where two indices whose triples are equal for every y are tied.

Let i* € I be an index whose triple is largest in this order. We claim that there is sp such that
Wi (s,y) = Yi(s, y) foreveryi € I, s > so,and y € [y1,y2]. Indeed, ;- (s, y) =i (s, y) = as*+b(y)s+c(y),
where a is a constant, b is affine, and ¢ is quadratic. If a, b, and ¢ are identically zero on [y, y»], the claim
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is clear. Otherwise, the first of them that is not identically zero is positive on [y, y2]. Since it is continuous
on the compact interval [y, y2], it is bounded away from 0, while the later coefficients are bounded. This
gives sg.

We show that for all sufficiently large s, every y € [y1, y2], and every ¢t > ¢;+(s, y), we have x(s,¢,y) € S.
We do this by cases on the constraint.

e i el, then f;(x(s,t,y)) = qde(t —i(s,y)) < qle(zﬁi*(s,y) —;(s,y)) using that qde <Oforiel
By the claim, this is < 0 for s > 59, showing x(s, ¢, y) satisfies this constraint.

e i€ J,then fi(x(s,t,y)) = fi(x + yv) + sqiTé since qde = 0 fori € J. Then f;(Xx + yv) < O since
|y| < €, and since q;.re‘ < 0fori € J, for s > 0 we have x(s, t, y) feasible for this constraint.

ei€{l,2,....m}\ (I UJ). Then fi(x(s,t,y)) = fi(X + yv) + sq; & + tq;d and qd < 0. Since
v+ > 0 and the other two coefficients of i+ are bounded on [y, y»], there are k > 0 and s; such
that (s, y) > ks> for all s > s; and y € [y, y2]. Since f;(X + yv) < 0 and ¢ > ks, we obtain

fix(s,t,y)) < sql.Te‘ + Ks2qde, which is negative for all sufficiently large s.

Therefore, we have shown that there is some § € R such that

{x(s9t7y) sz E?.y € [y17y2]7t 2 wi*(svy)} CSNHC {x(s>t7y) itz lﬂi*(sv)’)}- (9)

With all of this established, we now construct our objective function and mixed integer lattice. Let
0 € [y1, y2] be arational number in the interior of the interval, and 7y denote the orthogonal projection onto
H. Then for any x € R", we can define (s(x), 7(x), y(x)) as the unique triple such that x(s(x), #(x), y(x)) =
mr(x). We can then define our objective as

fox) = 1(x) = i (s(x), y(3)) + (3(x) = 0)*.

In other words, fj is defined through its restriction to H. The function f is quadratic with rational coefficients.
Indeed, (s(x),t(x),y(x)) = (VFTIVH)‘IV;I (x — X), where Vp is the rational matrix with columns e, d, and v.
Moreover, ;+ has rational coeflicients, since X, v, €, d, and f;= are rational, and 8 is rational. Now fy(x) >0
on S N H, since we showed t > ;- (s, y) for each x(s,¢,y) € S N H. We construct a mixed integer lattice
so that we can never attain 0, but are still able to approach it. Specifically, we note that the objective is O iff
y=60andt = y;(s,y), so we want to make this impossible.
Next, we write
Yi-(s,y) = As® + Bisy + Bos + C(y),

where A, By, By € Q, A = y;+a;+ > 0, and C is a quadratic function with rational coefficients. Since A > 0,
we can choose A € {1,2} such that 2A2+ By # 0. Let D be the least common denominator of the coefficients
of Y« (k + A6, ) as a polynomial in k, which are rational since A and 6 are rational. The lattice is given by

Ag ={x(k+A0,j + %,(r) tk,jeZ 0 €R}.
We extend Ay to a rational mixed integer lattice A in R" by adding n — 3 linearly independent rational
directions orthogonal to the linear subspace parallel to H, with p — 2 of them integer and n — p — 1 of them
continuous. Then A has p integer components and AN H = Agy.

We must have fy(x) > 0on S N H N A, because in order for it to be equal to 0, we must have o = 6 and
then j + % =y (k + 16, 0). But this is impossible, since ;- (k + A6, 6) is an integer multiple of % since
k € Z, while j + % cannot be an integer multiple of %.

To show that we can approach 0, for k € Z define hy (o) = ;- (k + Ao, o), and compute the derivative

W, () = (2A1 + B1)k + 2AA%0 + 2B 0 + ABy + C' ().
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Let v := |2A4 + By| > 0. For all k large enough, we have |k} ()| > ka for all o= € [y, y2], since the other
terms are bounded independently of k.

Let ¢ = %, so for sufficiently large k we have [0 — €,0 + €x] C [y1,y2] and also k + Ao > 5§ for
o € [0 — €, 0 + ex]. Now, the image hx ([0 — €, 0 + €]) is an interval since /iy, is continuous. By the mean
value theorem and the lower bound on |4} |, this interval has length at least 2ek"7k = 4, so it contains some

tx €Z+ %. Let o € [0 — €, 0 + €] be such that i (o) = tx, and define
2K = x(k + Ao, t, o).
Then z* € A, and also z* € § for sufficiently large k by (9). We can compute

fo(Zk) =t — Yk + Aoy, o) + (0% — 9)2
= (k- 0)° < &
which tends to 0 as k — oo, showing the infimum is indeed 0, but not attained. O

Proof (of Corollary 4.11). By definition, every FW,, set is FW(. Conversely, assume that S is FW,. Let A
be a rational mixed integer lattice, let P be a rational polyhedron, and let fy be a quadratic function with
rational coeflicients that is bounded from below on S N P N A # (0. After the change of variables x = 7(y),
we may assume that A = Z” x R"7P. The transformed set is still FWy, since 7 is a rational affine bijection,
and its affine hull A is still rational, of dimension k£ < 2.

We apply [9, Theorem 1.1] to the polyhedron A. Since A N A is nonempty, it gives p’ < p, n’, and a map
o(z) =%+ Gz with ¥ € Q" and G € Q™" of full column rank, such that A = o-(A’) for a full-dimensional
polyhedron A’ C R, and AN A = o(A’ N A’), where A’ := ZP" x R ~P". Since A is an affine subspace
and o is injective, we have A’ = R" and n’ = k.

LetS :={zeR¥: fi(c(z)) <0,i=1,2,...,m},sothat S = 0(§"). Let G* := (GTG)~'G". The set
S’ is FWy. Indeed, for a rational polyhedron P”” C R¥ and a quadratic function g with rational coefficients,
the map o is a bijection from S’ N P to SN o (P”), the set o (P”) = {x € A: G*(x—X) € P”} is arational
polyhedron, and g(z) = g(G*(o(z) — %)). Since k < 2, Corollary 4.10 implies that S” is FW}, where for
k = 0 there is nothing to prove. Finally, SN PN A = o (S’ NP’ N A’), where P’ := o~!(P) is a rational
polyhedron, and fy o o is a quadratic function with rational coefficients. Hence f attains its infimum on
SNPNA. m]

E Conditions on the objective

This appendix contains the proof of Theorem 5.1 and Corollary E.5.

The following lemma is the inductive step of our argument: it reduces the dimension by one. When we
project out a recession direction d, the inequalities that do not depend on d are kept. The other inequalities
can be dropped, because adding a large multiple of d to any point satisfies them.

Lemma E.1. Consider an instance of (1) with rational data, where all constraints f; (i = 1,2,...,m)
are convex and fy is bounded from above on S N A. Let d € Q™ be a nonzero recession direction for all
constraints, such that fo(x) = fo(x +td) for every x € S andt € R.

Then there exist E € Q"™"=1 m’ € Q", p’ € {p -1, p}, and a rational mixed integer lattice A’ C R~
with p’ integer components such that the problem

inf fo(Ex +m")

10
st.xeS NN, (10
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where I .= {k € {1,2,...,m}: q-]Ed =0} and
S :={xeR": fi(Ex+m’) <0, kel},

has the same infimum as the original instance of (1), and fo(Ex + m’) is bounded from above on S’ N A’.
Moreover, the functions fi(Ex + m’), k € I, are convex. Finally, for every x € S' N A thereisx € SN A
with fo(X) = fo(Ex + m’).

Proof. Without loss of generality, we can assume A = ZP X R"~P because we can replace x with 7(y) and
all assumptions are still met. Below, we also apply a rational linear change of variables that maps Z” X R"~P
onto itself. In the new variables, we construct the required map with m’ = 0. Composing it with the two
changes of variables gives the rational affine map x — Ex + m’ for the original instance.

Next, we bring d into a convenient form. Let d = (dz, dr), scaled by a positive rational number so that
dz € Z” is primitive and dg € Q" P. If dz # 0, let U € ZP*P be a unimodular matrix such that U el =dy.
Then consider T = (U

D I,,
is the identity matrix. If dz = 0, then dg is nonzero, and instead let U € Q(”‘p )X(n=P) pe an invertible

) where D has dy as the first column and O for the rest of the entries, and 1,,_,

matrix such that Ue! = dr. Then we can take T = (16’ 3), since no off-diagonal block is needed when

dz = 0.

In either case, 7 is a bijection from ZP x R""P to itself, so we can do a change of basis x = 7'y such that
the lattice is still Z? x R, but our recession direction is now either ¢! or eP*!, and all assumptions are
still met.

Let E € Q™("=1) be the matrix that inserts a zero component in position 1 or p + 1, respectively, and
let A’ := ZP" x R"1=P" where p’ = p — 1 if we remove an integer component and p’ = p if we remove a
continuous component.

Now we prove that (1) and (10) have the same infimum. Let x € S’ N A’, which has objective value
fo(Ex) for (10). Consider the corresponding point Ex € R”.

By Lemma A.1, we have Q;d = 0 and ql.Td <Oforeachi=1,2,...,m. We already know that for every
k el fr(Ex) <0sincex € S’ N A’, while forevery k € {1,2,...,m}\ I,Qrd =0, qld < 0. Thus,

Vk € {1,2,...,m}\1,3to > 0,Vt > to, fe (Ex +td) < 0.

Since d is the unit vector of the removed component, Ex + td € ZP x R""P for every t € Z. Moreover,
fr(Ex +td) = fi(Ex) < 0 for every k € I, since Qrd = 0 and qld = 0. Hence Ex +td € S N A for all
sufficiently large t € Z. Since Ex + td € S, the assumption implies that fj is constant on the line through
Ex + td with direction d. This line contains Ex, so fo(Ex +td) = fo(Ex). Hence, for every such ¢, the point
X := Ex + td lies in S N A and satisfies fo(X) = fo(Ex). In particular, fo(Ex) is bounded from above on
S’ N A’, since fj is bounded from above on S N A.

For the other direction, take x € S N A and consider projecting out the chosen component. We can write
the resulting point as x’ for some x’ € Z”" x R"~ 17" Then x’ € §' N A’, because Ex’ = x + td for some
t € R, and since d is a recession direction, Lemma A.1 implies fix(x) = fi(x + td) for every k € I, so
fr(x) < 0iff fr(Ex") <0, and fo(Ex") = fo(Ex" + td) by assumption, proving the infimum is the same.

Finally, convexity is preserved as f;(Ex) is the composition of a convex and linear function. O

The next two lemmas provide the remaining ingredients for Theorem 5.1.

Lemma E.2. Consider an instance of (1) with rational data, where all constraints f; (i = 1,2,...,m)
are convex. If S N A is unbounded, then there is some d € Q" \ {0} which is a recession direction of all
constraints.
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Proof. Let (xk) be a sequence of points in S N A with limy_,« [|x*|| = . Replace (x*) with a subsequence
such that ( T
by applying Lemma A.3 to each constraint, d’ must be a recession direction of each of them.

By Lemma A.1, the set of recession directions of all constraints is given by a polyhedron, which is
rational since we assume all functions have rational coefficients. Since ||d’|| = 1, we can apply Lemma A.2
to find some d € Q" \ {0} which is a recession direction of all constraints. O

) has a well defined limit, which we can do by compactness. Denote d’ = limy .« 217, and

xk
[FIN

Lemma E.3. Consider an instance of (1) with rational data, where all constraints f; (i = 1,2,...,m) are
convex. Let d € Q" \ {0} be a recession direction of all constraints such that fy(x) = fo(x + td) for every
xeSNAandt eR.

Then if we add + (2dTQ0x +4q, d) 0 as constraints, S N A remains unchanged, but now fy(x) =
fo(x +td) for every x € S and t € R, where S is the continuous relaxation of the feasible set given by

S:={xeR":2d"Qox +qyd =0, f;(x) <0, i=1,2,...,m}.
Additionally, d is still a recession direction of these constraints, and they are both convex and rational.

Proof. By expansion we have
Jo(x +td) = 2d"Qod + 2td" Qox + tqod +x"Qox + qox + ¢p.

This is a constant function of 7 iff d"Q¢d = 0 and 2d" Qgx + qu 0.

By assumption fy(x + td) is constant as a function of 7 for each x € § N A, so we must have d' Qod = 0
and for every x € SN A,2d"Qox + qod 0, so adding the additional constraints does not change SNA. On
the other hand, adding the constraint ensures that these two conditions are met for every x € S, so fy(x + td)
is constant as a function of ¢ for each x € S.

The direction d remains a recession direction of the new constraints, since d'Qod = 0. The new
constraints are convex, since they are affine, and they have rational coefficients, since d, Qg, and g¢ are
rational. O

Proof (of Theorem 5.1). We proceed by induction on the dimension of the problem. If n = 0, then there
is only a single feasible point since we assume the feasible region is nonempty, and it trivially attains the
infimum of all feasible points.

For n > 0, if S N A is bounded, since it is closed as the intersection of the closed sets S and A, it is
compact, so by the extreme value theorem fj attains a minimum value on it.

Otherwise S N A is unbounded, and we apply Lemma E.2 to get a rational recession direction d of
all constraints. By assumption, f;y is bounded both above and below on § N A. Therefore, for every
x € SN A, fo(x + td) must be a constant function of ¢, because fy(x + td) is a polynomial in . Lemma A.4
implies there are arbitrarily large values of ¢ such that x + td € S N A, so if fy(x + td) were not a constant
function of ¢, it would tend to either co or —co for large values of ¢, contradicting that it is bounded in both
directions.

Then if we add the constraints + (ZdTQox + qu) < 0 to our system, Lemma E.3 ensures we do not
change S N A, but now we meet the conditions to apply Lemma E.1. This gives a lower dimensional
problem with the same infimum, which by the induction hypothesis attains its infimum at some feasible point
x € S’ N A, and as noted in Lemma E.1, there is a corresponding point X € S N A which attains the infimum
of (1). O

Remark EA. If p = 0, thatis, A = R", then Theorem 5.1 holds without the rationality assumptions. Indeed,
rationality is used in Lemmas A.4, E.1, and E.2 to stay in the mixed integer lattice, and in Lemma E.3 to
keep the added constraints rational for the next step of the induction. For p = 0, the limit direction in the
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proof of Lemma E.2 can be used directly as the recession direction d, the change of variables in the proof of
Lemma E.1 can be real, the points x + ¢d with ¢ > 0 are in A, and the added constraints need not be rational.

For at most one integer variable, the continuous result used in Theorem 3.1 is Theorem 5.1 with p = 0.
This gives the following corollary.

Corollary E.5. Consider a problem of the form (3), or its continuous version with A = R", where all g;
(j=0,1,...,m) are quadratic functions, all constraint functions g; (i = 1,2, ...,m) are convex, and g is
quasi-convex over K := {x e R" : g;(x) <0, i = 1,2,...,m}. Then the problem attains its infimum (when
it is finite).

Proof. We first show that, for every set K’ € K defined by convex quadratic inequalities, the problem
inf{go(x) : x € K’} attains its infimum when it is finite. For K’ = K, this is the continuous case. Let
y+ Wz, ze€ RK. be a parametrization of the affine hull of K’, where y € R" and W ¢ Rk has full column
rank. In the variables z, the feasible set is full-dimensional and defined by convex quadratic inequalities.
The objective g0(z) := go(¥ + Wz) is a quadratic function that is quasi-convex over the feasible set, since
K’ C K. Since all variables are continuous, this change of variables does not affect attainment. Let O
be the symmetric matrix of the quadratic part of go. If Q is positive semidefinite, we add the constraint
80(z) —r <0 for some r larger than the infimum, as in the proof of Corollary 5.2. Otherwise, [2, Theorem
6.3] shows that g, is bounded from above on the feasible set, as in the proof of Corollary 5.2. In both cases,
the objective is bounded from above on the feasible region, so the infimum is attained by Theorem 5.1 with
p = 0 and Remark E.4.

For the mixed integer case, we apply Theorem 3.1. As in the proof of Corollary 3.2, the setin its hypothesis
is semialgebraic, so it has finitely many connected components. The feasible set of every relaxation (4) is
Kn{x €R": L <a"x < U}, which is defined by convex quadratic inequalities. Hence every relaxation
with a finite infimum attains it. o
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