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Abstract. We study the convexification of mixed-integer quadratic optimization
with indicator variables. The problem remains NP-hard even when the quadratic
matrix has bandwidth two, posing a fundamental obstacle to tractable exact
convexification. To overcome this challenge in realistic settings, we introduce
probabilistically exact (inner) convexification, a framework that relaxes the re-
quirement of exactness for every objective while preserving exact optimality for
statistically relevant ones. Our approach is motivated by inference applications,
where the objective is determined by a data vector drawn from a distribution
and a regularization vector chosen from a prescribed family. Our convexification
preserves the exactness of the optimal value with high probability over the data
distribution, simultaneously for every regularization vector in this family. We
apply this notion to quadratic matrices of any fixed bandwidth. Despite their
worst-case NP-hardness, we construct probabilistically exact convexifications that
admit exact extended second-order cone formulations of size polynomial in the
dimension n and the inverse failure probability 1/6. The required assumptions for
their high-probability exactness are surprisingly mild: they accommodate both
light-tailed and heavy-tailed data, including distributions without finite mean, as
well as arbitrary nonnegative regularization coefficients.
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1 Introduction

Mixed-integer quadratic optimization with indicator variables provides a natural frame-
work for statistical estimation with logical decisions. Given a positive definite matrix
Q € R™" we consider optimization problems of the form

min {r+a’xz+3 2z}, 1
(t,w,z)EP{ /6 } ( )

where SD:={(t,ac,z)ERJ,XR"X{O,I}”:IZQ:TQm, scO(l—z)=0}, 2)

and o denotes the entrywise product. The indicator constraints « o (1 — z) = 0 are
equivalent to the logical condition x; #0 = z; # 0 for all i € [n]; such constraints
are used to impose logical conditions on the support of the continuous variables x.

An application particularly relevant to this paper is sparse inference of spatio-temporal
processes [2]. Given noisy observations o € R" and a sparse positive definite matrix
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Q € R™" arepresentative formulation is [1, 8, 9]

1 2, T
min —Na-=z||5+x"Qx+ L8172
@eR™ 2€{0,1}" 2” I Qz+p

st. xo(l-2)=0. 3)

Variables x represent estimates of the underlying process, while the indicators z;
determine which signal components x; may be nonzero. The parameter S > 0 penalizes
the number of active components, with 17 z counting the nonzero signal components at
optimality. Finally, T Qx regularizes the signal according to its dependence structure,
where Q;; # 0 indicates that components i and j are spatially or temporally related. In
particular, @ is typically banded in time-series models [13, 10].

Convexification-based approaches to solving (1) exploit convex formulations of the
underlying mixed-integer set [18, 19]. An exact characterization of the convex hull
conv (%) yields an equivalent convex reformulation of (1). For a fixed quadratic matrix
@, this formulation can be reused across different (data) vectors cx and (hyperparameter)
vectors 3. When tractable, it therefore facilitates repeated optimization and cross-
validation in statistical applications. However, obtaining a tractable exact convexification
of P is challenging, and available results rely on additional structural assumptions. For
example, tridiagonal quadratics admit exact formulations of quadratic size [13, 10],
while decision diagrams provide a framework for constructing exact and approximate
formulations for broader classes of structured quadratics [6]. Despite these advances,
tractable exact convexification remains elusive in general: problem (1) remains NP-
hard even when @ is banded with bandwidth two [14, Theorem 1 and Corollary 2].3
Consequently, banded @ alone does not guarantee an exact convex reformulation that
can be constructed and solved efficiently.

To alleviate the burdens associated with exact convexifications, which guarantee
exactness for all possible data vectors and regularization parameters (o, 3), we ask
whether it is possible to construct simpler formulations that are exact only for the relevant
statistical inputs. Indeed, in statistical applications, the regularization parameters 3 are
typically nonnegative. Moreover, the data vector c is often modeled as a random draw
from a well-behaved distribution. Motivated by these observations, we show that, when
@ is banded, it is possible to construct compact (inner) convex approximations of the
closure of conv(%) that recover exact optimal solutions of (1) with high probability over
the distribution of c, uniformly for all nonnegative choices of 3.

Due to space constraints, most proofs are deferred to the appendix.

2 Probabilistically Exact Approximation and Convexification

For any closed set C € Ry X R" X R", define its restricted support function hc :
R" X R" — R by
he(a,B) = inf {t+a’z+8"z}, 4)
(t,x,z2)€C
3 The cited result appears in an Al-generated note released in the repository accompanying [12].

While the authors from the repository do not claim to have verified correctness of this note, we
have independently checked the proof of the cited result and verified its correctness.
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where R := R U {—c0, +00}, and we adopt the convention that s¢(c, B) = +co when
C = @. The term “restricted” refers to the fact that & is the restriction of the full support
function to directions for which the coefficient of ¢ is equal to one.

Definition 1 (Upward-closedness). A set C C Ry XR" XR" is said to be upward-closed
(in its first element) if C is closed and

(t,x,z) eC = (t+s,x,2)eC for every s > 0.

Lemma 1 (Convex hull via restricted support functions). Suppose that X C P is
nonempty and upward-closed. Then, both conv(X) and conv(P) are closed and

hx(a,B) = hp(a,B8), Y(a,B) eR"xXR", = conv(X) =conv(P). (5

The preceding lemma characterizes the exact convexification of # by equality of the
restricted support functions in all directions (a, 3). Motivated by this characterization,
we introduce a relaxed notion of convexification for #: rather than requiring the restricted
support function of X C % to coincide with that of P for every pair (c, 3), we require
exactness only for 3 belonging to a prescribed set I' € R" and for a set of coefficients a
having sufficiently high probability under a probability measure p.

Definition 2 (probabilistically exact approximation and convexification). Let ' C R”,
let yu be a probability measure on R", and let § € [0,1]. Aset X C P is calleda (u, T, 9)-
probabilistically exact (inner) approximation of P if it is nonempty and upward-closed,
and satisfies

Pau (hx(a,B) = hp(a,B) forallBel)>1-6. (6)

The corresponding convex set conv(KX) is called a (u, ", §)-probabilistically exact (inner)
convexification of P.

The definition is tailored to realistic data-driven settings in which neither « nor 3 is
treated as arbitrary. In particular, inspired by the inference problem (3), the (data) vector
o defining the linear objective in the x-variables is modeled as a random vector with
distribution u, whereas the (regularization) vector 3 is selected from a prescribed set
I (e.g., nonnegative vectors). The condition (6) requires that, with probability at least
1 -6 over a ~ u, restricting the feasible region from # to X preserves the optimal value
simultaneously for every 3 € I'. Thus, X need only retain the portions of £ relevant to
objective coeflicients that occur with sufficiently high probability under u; exactness may
fail on a set of coefficients o having probability at most J.

The key advantage of probabilistic approximation and convexification is that they can
yield more tractable formulations by allowing a controlled probability of inexactness. We
demonstrate this advantage for the important class of problems with banded @Q: although
linear optimization over £ remains NP-hard for general banded matrices, we construct a
compact probabilistically exact convexification under mild assumptions.

3 Application to Banded Structures

In this section, we derive polynomial-size probabilistically exact approximation and
convexification of £ when @ is banded. For an integer b > 1, we call Q b-banded if
Q;; = 0 whenever |i — j| > b.
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Assumption 1 (Bounded spectrum and nonnegative regularization) 7There are con-
stants 0 < Amin < Amax < 00 and By > 0, independent of n, such that

/lminI = Q = /lmaxI’ (7)
' € {0} U [Bo, )" 3)

Assumption (8) requires positive regularization parameters to be bounded away from
zero, consistent with positive penalties used to promote sparsity in . We also allow
B3 = 0 to accommodate the unregularized problem, which is commonly considered in
cross-validation. We summarize our main result in the next informal theorem.

Theorem 1 (Probabilistic exactness for banded structures; informal). Suppose that
Q is b-banded and satisfies (7), T satisfies (8), and u is a product measure whose
coordinates satisfy: (i) uniformly positive probability near zero; and (ii) uniformly
bounded absolute moments of some positive order. Then, for any § € (0, 1], there exists
a (u, T, 0)-probabilistically exact approximation X of P such that conv(X) is closed
and admits an exact extended second-order cone programming (SOCP) formulation with

o(n[l +log(g)]2), b=1,
ol (] (2)"). +22

variables and constraints. Here, for b > 2, ¥, € (1,2) is the unique positive root of
xP =xP"V 4. 4 x+ 1, and y, = O(log®y). In particular, for any fixed bandwidth b,
the formulation has size polynomial in n and 1/6.

€))

The assumptions on I" and y are satisfied in a broad range of practical settings. In particular,
the restrictions on I" only exclude negative regularization parameters, consistent with
sparsity-inducing regularization in practice. Similarly, the conditions on u accommodate
a broad class of distributions, including Gaussian, Laplace, and bounded distributions
with sufficient probability mass near zero, as well as heavy-tailed distributions such as
Cauchy and Student-z. Notably, the latter class includes distributions with infinite mean.

Comparison with existing results. For tridiagonal matrices (b = 1), Liuetal. [13] establish
an exact semidefinite programming formulation of conv(%) with O (n?) variables and
linear constraints, together with a single (n+ 1) X (n + 1) positive semidefinite constraint.
Subsequently, Gomez et al. [10] derive an exact SOCP formulation with O (n?) variables
and constraints. Under our distributional assumptions, we improve upon these size
bounds by constructing a probabilistically exact convexification with only O (n log® n)
variables and constraints for fixed ¢ and model parameters. For general banded matrices
with b > 2, the situation is fundamentally different: problem (1) remains NP-hard even
for b = 2 [14, Theorem 1 and Corollary 2], implying that bounded bandwidth alone
cannot guarantee an efficiently constructible and solvable exact convex formulation
unless P = NP. To address this challenge, Gomez et al. [10] and Bienstock and Chen
[4] develop a deterministic approximation scheme that obtains the optimal value within
an additive error €, with complexity polynomial in n and ||a||%, /€ for fixed bandwidth
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and spectral parameters. Our approach offers a different tradeoff between tractability and
accuracy: rather than allowing a bounded approximation error for every instance, we
construct polynomial-size convexifications that preserve the optimal value exactly with
probability at least 1 — 6 over a ~ . Moreover, this exactness guarantee holds uniformly
for all B € I, allowing the same formulation to be reused across different regularization
choices without sacrificing optimality on the high-probability event.

3.1 Key Idea: Dynamic Programming

Our construction relies on dynamic programming (DP). Throughout the paper, we
index the variables according to the row and column ordering of @, and write [{ :
k] := {£,€+ 1,...,k} for integers £ < k. A support vector z € {0, 1}" is said to
contain a resetting sequence of length b if there exists s € [1 : n — b + 1] such that
zg = -+ = zg+p—1 = 0. Since @ is b-banded, these b consecutive zeros eliminate all
quadratic interactions between variables indexed before and after the resetting sequence.
This separation allows the problem to be decomposed into smaller subproblems, forming
the basis of our DP construction.

To formalize this decomposition, we introduce two families of subproblems. For
s € {0,...,n}, let f* denote the optimal value of (1) with zg4; = --- = z, = 0. For
1 <¢<k<n,let qf‘[: K] denote the optimal value over support vectors restricted to
[€ : k] and containing no resetting sequence entirely within this interval. Formally,

q?f:k] - (t,g,lzil)lep {t+aTw+'BTz}’ (10)
zeNe:k),b
where
2 =0, Vig[l:kl,
N . 0.1 - s+b—1 11
[ek),p =12 € {0, 1}": szzl,\/se[fzk—b+1] ' (11
j=s

Let z* € {0,1}" be an optimal support vector for f*, and let s denote the starting
index of its last resetting sequence of length b, with s < 0 if no such sequence exists.
Conditioned on the location of s, we obtain the DP recurrence

%= min {f;] + q[*m.]} . ielnl (12)

—-b+1<s<i-b+1

where fj?* =0 for j <0and qu.ﬂﬂ = 0. In particular, f* is the optimal value of (1);
Figure 1 exemplifies this decomposition. Evidently, the efficiency of this DP hinges
on the cost of computing the values q?& K- Once these are computed, the partial costs
J75 ..., fi can be obtained sequentially using (12). We distinguish two cases:

— Tridiagonal case (b = 1). For b = 1, Njs],1 is a singleton, with z; = 1 for
i € [¢: k] and z; = O otherwise. Thus, by (10), each qﬂ,:k] can be computed by

[£:k]
in O(n?) time. Consequently, (12) yields an O (n?)-time algorithm for solving (1).

solving a single QP. In fact, Liu et al. [13] show that all {q* }[ . can be computed
<



6 Fattahi and Gémez

Left subproblem f: Resetting sequence Reset-free subproblem q’['7: 12]

Fig. 1. llustration of the DP recurrence for » = 2 and n = 12. The last resetting sequence,
7% = z; = 0, separates the indices [1 : 4] from the reset-free indices [7 : 12].

— General banded case (b > 2). For b > 2, we show that [Njzx»| = © (957+1),
where ¢, € (1,2) is the unique positive root of

X7 =x"""+--+x+1.

Hence, directly evaluating each g (k] by enumerating admissible supports in Njz.x],
can require exponentially many QP solves, making this approach computatlonally
prohibitive. This difficulty is expected in light of the NP-hardness of (1) for b > 2.

For b > 2, the computational bottleneck in (12) is evaluating q?ﬁ bii] OVEr long intervals.
Our key idea is therefore to avoid these costly subproblems by restricting the feasible

region to support vectors whose reset-free intervals have length at most a prescribed
threshold.

Definition 3 (Reset support sets). For integers b € [n] and M > b, define the (M, b)-
reset support set by

contains a resetting sequence of length b (3)

Imp = {z € {0,1}":

every block of M consecutive entries of z }

When M > n, the condition is vacuous. Additionally, define the corresponding augmented
(M, b)-reset support set by

~ Z u{l}, 0erl,
Zap = {20V (14)
M b, 0¢r.
We define the associated restricted feasible set by
Pumb = {(t,:v,z) eP.ze€ ZMJ,} . (15)

Apart from the possible inclusion of z = 1, the set Py, restricts P to support vectors
for which every block of M consecutive coordinates contains a resetting sequence of
length b. To formulate the corresponding DP, let f; and g[¢.| be defined as f;* and ‘IE} .

respectively, with the additional constraint z € Zys 5. The resulting DP recurrence is

fi= |_,Jpin {fs—l +61[s+b:ij}, i € [n], (16)
[s+bii]|<M—1
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where fj =0for j <0, g [i+1:] = 0, and infeasible subproblems have value +oo.
Unlike (12), this restricted recurrence considers only reset-free intervals of length at most
M — 1. Each interval cost g[¢:x] appearing in (16) can therefore be computed by solving at
most O (19{7"’ ) QPs. Since (16) involves O (nM) such costs, computing all of them requires

O(nM ﬁg” ) QP solves. Once these costs are available, the recurrence computes ﬁ, in
O(nM) time. If 0 € I, we also evaluate the full support z = 1 by solving one additional
QP and take the smaller of its optimal value and f;,. This yields the optimal value of (1)
over the restricted feasible set P . This approach raises two natural questions:

1. Does restricting P to Py b preserve optimality? In Section 3.2, we show that, if I"
satisfies (8) and u satisfies a barrier-free property (Definition 5), there exists a choice of

M= 0(1og (g) + b)

for which s, and conv(Pas ) are, respectively, a (u, I, §)-probabilistically exact
approximation and convexification of #. Thus, with probability at least 1 —§ over o« ~ p,
replacing # with either set preserves the optimal value of (1) simultaneously for every
B € I'. Moreover, in Section 3.3, we show that the barrier-free property required for u
holds under mild and verifiable conditions, including those delineated in Theorem 1.

2. Does restricting P to Py p» guarantee tractability? As discussed above, for b > 2,
solving (1) over Pas p via the restricted DP recurrence (16) requires solving O (nM ﬁg” )
QPs. More generally, in Section 3.4, we show that conv(Ps,5) admits an exact extended
SOCP formulation with O (nM®y,(M)) variables and constraints, where

M, b=1,
Dy (M) =
b(M) {ﬂjy, b>2.

With M = O(log(n/6)+b), both the running time and the formulation size are polynomial
in n and 1/§ for fixed bandwidth b and model parameters.

3.2 Barriers and Probabilistic Reset Support Sets
Under Assumption 1, let

K .= m p = W _ 1

' : T \Vek+1

/lmin
We focus on the nontrivial case p € (0,1). If p = 0, then «x = 1 and Q is a scalar
multiple of the identity, in which case conv (%) admits the standard linear-size perspective
formulation [7, 11]. We begin by introducing a local weight whose value triggers a reset.

Bo
2/lmax ’

1/b
) e[0,1), 1= Aminp”! (17)

Definition 4 (Local weight). The local weight at i € [n] is defined as W;(a) :=
Z;’Zl pli=il |oj|. We calli € [n— b + 1] a barrier when W;(at) < 1.

Lemma 2 (Barriers force resets). Fix @ € R" andi € [n—b + 1]. If W;(«) < 1p, then,
for every B € [By, )", every optimal support vector z* of (1) has a resetting sequence

of length b beginning at i; that is, 7} = 2%, =~ =25, ; =0.
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By the above lemma, to ensure that every optimal solution belongs to Py, p, it suffices
that, within every block of M consecutive coordinates, there exists at least one barrier
i such that W;(a) < 1. We show next that this property holds with high probability
whenever the probability measure ¢ governing «v satisfies a barrier-free property.

Definition 5 (Barrier-free property). Let Cy > 1 and ¢, > 0 be constants independent
of n. A probability measure u on R" is said to satisfy the (Cy, cy)-barrier-free property if,
for every interval I C [n— b + 1] of consecutive indices,

Pa~u (Wi(a) > 1 foralli € T) < Cyexp(—cy|T]). (18)

Theorem 2 (Probabilistic exactness under the barrier-free property). Suppose that
u satisfies the (Cy, cy)-barrier-free property. For any 6 € (0, 1], define

1 Cyn
M =|—1
2ee(F)

Cy

+bh-1. (19)

Then Par b is a (1, I, §)-probabilistically exact approximation of P, and conv(Par p) is
a (u, T, 8)-probabilistically exact convexification of P.

The preceding theorem establishes the probabilistic exactness of Py 5, and its convex
hull under the barrier-free property. To demonstrate the practical relevance of this result,
we next show that the barrier-free property holds for broad classes of distributions.

3.3 Measures Satisfying the Barrier-free Property

Our next result establishes the barrier-free property for product measures under two very
mild conditions.

Proposition 1 (Product measures satisfying the barrier-free property). Suppose that
W is a product measure on R", that is, the coordinates of o ~ u are independent. Fix any
g € (1,p~Y) and define

>0, (20)

where Ty, is the barrier threshold defined in (17). Assume that there exist constants
po € (0,1], g > 0, and M < oo, independent of n, such that

min P(|e;| < ag) > po, max E|a;|? < M,. 21
i€[n] i€[n]

Then u satisfies the (C,, c,)-barrier-free property for some constants C, > 1 and ¢, > 0
that depend only on p, g, Tp, po, g, and My, and are independent of n.

In Appendix B, we verify that these assumptions hold for independent coordinates with
Gaussian, Laplace, Cauchy, or Student-¢ distributions, as well as uniformly bounded
coordinates satisfying the first condition in (21). For example, for i.i.d. standard normal
coordinates, one may choose pg = 2®(ag)—1,q = 1,and M = \/2/_7r, where @ denotes
the standard normal cumulative distribution function.
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We devote the remainder of this subsection to outlining the proof of Proposition 1.
A key idea underlying our analysis is to interpret the random coefficients a4, .. ., @, as
inducing a random covering of the indices. For notational convenience, extend 1, . . . , @,
to a sequence including large or negative indexes (a )<z, by setting a; = O for every
J ¢ [n]. The added coordinates are deterministic and hence independent of the original
coordinates, and they trivially satisfy the bounds in (21). This extension allows us to
formulate our argument without separately treating boundary effects.

Definition 6 (Index coverage). For each index j € Z, define its coverage radius R; and
coverage neighborhood B; as

B;:={i€Z:|i-jl<R;}, where R;:=min{k €Z, :|a;| <azg"}. (22)

We say that an index i € Z is covered by j € Z ifi € B;. Accordingly, an index i € Z is
called uncovered if it is not covered by any j € Z.

Lemma 3 (Uncovered indices are barriers). Any uncovered index i € [n] is a barrier.

By Lemma 3, to establish that an index i € [n] is a barrier, it suffices to show that it is
uncovered. Consequently, verifying the barrier-free property reduces to the following
probabilistic question: how likely is it that a long interval has at least one uncovered
index? The main difficulty is that the event “index i is uncovered” depends on all
neighborhoods B;. As a result, uncovered-index events are generally dependent, even
though the coordinates a; themselves are independent. We address this issue by separating
coverage due to nearby indices from coverage due to remote indices.

Definition 7 (Local and remote coverage). Given D > 0, an index i € Z is said to be
D-locally uncovered if i ¢ B for every j € Z such that |i — j| < D. An index j € Z is
called a D-remote coverer of i € Z if |i — j| > D and i € B,;.

Figure 2 illustrates these two coverage mechanisms. The local-remote decomposition
separates the dependence issue into two parts. First, D-local uncoveredness depends only
on a block of coordinates around each candidate index. Thus, candidates separated by
more than 2D have disjoint coordinate blocks, making their D-local-uncovered events
independent under the product-measure assumption. Second, once sufficiently many
locally uncovered candidates are identified, it remains to bound the probability that they
are covered by remote indices. The next lemma formalizes the first observation.

Lemma 4 (Probability and independence of local-uncovered events). Under the
assumptions of Proposition 1, fix D € N and, for each i € [n], let A; denote the event
that i is D-locally uncovered. Then, there exists a constant pp > 0, depending only on
T, & P> 4, Po, My and independent of n, such that, for every i € [n],

Pa~u(Ai) = pp.
Moreover, ifi, j € [n] satisfy |i — j| 2 2D + 1, then A; and A are independent.

Lemma 5 (Many locally uncovered candidates). Under the assumptions of Lemma 4, fix
D e N, andletcy,...,cy, € [n] be deterministic candidate indices, where m > 1, whose
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interval 1

(a) Every node in [ is covered locally.

interval 7 remote coverer
locally uncovered

(b) A node in 7 is not covered locally, but a remote coverer reaches it.

Fig. 2. Two ways in which an interval can contain no uncovered nodes, illustrated for D = 3. In
panel (a), every node in the interval is covered by a node within distance D. In panel (b), node 10
is D-locally uncovered, but it is covered by the remote coverer 14.

pairwise distances are at least 2D + 1. Let X := |{k € [m] : ¢y is D-locally uncovered}|
denote the number of locally uncovered candidates. Then

Ppm pPpm
B (X5 22) 5 1 —exp 222,
" 2 “PITT
Choose candidates cy,...,c,, € I C [n] spaced 2D + 1 apart. By Lemma 5, a

positive fraction are D-locally uncovered with high probability for sufficiently large m.
However, these candidates may still have remote coverers (see Figure 2). Define

Nop(j) =k e[ml:D<|j—ckl, ck €B;}, Jjez

as the number of candidates for which index j is a D-remote coverer. The next lemma
bounds 3} ez N>p(J), the total number of remote coverings counted with multiplicity,
by a small fraction of m with high probability.

Lemma 6 (Few remotely covered candidates). Under the assumptions of Proposition 1,
there exist an integer D > 1 and a constant 0 < pr < pp, depending only on

b, &, P> 4, Po, My and independent of n, such that the following holds: for every collection
of candidate indices cy, . . ., c,, separated by at least 2D + 1,

~ _ PRM 3prm
Pop ész(J)ST Zl—exp(— g )

By Lemmas 5 and 6, with high probability, locally uncovered candidates outnumber
remote coverings. Thus, a barrier exists by Lemma 3, proving Proposition 1.
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3.4 Compact SOCP Representation

We now present an SOCP-representable formulation of conv(#ys ) that agrees with the
restricted DP (16), including the case 0 € I'. Let M > b be an integer; as before, the reset
condition is vacuous when M > n. Define the acyclic graph G = (V, A) by

V={0}u[l:n-b+1]U{n+1},
A={(0,)):jeV\{0}, j <M}
U{@,j):ie[l:n-b+1], jeV,b<j—i<b+M-1}.

In the graph, vertex O is a source vertex and n + 1 is a terminal vertex. Each internal
vertex i marks the start of a chosen resetting sequence. Arc (0, j) represents the interval
[1:j — 1] before the first chosen resetting sequence. Arc (i, j) with i > 1 represents the
block [i : j — 1], consisting of b zeros followed by a reset-free interval of length at most
M — 1. For integers 0 < £ < k and a positive definite matrix £ € R**X define

Xex(Z) = {(t, 2,2) ERy XxREx {0, 1}F i 1> 282, zo(l-2)=0,

j+b-1
=0 Vie [, D oazi vJ'e[{f+1;k—b+1]}.
i=j

Constraints indexed by an empty interval are vacuous. For k = 0, we interpret Xp o
as the set consisting of # > 0 and empty vectors x, z. For each arc (i, j), define
lij := [max{l,i} : j — 1] and let Qy,; 1,; denote the submatrix of @) indexed by /;;. Let
X' consist of the points (¢, z, z) € P withx, =z =0for € ¢ I;;, z € Zu p, and

(¢, T, Z[Oj) € Xo’j_l(QIOj’IOj) ifi =0, (¢, T Z]ij) € Xb,j—i(QIij,Iij) ifi > 1.

We discard every arc (i, j) for which X/ = (. We now show how, inspired by disjunctive
programming representations of unions of convex sets [5], a description of conv(X%/)
can be used to construct an extended representation of conv(®Pys ). Specifically, let i/
be the convex indicator function of conv (X'/), that is,

. 0 if(t,x,2) € conv (XY
fl‘](t,ﬂj,z)z ( i ) V( )
oo otherwise.
We defer to Proposition 3 the discussion of a mechanism to compute functions f%/.
Introduce flow variables 7/ and local variables (#'/, ¥, 27) € RxR"xR" for (i, j) € A.
Additional variables r*, r* € R and * € R" represent the full-support z = 1. Consider

T = Z 7+ z*, z= Z 29+ 1%, (23a)
(i,j)eA (i,j)eA

(= 3 dier, (23b)
(i,j)eA

R LY i1 Y
7 fii (_ r- z_) <0 V(i,j) € A, (23¢c)

AT AT
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(*)'Qa* <r*r*,  1*>0, r*>0, (23d)
rOj =1- r*’ Z ri,n+1 -1= r*’ (236)
0,j)eA (i,n+1)eA
k- Y rb=o VkeV\{0,n+1}, (23)
(i,k)eA (k,j)eA
r*=0 if0gT, (23g)
>0, >0 V(i j) € A, (23h)

where the function in (23c) is the closure of the perspective function of f%/.
Proposition 2. The projection of (23) onto (t, x, z) is conv(Pas p).

Proposition 3. Fix an arc (i, j) with X'/ # 0, and let v', ..., v" list all its admissible
support vectors, that is, all v € {0, 1} such that (0,0,v) € X. Then fi(t,x,z) <0
if and only if there exist A, t" > 0 and " € R", h € [N), satisfying

N N , N i N i
Ap =1, > y = s = A s
; h t>;t x ;w z ; hU (24)

2o (1-2v") =0,he[N], (" TQx" <t"a,, h e [N].

Proof. The disjunctive formulation of Ceria and Soares [5], applied to the quadratic
epigraph for each fixed support v, gives (24). |

Let Y be obtained from (23) by replacing each constraint (23c) with (24), normalized
by ), A, = r'/, and eliminating fixed-zero coordinates. The following theorem summa-
rizes our main result: Y is an exact extended SOCP representation of conv(Pss ) and,
under Theorem 2, yields a polynomial-size probabilistically exact convexification of P.

Theorem 3 (Extended SOCP representation). The projection of Y onto (t,x, z)
equals conv(Ppy p). Moreover, Y admits an SOCP description in which the number
of scalar variables, the number of linear constraints, and the total second-order-cone
dimension are each bounded by O (nM®y(M))

O (nM?), b=1,

25
o(nMOM), b =2. =

O(nM®,(M)) = {
Consequently, under the assumptions of Theorem 2 and with M chosen as in (19),
conv(Pup) is a (u, I, 6)-probabilistically exact convexification of P with an exact
extended SOCP representation Y satisfying the size bounds in (9).
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A Proofs

A.1 Proof of Lemma 1

We first show that both conv(X) and conv (%) are closed. Let C denote either X or . To
prove that conv(C) is closed, we show that it can be written as the epigraph of a lower-
semicontinuous function. By [16, Theorem 1.6], this implies that C is closed. Define
pc(x, z) = inf{r : (t,x,z) € C}, with the convention that ¢ (x, z) = +co when
{t: (t,x, z) € C} is empty. Since C is upward-closed, C = {(t,x, 2) : t > ¢c(x, 2)},
which is the epigraph of ¢(x, z). Since this epigraph is closed, we conclude that ¢ is
lower semicontinuous [16, Theorem 1.6]. Moreover, since C C P,

¢c(®,2) 2 2" Qx 2 Aminll2|5. (26)
Therefore, ¢ is closed and “T(Ca(fz’)zlf — +oo whenever ||(x, z)|| — +oo (recall that

z € {0, 1}" is bounded). Therefdre, the conditions of [16, Corollary 3.47] are satisfied,
which implies that the convex envelope of ¢¢, denoted by conv ¢¢, is proper, lower
semicontinuous, and coercive, and its defining infimum over convex combinations is
attained (see [16, Proposition 2.31]). Therefore,

conv(C) = {(t,x,2) : t = (convpc)(x, 2)}. 27)

Thus, conv(C) is the epigraph of a lower-semicontinuous function and is therefore closed.

Now, set X := conv(X) and # := conv(P). As established above, both sets
are closed and convex. Moreover, they are upward-closed and X < #. Suppose,
tgward a contradiction, that this inclusion is strict. Choose (7, Z, 2) € £ \ X. Because
X is nonempty, closed, and convex, the strong separating hyperplane theorem [15,
Corollary 11.4.2] yields (y, a, 3) # (0,0,0) and € R such that

vi+a'Z+B z<np<yt+a’x+8"z, V(t,z,z) € X. (28)


https://doi.org/10.1515/9781400873173
https://doi.org/10.1515/9781400873173
https://doi.org/10.1515/9781400873173
https://doi.org/10.1515/9781400873173
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We must have y > 0. Indegd, if v < 0, then for any (¢, x, z) € X , upward-closedness
implies that (z+s, x, ) € X forevery s > 0. Consequently, y(t+s)+a z+372 — —o0
as s — +oo, contradicting (28). If y = 0, define A :=n—a'& - 37z > 0. Since > 0,
choose y; > 0 sufficiently small that y,7 < A. Then

yii+a E+B8TZz<n<yit+axz+ 3 2, V(t,z,2) € X, (29)

where the second inequality follows from y; > y and ¢t > 0. Thus, replacing y by y.,
we may assume without loss of generality that v > 0. Dividing the strict separation

inequality by y gives
T T
f+(2) a‘c+('§) z<h2(2,é). (30)
Y Y Y v
On the other hand, since (7, Z, Z) € ﬁ,
T T
hy (3,9) sf+(3) a‘:+(g) z. G1)
Y v Y Y
Therefore,
hp (2, E) <hg (2, é). (32)
Y v Y v

Recalling that X = conv(X) and P = conv(®), we have h = hx and hz = hp, which
contradicts the assumed equality of the restricted lower-support functions. Hence,

conv(X) = conv(P).

The converse follows immediately from A = hx and h = hp. m|

A.2 Proof of Lemma 2

The proof relies on the following auxiliary lemma, which is a special case of [3, Lemma
51

Lemma 7 (inverse decay; Lemma 5 of [3]). Let 7 C [n] be any subset of the
rows/columns of Q, and let 7 : T — [n] be the canonical indexing map that assigns to
each i € T its corresponding row/column position within the submatrix Q7. For all
indicesi,j € T,

2

/lmin

< —pl=il, (33)

(@7'5)

Proof (Proof of Lemma 2). Fix 8 € [Bo, o)™ and an optimal solution (*, x*, 2*) of (1),
and let 7 := {j € [n] : z§ = 1}. The vector * minimizes ' Qx + o' x subject to
xre = 0. Hence

7 (i), (j)

1
* -1 *
Tr —§Q¢’¢a7—, x5 = 0.
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Invoking Lemma 7, for every j € T,

SIEEDY

qeT

1

/lmin

(@7'7)

lag| <

- 1
Z p“ q‘laql < /l—Wj(a)
min

x(j).(a) P

Due to the definition of the W; (Definition 4) for every k > 0 withi + k < n,

Wisk(e) < p " W;(a). (34)

Set & := ’/2/{3"(:“' For every k € {0, ...,b — 1}, using (34) and the definition of 75,

-k

1
) Wisk(a) < p )

min min

ekl < Wi(a) < p"'he <

Let A:=7T N[i:i+b-1]. We show that A = @. Suppose, toward a contradiction, that
A # @. Define T by setting the coordinates of * indexed by A to zero and leaving all
other coordinates unchanged. Then Z is feasible for the support 7~ \ A. For any support
S C [n], write

fap(@,S) =x'Qz + o’z + B(S), B(S) = ZBJ-.

JjES

Since «* minimizes the objective over the support 7, its first-order optimality conditions
give 2Qx* + o) = 0. By expanding fn g(x*,7") and fo g(x, 7 \ A) over A and
7\ A, we obtain

fa,ﬂ(x*’ T) - fa,,@({i’ T\A)
= (%) Qanz’y +2(x5) Qa,naTh 4 + Ty + B(A)
=2(x%) " (Qx*)a — (x%)  Qaax’y + ayxiy + B(A)

= B(A) - (%) Qanx’y. (35)

On the other hand, Q 47 X AmaxI and |x}*| < ¢ forevery j € A, so

A A
(@3 Qanty < Ay < Al = TR0 < B
Substituting this bound into (35) gives
~ A
fop @ T) ~ fap @ T\ ) 2 B 5 g,

2

where the strict inequality follows from A # @ and ; > By > 0. Thus, removing the
indices in A strictly improves the objective, contradicting the optimality of (z*, z*).
Hence A = @, and therefore 7} = --- =z%,, | =0. O
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A.3 Proof of Theorem 2

Define
1 C
L::M—b+l={—log( Vnﬂ
Cy 0

If M > n, then there is no block of M consecutive coordinatgs. Under the convention
that the defining condition of Zps 5 is then vacuous, we have Zpr , = {0, 1}" and hence
Purr.p» = P. The conclusion is therefore immediate. We may thus assume throughout the
remainder of the proof that M < n. Foreachs € [n—M +1],let By ;= [s: s+ M —1] be
the corresponding block of M consecutive coordinates. The indices at which a resetting
sequence of length b can begin while remaining entirely within B, form the interval

I, =[s:s+M-b]l=[s:s+L-1].

In particular, | 7| = L and Z; C [n — b + 1]. By the (Cy, ¢y) barrier-free property,
. )
Pau (Wi(a) > 13 forevery i € I) < Cye L < 2,
n

where the second inequality follows from the definition of L. Define the event
G :={a eR" | forevery s € [n— M + 1], there exists i € I such that W;(«) < 7} .

Since there are n — M + 1 < n blocks of length M, a union bound gives
: 0
Pau(G) < (n—M+1)— < 6.
n

where G€ is the complement of G. Thus, P, (G) > 1 — . Now, fix o € G. We show
that

hey, (a,B) = he(a, B) forevery B €T

First, consider any 3 € [Bo, )™, and let (¢*, *, z*) be an optimal solution over #. For
every s € [n — M + 1], the definition of G yields an index i € I such that W;(«) < 7.
Lemma 2 then implies z* = z;] = =175, = 0. Since i € I, this resetting
sequence is contained entirely within B;. As this holds for every s € [n — M + 1],
every block of M consecutive coordinates of z* contains a resetting sequence of
length b. Hence z* € Zprp C ZM,b, and therefore (1*, x*, 2*) € Pps.p. This implies
hey,(a,B) < hep(a, B). Because Py S P, we have hp,, (0, B) 2 hp(a, B).
Thus,

hoy, (. B) = hp(a,B) VB eI N [Bo, )"
It remains to consider the possible case 3 = 0. Suppose that 0 € I". The all-one support
imposes no restrictions on «, and it belongs to Zas , by definition. In particular, setting

1 _
T = —EQ_la, z:=1, f=x2'Qx

gives a point (7, &, Z) € Pur.». Moreover, Z is the unique minimizer of " Qx + ' x
over R”. Since the all-one support also belongs to £, this point is optimal over  when
3 = 0. Therefore,

hPM,b (a,0) = hp (e, 0).
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Under the standing assumption I' € {0} U [Bp, )", for every ¢ € G, we have
hx(a, B) = hp(a, () for all B € T'. Hence

Pau (hx(a,B) = hp(a,B) forallBel)>1-6
Finally, Par.p is nonempty and upward-closed in ¢. Therefore, Pasp is a (u, I, 6)-
probabilistically exact approximation of £ according to Definition 2. By the same
definition, conv(Pys ) is a (i, I', §)-probabilistically exact convexification. O
A4 Proof of Lemma 3
By definition of R; and R; < |i — j|, we have || < agg!~/I. Therefore

I+
Wi(a) = Zp" Mayl < 3 o eyl < ag ) (09) ! = ag =20 = .

JEZ deZ P8

A.5 Proof of Lemma 4

We first derive a uniform tail bound for the coverage radii. By the definition of R}, for
every j € [n] and d € Z,,

{R; > d} = {laj] > agg®).
Define C, := Mqa;q and ¢, := g~ 9 € (0, 1). Markov’s inequality and (21) give

Ela;|4

-q _—qd d d
2eg ]’ S Mgag?g™ 9% =Cqyg. =  P(R;<d) 21-Cuyy.
(36)
On the other hand, since gd > 1,
{laj| < ag} € {laj| < agg?} = {R; < d}.

This implies that P(R; < d) > pg since, by the first condition of (21), we have
P(la;| < ag) = po. Combining the two bounds yields

P(R; < d) > max{po,1 — Cqy2}. (37)
Now fix i € [n]. The event A; can be written as
D
Ai={i¢ B0 ( (i ¢ Bia} i ¢ Bira))
d=1

D
= {R; =0} 0 [ J({Ri—a < d} 0 {Ria < d}),
d=1
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Each R; is a function only of «;. Since u is a product measure, the radii associated with
distinct indices in [n] are independent. Moreover,

P(R; = 0) = P(|a;| < ag) = po.

Using independence together with (37), and noting that foreach d = 1, ..., D there are
at most two relevant indices at distance d from i, we obtain

D
P(A;) = pp = po nmax {po, 1- qug}z.
d=1

Finally, A; depends only on the coordinates indexed by [i — D : i + D] N [n], while
A depends only on those indexed by [j — D : j + D] N [n]. If i — j| > 2D + 1, these
two index sets are disjoint. Since y is a product measure, the corresponding coordinate
blocks are independent. Therefore, A; and A; are independent. O

A.6 Proof of Lemma 5

For each k € [m], recall that A., denotes the event that ¢y is D-locally uncovered. The
separation of the candidates together with Lemma 4 implies that the events A, ..., A,
are mutually independent. By Lemma 4, P(A.,) > pp for every k € [m]. Thus
X=Yr1 A, 1s a sum of independent Bernoulli variables with EX > ppm. The
Chernoft bound gives

ppm EX EX (po
P(X> > )21 P(XS 2)21 exp( A >1-exp 2 )

A.7 Proof of Lemma 6

For brevity, write § := };cz N>p(j). Recall that @; = 0 for j ¢ [n], and hence
R; = N>p(j) = 0 for such indices. Thus, the sum defining S is effectively finite. Define

PR ‘= Do l_[max {po, 1- qu;l}z >0,

where C,; = Mqagq and 4 := g7¢ € (0,1), as defined before. We first show that
pr > 0. Let pg := max{po, | — Cqyrd} for d = 1. Since 0 < py < py < 1 and

led—l|<c qu— 1%: o,

the standard infinite-product convergence criterion [17, Theorem 1] implies that [}_, pa
. .. .. _ 00 2
converges to a strictly posmve limit. Con.sequel.ltly., pr =pollg-, p; >0.
Set sp := 2D + 1. Since the candidate indices ci,...,c,, are separated by at
least sp, a radius R; can cover at most 1 + 2R;/sp candidate indices. Consequently,
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N>p(j) < (142R;/sp)1(r;>p}- For fixed candidate indices, N> p (/) is a deterministic
function of R; alone. Since R; depends only on @; and u is a product measure, the
variables (N>p (j)) ez are independent. Therefore,

log Ee® = ZlogEeNZD(j) < Z (EeNZD(j) - 1) < ZE[NZD(J')eNZDU)] ;
jez jez jez

where the equality follows from the independence of (N p(j))jez; the first inequality
follows from log # < u—1 for every u > 0; and the second inequality follows from e* —1 <
ue" for u > 0. By the definition of N> p(j), we have N>p(j) = 2L, L p<|j—c|<R;}-
Moreover, N>p(j) <1 +2R;/sp. Therefore, for each j € Z, we have

m m
NZD(J.)eNzD(J) — Z 1{D<|jfck|<Rj}eNZD(J) <e Z 1{D<|jfck|<Rj}eZRj/SD'
k=1 k=1

Hence,

m
log EeS < e Z Z ]E[I{D<|j_ck|<R_I_}g2R.f/SD]
JEZ k=1

Z E[1(R;>|j-exy€*R0°P ]

m
k=1 JEezZ
|j—ck|>D

<e

< 2em Z sup E[I{Rj>d}32Rf/SD] ,
d=D+1 Jjeln]
where the factor 2 accounts for the two possible indices at each distance d from a candidate

index. Define up := t,l/qez/ > Recall that ¢, € (0, 1). Therefore, for D sufficiently large,
up < 1.Foreveryd > D + 1,

o)

E[I{Rj>d}€2Rf/S"] = Z ezr/‘Y"P(Rj =r)
r=d+1

< > FOR(R; > - 1)
r=d+1

where the last inequality follows from the fact that, for every j € [n] and r € Z,,
P(R; >r—1) < Cq¢,~". Substituting this estimate above yields

2eCy, ug+2
'r//q (I_UD)Q'

logEeS <mep, Wwhere ¢gp =
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Since up =y, e*/ P+ — y, < 1as D — oo, we have ep — 0 as D — co. We may
therefore choose a fixed D, depending only on g, p, g, po, Mg, such that ep < pr/8.
Finally, Markov’s inequality gives

3
P(S> %) < exp(—%)l&es < exp [_ (p_R _eD)m] < exp (— pRm).

2 8
Equivalently,
. _ PrRM 3prm
P ZNZD(]) s |zl-exp (_T)’
JEZ
which proves the claim. O

A.8 Proof of Proposition 1

LetO < pgr < pp and D > 1 be as in Lemma 6. Fix a nonempty interval 7 C [n—b + 1]
andselectm = [|Z|/(2D +1)] candidates in 1 separated by at least 2D + 1. By Lemmas 4
and 5 and noting pr < pp, more than prm /2 candidates are D-locally uncovered, except
on an event of probability at most e~P*"/8, Meanwhile, Lemma 6 ensures that the total
number of remote coverings of these candidates, counted with multiplicity, is at most
prM/2, except on an event of probability at most e ~3PR™/8 When both conclusions
hold, at least one locally uncovered candidate has no remote coverer. This candidate is
globally uncovered and hence is a barrier by Lemma 3. A union bound therefore gives

PrIZ| )

Pap (Wi(@) > 13, forevery i € I) < e PRM/B 4 ¢=3PRMI8 < 9 exp (_—8(2D D

Thus, u satisfies the barrier-free property with Cy, = 2 and ¢y = pr/[8(2D + 1)] > 0.
These constants are independent of n and 7. |
A.9 Proof of Proposition 2
Consider the minimization of an arbitrary linear function of the form

mina x+ 08" z+1s.t (23). (38)
We show that minimization (38) is equivalent to the restricted DP (16), and thus is

equivalent to minimizing the same function over $y, . First, using constraints (23a)-
(23b), we can rewrite (38) as

min aT( Z x + az*) +ﬂT( Z 29 4 1r*) + Z 1+ * s.t. (23¢) — (23h). (39)
(i,j)eA (i,j)eA (i,j)eA

Now observe that if variables r are fixed, problem (39) is separable across variable
(t, 29, 2¥) and (+*,2*,1). If r'J = 0, then constraint (23c) forces 2% = 2 = 0 and
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t =0in optimal solutions; otherwise, if i > 1, then the cost associated with variables
(1, xY,2Y) is
. , N F e e
min _ a'a¥ + 872V + i st AU —, 5, ) <

(417,20, 240 rli Pl gl
o min U (ang-if + BT 2 4 ?-f) st fU(7E0 20 <0, (40)

(fij,iij’zij)
where the equivalence is obtained by doing the change of variables (7/,zY,z%) =
%(ﬂ«’ ,xY, zY). From the definition of f*/ as a convex indicator function, we find that

40) &  min U (aTa_:ij + 875 4 fff) st (77,79, 27 e conv(X')
(i, 24 ,z4)

= min (aTa_:” +B87 0 4 ?’f) st (79,29, 20 e X7
(71,30 2

= Glivbj-1]> (41)

where g[;1p:j-1] is the restricted DP cost of the reset-free interval following the b zeros
at [i : i+ b— 1], as defined in Section 3.1. Observe that cost (41) also holds when r*/ = 0.
Through identical arguments, the cost associated with a source arc (0, j) is % g [1:j—1]>
since its associated interval [1 : j — 1] must be reset-free. The cost associated with

(t*,x*,1) is r* (—%aTQ‘la + [)'Tl), which is the cost of minimizing the quadratic
program assuming a full support multiplied by r*. Thus, projecting out all auxiliary
variables except r from (39), we find the equivalent form

min Z P qisbejo1) + Z roja[lrj—ll

(i,j)fﬂ 0,j)eA
i>

+r* (—%QTQ'la + ,BTI)
5.t (23¢) — (23h).

This optimization problem corresponds precisely to a shortest path problem over the
state transition graph of the restricted DP (16), and thus their optimal objective values
coincide.

We next verify that both conv(#,s,;) and the projection of (23) onto (¢, x, z) are
closed. The set Parp € P is upward-closed. Hence, by Lemma 1, conv(®ys ) is closed.
For the projection, consider any convergent sequence of projected points and choose a
feasible lift of each point. The flow variables lie in [0, 1], the nonnegative local epigraph
variables are bounded by ¢, and the perspective constraints together with @ > 0 bound
all remaining local variables. The lifts therefore have a convergent subsequence, whose
limit is feasible because the extended feasible set is closed. Thus, the limiting projected
point also belongs to the projection, proving its closedness.

Both sets are therefore convex, upward-closed, and contained in {(¢, x, z) : t > 0}.
Since their optimal values agree for every objective t + o™« + (3" z, the separation
argument in the proof of Lemma 1 yields the claimed convex-hull equality. |
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A.10 Proof of Theorem 3

We first provide an upper and lower bounds on the number of reset-free patterns, which
will be useful in establishing a bound on the size of Y.

Lemma 8 (Number of reset-free patterns). Let Ny, (k) be the number of binary support
vectors of length k containing no b consecutive zeros, with N, (0) = 1. Set ¥, = 1 and,
for b > 2, let 9y € (1,2) be the unique positive root of

x=xP e x L

There are constants cp, Cp, > 0, depending only on b, such that

M-1
cudf < Np(k) < Cpif VE20, > Ny(k) < C,@,(M), (42)
k=0
where
oy | b=
T oM, b2,

Proof. If b = 1, the only reset-free vector of each length is the all-ones vector, including
the empty vector when & = 0. Thus N(k) = 1 and ZkM=6] Ni(k) =M = ®;(M), so
both bounds hold with ¢; = C; = 1. Henceforth assume b > 2.

For 0 < k < b, every binary vector of length & is reset-free, and hence Ny, (k) = 2.
We first derive a recurrence for Np (k). Fix k > b. For a binary vector z of length &,
let ¢(z) denote its number of trailing zeros, with ¢#(z) = 0 when z; = 1. Partition the
reset-free vectors according to #(z). Since such a vector cannot contain b consecutive
zeros, t(z) € {0,...,b — 1}. If t(z) = j, its last j + 1 entries are a one followed by j
zeros. Deleting these entries leaves a reset-free vector of length k — j — 1. Conversely,
appending a one followed by j zeros to any reset-free vector of length k — j — 1 produces
areset-free vector with exactly j trailing zeros. This bijection gives

b-1 b
Np(k) = ) Np(k=j=1)= Y Np(k=j),  k=b. (43)
Jj=0 j=1

The polynomial pp(x) := x” —x?~! —... — x — 1 has at most one positive root, since

pr(x)/xP =1- >b_ox7iis strictly increasing for x > 0. Moreover,

j=1
b-1 )

pr()=1-b<0, pb(2)=2b—z2]=1>0.
j=0

Thus its unique positive root 9 lies in (1, 2). Define the positive constants

cr = min Np(r) D = max Np(r)
b= o<r<b 9, ’ b ger<h 4 '
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We claim that ¢, 9% < Np, (k) < Dbﬁ’g for every k > 0. The claim holds for 0 < k < b
by construction. Suppose it holds for all indices smaller than some k > b. Using (43)
and the defining equation for J;, we obtain

b b
No(k) = 3 No(k =) < D 3 9,
j=1 j=1

=Dy PO+ + 9 + 1) = Dy

The same induction hypothesis gives Ny, (k) > cp Z?:l ﬂ];_j = ¢, 9%, proving the claim.
Finally, since 99, > 1, the cumulative count satisfies

M-1 M-1 ﬂM—l
ZN;,(k)SDbZﬂII;ZDb b
9y —1
k=0 k=0
Dy m
< .
T9,-17°

Taking Cj, = D, max{1, (%, —1)~'} makes the same constant valid in both upper bounds
in (42). O

Proof (Proof of Theorem 3). For r'/ > 0, dividing the local variables by '/ recovers (24)
with normalization Y., A, = 1. When r/ = 0, nonnegativity forces 1, = 0 for every A,
and Q > 0 then forces 2 = 0. The resulting local points are exactly '/ = 2/ = 0,
tY > 0, as required by the closed perspective. Thus, (24) with the normalization
>n An = ri/ is an equivalent SOCP representation of (23c). The projection equality then
follows from Proposition 2.

To bound the size, fix an arc (7, j) € A and let k < M be the length of the reset-free
interval in the definition of X'/; explicitly, k = j — 1 ifi = 0 and k = j —i — b otherwise.
Since all support coordinates outside this interval are fixed to zero, each admissible
support of X/ is determined by a reset-free binary vector of length k. Thus, X%/ has at
most N, (k) admissible support patterns. After omitting coordinates fixed to zero, each
pattern requires at most k coordinates of 2", the two nonnegative scalars Ay, th and a
second-order cone of dimension at most k + 2. The local vectors '/ and 2%/ each retain
at most k coordinates. Together with #//, ri/, and the aggregation and normalization
constraints, these contribute an additional O (k + 1) scalar variables and linear constraints.
Hence the local SOCP formulation associated with (23c) has O ((k + 1)Np (k)) scalar
variables, linear constraints, and total second-order-cone dimension.

For each k, there are at most n + 1 such arcs, since the starting vertex and k determine
the endpoint. The global variables, flow balance equations, and full-support block
contribute only O (n) additional terms. Consequently, the size of Y/ is bounded by

0 = 0p(nMd,(M)),

M-1
n Z(m DN, (k)
k=0

where we used & + 1 < M and ZkMzal Np(k) = Op(Dp(M)) from Lemma 8. This gives
(25). Finally, Theorem 2 gives probabilistic exactness for the choice (19). Substituting
M < b+ c; ' log(Cyn/) into (25) yields (9), with y;, = log(9p)/cy. |
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B Specific Distributions Satisfying the Barrier-Free Property

Corollary 1 (Explicit families satisfying the barrier-free property). The conditions
of Proposition 1 hold in each of the following cases, with the displayed choices of q, po,
and My.

1. Gaussian distributions. Suppose that a; ~ N (O, o-l.z) with 0 < 0y < & < oo for

every i € [n]. One may take q = 1, pg = 2®(ay/0) — 1, M| = 5'\/%, where ®© is
the standard normal distribution function.

2. Laplace distributions. Suppose that «; has density f;(x) = (207) ™" exp(=|x|/07),
with 0 < 0; < 0 < o for every i € [n]. One may take q = 1,py = 1 —
exp(—ag/T),M; =G

3. Bounded distributions with positive mass near zero. Suppose that there exist
constants B > 0 and rro € (0, 1] such that |a;| < B almost surely and P(|a;| < ag) >
mo for every i € [n]. One may take q = 1, pg = ng, M| = B.

4. Cauchy distributions. Suppose that «; ~ Cauchy(0, 0y) with 0 < 0; < & < oo for
every i € [n]. One may take q = %,p() = %arctan(ag/é'),Ml/z =25

5. Student-t distributions. Suppose that «; = o;T;, where each T; has a standard
Student-t,, distribution for a fixed v > 0, and 0 < oy < 0 < oo for every i € [n]. For
any fixed q € (0, v), one may take

_ sayan L@+ DAT( - )/2)
- VEL(v/2)

where F, is the standard Student-t, distribution function and T is the gamma
function.

po =2F,(ag/d) -1, M,

)

Proof. For each distribution with chosen parameters, it suffices to verify the local-mass
and moment bounds in (21).

We first start with the bounded family. The local-mass condition for this family is
assumed, and the moment bound E|e;| < B follows from |e;| < B almost surely.

We next consider the local-mass condition for the Gaussian, Laplace, Cauchy, and
Student-7 families. In each case, a; = 0;Z;, where the standardized variables Z; have a
common continuous distribution function F that is symmetric about zero. Since 0y < 7,

P(lai| < ag) =2F(ag/oy) —1 > 2F(a,/7) — 1.

For the Gaussian and Student-r families, this gives the choices of p( directly. For the
standard Laplace distribution, 2F(u) — 1 = 1 — e¢™* for u > 0, while for the standard
Cauchy distribution, 2F(u) — 1 = (2/x) arctan u. These identities give the remaining
choices of pg. Each is strictly positive because a, /G > 0 and the corresponding density
is positive in a neighborhood of zero.

We next verify the moment bounds. For a standard normal variable Zs and a standard
Laplace variable Z; , direct integration gives

2 et 2 o0
E|Zg| = o /0 xe %12 dy = \/;, E|Z.| = ‘/0 xe ¥ dx =1.
V2r
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Since E|a;| = 07E|Z;| and 0; < 7, the asserted Gaussian and Laplace moment bounds
follow. For a standard Student-#, variable T and ¢ € (0, v), its density gives

E|T|? =

2r((v +1)/2) ooxq ( x2)—(v+1)/2 "

it Jo ST
VIPD((v+ 1)/2) [
o NRD(/2) o
_al I'((¢g+1)/2)T((v - q)/2).
Vrl(v/2)

Here the second equality uses # = x?/v, and the third uses Euler’s beta integral.
Multiplying by o-l.q < 09 proves the stated Student- moment bound.

Finally, the standard Cauchy distribution is the Student-¢ distribution with v = 1.
Taking ¢ = 1/2 in the preceding identity yields E|T|"/? = '(3/4)I'(1/4)/x = V2, where
the last equality follows from the gamma reflection formula. Thus E|a;|'/? = 207 <
\/ﬁ, as claimed. O

W@ D] 4 )= gy




	Probabilistically Exact Convexification of Mixed-Integer Quadratic Optimization with Indicators

