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Abstract

Random Reshuffling (RR) is the default data-ordering strategy in practice, and it is almost
always run with minibatches. The recent theory of Liu [6, 7] shows that single-sample RR
dominates SGD in smooth convex optimization for every stepsize below 2/ L, but the role of the
batch size has not been worked out. In this note we study minibatch RR with a fixed partition
of the n components into m = n/b batches and a fresh random batch order in each epoch.
We show that this method is exactly Shuffling SGD on m “batch components”, which lets us
transfer the dominance theory of Liu while tracking how the batch size enters every constant.
We obtain (i) an epoch-wise convergence rate for minibatch RR valid for all stepsizes n < 2/ L P,
where Lp < min{f/, mL} is the maximal smoothness of a batch; (ii) a proof that minibatch RR
dominates minibatch SGD on the same batches; (iii) an exact finite-population variance identity
showing that, for a uniformly random partition, the effective gradient variance at the optimum

is o2 b(’;’_bl) per batch; (iv) a precise accounting of what batching does and does not change per

epoch: the optimization term is multiplied by bLp / f/, the variance-driven terms change only
by a factor \/(n —b)/(n — 1) (resp. its cube root form), and the stepsize regime in which RR
strictly beats SGD is enlarged by a factor b; and (v) a sample-complexity bound for functions
with quadratic growth obtained by restarting minibatch RR. We also identify the setting that
is not covered by our reduction, namely a fresh partition in every epoch, and state it as an open
problem.

1 Introduction

A central task in machine learning is to minimize a finite sum f(z) £ % oy fi(z). In practice, the
gradient method of choice processes the data in epochs, draws a new random permutation at the
start of each epoch (Random Reshuffling, RR), and uses minibatches rather than single samples.
The theory of RR has long lagged behind this practice [4, 5, 8, 10]. In smooth convex optimization,
the known rates required a stepsize of order 1/n until the recent work of Liu [6], who proved that
RR converges for every n < 2/ L and dominates SGD after any finite number of epochs. That work,
however, analyses single-sample RR. Minibatching changes three things at once: the number of
updates per epoch drops from n to m = n/b, the smoothness constant of a step changes from L;
to a batch average, and the variance of the stochastic gradient at the optimum changes from o2 to
a batch-level quantity. A theory that explains the practice of minibatch RR must say how these

three effects combine.
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1.1 Owur Contributions

e Exact reduction. We observe that minibatch RR with a fixed partition is, as an algorithm,
identical to Shuffling SGD under RR applied to the m batch objectives g; = %Ziij fi

Combined with the rate of Liu [6], this yields Theorem 1: for every stepsize n < 2/Lp,

D? min{1,ymL}no%

x — ) S 7 [
E[f(zr) — fi] £ (2 — nLp)nmK (2 —nLp)?

where Lp is the maximum batch smoothness and o2 P is the batch level gradient variance at
the optimum. We prove L < Lp < min{L,mL} and 0% < 02 (Lemma 1).

e Dominance over minibatch SGD. Corollary 1 shows that, on the same batches and for
any 1 < 2/Lp, our bound is never worse than the corresponding bound for minibatch SGD
and is strictly better when n < 1/(mL).

¢ Finite-population variance. For a uniformly random partition we prove the identity

Elo%] = o2 b(?f-bn (Lemma 2), which makes the dependence on the batch size explicit and

vanishes at full batch b = n, as it must.

e What batching changes. Theorem 2 and Corollary 2 give tuned rates in terms of the
number nK of individual gradient evaluations. The conclusion (Section 3.4) is a candid one:
for a fixed budget of gradient evaluations, worst-case upper bounds do not reward batching
through the variance terms, which change only by the finite-population factor, while the
optimization term is multiplied by bLp / L. Batching therefore helps in the worst-case bound
exactly when a few components dominate the smoothness (L 2z bL p), and it always widens
by a factor b the stepsize range n < b/(nL) in which RR is provably faster than SGD.

e Quadratic growth. Restarting minibatch RR (Theorem 3, Corollary 3) gives a linearly
convergent method up to a noise floor, under quadratic growth, with the batch size appearing
explicitly in the gradient-evaluation complexity.

We stress at the outset what is and is not new. The deep technical ingredient, the convergence
rate of RR for every stepsize below 2/L, is due to Liu [6, 7] and is used here as a black box (Fact 1).
Our contribution is the batch-level reduction, the variance identity, the resulting dependence on
the batch size, and the corollaries that follow.

1.2 Related Work

The first provable advantage of RR over SGD in smooth strongly convex optimization is due to
Giirblizbalaban et al. [4]. For smooth convex problems, Mishchenko et al. [8] and Nguyen et al.
[10] proved the rate % +n?nLo? for n < 1/(nL); Nagaraj et al. [9] treat larger steps under an
additional Lipschitz assumption; Cha et al. [2] give lower bounds. Haochen and Sra [5] compare
RR with SGD in a setting where all components share a minimizer. The last restriction on the
stepsize was removed by Liu [6], whose results are the starting point of this note. The rate of SGD
that we compare against is due to Garrigos and Gower [3] and, for stepsizes up to 2/L, Attia et al.
[1]. To our knowledge, the dependence of these bounds on the batch size, and the relation between
the batch variance and the finite-population correction, have not been recorded in this regime.



2 Preliminaries

Notation. [n] £ {1,...,n}; || - || is the Euclidean norm; A < B means A < CB for an absolute
constant C' > 0. For differentiable h, Vh(x) is its gradient.

JAN

Objective and assumptions. We study inf,ege f(z) = 237, fi(z) under the same three
standard assumptions as Liu [6].

Assumption 1 (Minimizer). There is z, € R? with f, £ f(x,) = inf, f(z) € R
Assumption onvexity). Fach f; is convex and differentiable.

2 (C
Assumption 3 (Smoothness). Fach f; is Li-smooth: ||V fi(z) — Vfi(y)|| < Li|lz — y]|.

Let 02 £ 15 | Vfi(z )% L £ 237, L, L 2 max; L;, and D 2 ||z} — z,]|. We also use
quadratic growth.

Assumption 4 (Quadratic growth). f(z)— f. > 4 dist*(v, X,) for all 7, with X, = argmin f and
w>0.

Minibatch partitions. Assume n = mb with m > 2. A partition P = {Bi,..., By} splits [n]
into m batches of size b. Define the batch objectives and their parameters
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Algorithm.

Minibatch Random Reshuffling (MB-RR)
Input: partition P, initial point x%, stepsize > 0, epochs K.

for k=1,..., K: draw 7 uniformly from the permutations of [m];
fori=1,...,m: 2}t =2} — NV (z4);
1 +1
Tkt1 = fEZ” :

K .
Output: Zp £ =570 S ot

Each epoch costs n individual gradient evaluations (b per step, m steps). Minibatch SGD on the
same batches (MB-SGD) is the same loop with 7 drawn independently and uniformly from [m].

Result used as a black box. The following is the constant-stepsize form of Theorem 1 of Liu
[6], as displayed in the proof of its Corollary 1, together with the SGD bound of its Theorem 11
and the restart bound of its Theorem 4.

Fact 1 (Liu 6, 7) Let hy,....hn (N > 2) satisfy Assumptions 1-8 with smoothness constants
by .oy, 0= %304, { = max/;, and let s> = + S |IVhi(z)||?. Run Shuffling SGD under RR

with constant stepsize n < 2/6 for K epochs, and let T be the uniform average of the NK iterates.



Then
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(b)  for SGD with the same data: E[h(ZTx) — hy] < (Q—EgnNK + (28_”7]2)2;

(c) if in addition h has p-quadratic growth, then Restarted Shuffling SGD with K =< m

. dist? (21, X, in{1,7N}ns”
satisfies E[h(xp41) — hi) S B2 2(79“61 L+ mmé—nné)?}ns ’

Here C is an absolute constant and D = ||z} — z||.

3 Main Results

3.1 Batch Structure

Lemma 1 (Batch structure). Under Assumptions 1-3, for any partition P:
1. each gj is convexr and Lp;-smooth, % Z]- g; = [, and x, minimizes f;
1 _ 7 T o7 of7 7.
2. 52> jLp; =L, and L < Lp < min{L, mL};
3. a% < crf, and 0'12D = 0 whenever b = n.

Proof. (1) A sum of convex functions is convex, and [|Vg;(z) — Vg;(y)|| < %Ziij Lil|z — y]|.
Averaging the g; over j returns f because the batches partition [n]. (2) The average of the Lp,
equals % Yo Li= L, which is at most their maximum L p. Each L B; is an average of numbers at
most L, hence Lp < L; and Lp; < F3 Ly =%L=mL. (3) Write a; = V fi(2.). By convexity of

112, IV g5 2 = 12 e, aill2 < 1 Suep, llasl?: averaging over j gives 03 < 237, [las|> = o2.
For b = n there is one batch, m = 1, and Vgi(z,) = Vf(z,) = 0 (the case m = 1 is excluded from
our theorems, since it is plain gradient descent, but the identity holds). ]

Lemma 2 (Finite-population variance). Let P be a uniformly random partition of [n] into batches
of size b (so each batch is a uniformly random b-subset). Then

n—>ob

Proof. Let a; = V fi(x4), so >, a; = V(nf)(z,) = 0. For a uniformly random b-subset S, Pr[i €

S] = % and Pr[i,j € S] = 252:11)) for i # j. Hence

2 b b(b—1)
EHZCM = HZH%W‘FWZW,Gﬁ-
i€S i 1#]
Since Yo, iaia;) = |12 aill® = X, llail® = =32, [lail|?, this equals (1 — 2=7) 35, [|ail® =

b(n—b o . : _
n((zil)) >illail|?. Dividing by b* and using 3 [|a;||? = o2 gives E[|Vg;(z,)|* = afb(’;f’l) f(é

each j; averaging over j proves the claim.



3.2 Convergence Rate of Minibatch RR

Theorem 1 (MB-RR). Under Assumptions 1-3, let P be any partition with m > 2 batches, and
run MB-RR with constant n < 2/Lp. Then

D? N min{1,ymL} no%
(2= nLp)nmK (2—nLp)?

)

E[f(i’K) - f*] <C

with the absolute constant C' of Fact 1.

Proof. MB-RR performs exactly the iteration of Shuffling SGD under RR on the N = m functions
g1,--.,9m: both draw a uniform permutation of [m] per epoch and take gradient steps on the
permuted functions in order. By Lemma 1 these functions satisfy Assumptions 1-3 with /; = Lp,,
(=1L, = f)p, s? = J?D, and the same minimizer z, and the same average iterate. Fact 1(a) with
N = m is the claim. O

Remark 1 (Sanity checks). For b = 1 we recover the single-sample rate of Liu [6]. The rate is
stated per epoch, so it already accounts for the fact that an epoch has m steps. The variance term
uses 0%, which can be much smaller than o2 (Lemma 2); the factor min{1,pmL} shows that RR’s

. . 3 1 b
advantage over SGD is active as long as n < — = .

Corollary 1 (Dominance over minibatch SGD). Under the conditions of Theorem 1, MB-SGD on
the same batches with the same n < 2/Lp satisfies the bound in Fact 1(b) with N = m, { = Lp,
52 = 0'12:,. Consequently the upper bound of Theorem 1 is at most a constant times the upper bound
for MB-SGD for every such n and K, and is smaller by the factor min{1,nmL} in the variance

term.

Proof. Both statements are instances of Fact 1(a) and (b) on the same m functions. The two
bounds have the same optimization term up to the constants C' and 2, and variance terms that
differ by the factor min{1l, nmL} < 1. O

3.3 Random Partitions and Tuned Rates

In practice the partition is itself random. Let P be uniform and independent of the epoch permu-
tations. To avoid tuning 7 to the realized partition, we choose a stepsize n < 2/ L (valid for every
P by Lemma 1(2)). Because the right side of Theorem 1 is nondecreasing in Lp and Lp < L, we
may replace Lp by I:, and the only random quantity left is 0123, which enters linearly.

Theorem 2 (MB-RR with a random partition). Under Assumptions 1-3, with P uniformly random
and independent of the permutations, and n < 2/L,

D? min{1,pmL}n pyo? A n—Db

Ef@x) - fl=C (2— nf}) nmK b(2— nf})2 o=

n—1

Proof. Condition on P and apply Theorem 1, then relax Lp < L (monotonicity), then take
expectation over P using Lemma 2; the factor min{l,nmL} does not depend on P because

- 1 o)
LS Ly =L O

Theorem 2 is Fact 1(a) with N = m and s? replaced by pyo?/b. Optimizing over n exactly as
in the proof of Corollary 1 of Liu [6] gives the following.



Corollary 2 (Tuned rate). With the stepsize optimized over 0 < n < 2/[:, and using mb = n,

b LD? D /Lpyo2D*\1/3
i {YP7D(LotDtyY
nK vVnKk nK?

If the stepsize is instead tuned to the realized partition (so Lp replaces L in the first term), the

same bound holds with bL replaced by bE[pr], by Jensen’s inequality applied to the concave maps
s+ /s and s — sY3 in the two branches of the minimum.

Elf(zx) = fi]

3.4 What Batching Does and Does Not Change

2.0 (L2L2) 13} of Lin [6),

Comparing Corollary 2 with the single-sample tuned rate £2-
at the same number nK of gradient evaluations:

e Variance-driven terms: multiplied by ,/py, respectively p;/ 3, where p, = Z—j < 1. The
factor 1/b in E[o%] is exactly cancelled by the b-fold reduction in the number of steps, so
the familiar “variance reduction by batching” is already paid for by taking fewer steps. The
finite-population correction py is a genuine gain but matters only when b is a constant fraction
of n.

LpD? 5 NPT . [D?
becomes bLnP[? . Since Lp < min{L,mL}, this is at most £2-

. . . 72
e Optimization term: %ZD

and is a loss when bL p> L.

e Smoothness heterogeneity can reverse the loss. If one component dominates, say Ly =
L =~ nL, then a partition that places it in a batch gives Lp < mL = 2L L/b sobLp <L
and the optimization term does not deteriorate. (Heavy-tailed per-sample smoothness is
common, for instance in linear models with a few large-norm feature vectors.)

e Wider RR regime: the advantage over SGD in Theorem 1 is active for n < n%, a range b
times larger than for b = 1.

Ezample 1 (Uniform smoothness) If L; = L for all 4, then Lp=L=L=Lfor every partition,

and Corollary 2 reads bLD + min{--- }: batching strictly worsens the optimization term by the
factor b while the variance terms are unchanged up to pp. In this regime our bound recommends
the smallest batch consistent with hardware efficiency, in agreement with the folklore that small
batches are sample-efficient.

3.5 Quadratic Growth

Theor(?m 3 (Restarted MB-RR). Under Assumptions 14, let P be a partition with m > 2 batches,
1 < 2/Lp, and run Restarted Shuffling SGD (Algorithm 2 of Liu 6) with MB-RR as the inner solver,
K= m epochs per stage, and T stages. Then

- P

p dist?(z1, X,)  min{l, nmL}naP
Elf(aro) - ] 5 L0 e

Proof. Apply Fact 1(c) to g1,...,gm; Assumption 4 concerns f = % >~ g; only and is unaffected
by batching. O



Corollary 3 (Gradient-evaluation complexity). Given 0 < e < pdist?(z1, X,) sufficiently small,

ist? (z1,X, : € €
take T = [logy M} and n = mln{é,max{g,é =1}, Then E[f(zr41) — fu]l S €

7 2 [—F g2
b (LP +min{07P’ op 7TLL}> log p dist (.’171,X*)
H pe  p € €

individual gradient evaluations.

UuSing

Proof. Identical to the proof of Corollary 2 of Liu [6] with (n, L, o) replaced by (m, Lp, op), which
counts evaluations of batch gradients. Each batch gradient costs b individual gradients, hence the
leading factor b. O

Remark 2. For a random partition, Eo% = ppo?/b, so bo? /(ue) =~ ppo?/(ue) and bopy/mL/e/u =
VPbox\/nL/e/p: the noise-dominated terms coincide with the single-sample ones up to p, and

only the first term bLp /i depends on how batching interacts with the smoothness profile, as in
Section 3.4.

4 Conclusion and Open Problems

We have shown that, for a fixed partition, minibatch RR is Shuffling SGD on batch objectives,

which transfers the stepsize-unrestricted dominance of RR over SGD to minibatches and exposes

how the batch size enters. The exact finite-population variance identity shows that batching re-
n—b

duces the variance-driven terms only through the factor p, = 7= once the reduction in steps is

accounted for; the optimization term pays a factor bLp / f/, which is favorable only under heteroge-
neous smoothness.
Several questions remain open.

1. Fresh partitions. Practical minibatch RR draws a new partition each epoch. Our reduction
needs a fixed partition, because the batch objectives must be the same across epochs. Whether
the same dominance holds for a fresh random partition per epoch, and whether it yields an
improvement over a fixed partition, requires a new analysis.

2. Lower bounds. The lower bounds of Liu [6] apply to the class of all m-component objectives
and therefore to the batch objectives, but a lower bound over objectives that are induced by
a partition of n components, and that tracks b, is not available.

3. Partition design. Since 0123 and Lp depend on the partition, one may ask how to choose a
partition that minimizes the bound of Theorem 1, for instance by balancing batch smoothness.

4. Last iterate and no restarts. Asin Liu [6], guarantees for the last iterate and for quadratic
growth without restarts remain open.

AT Disclosure

The reduction, lemmas, and corollaries of this note were developed with the assistance of Claude
(Anthropic) in drafting and checking derivations, based on the published results of Liu [6]. The
author is responsible for the content, and all results that depend on external theorems are stated
as such (Fact 1).
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