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Abstract. We characterize valid inequalities for bilevel programs in which the
leader makes binary decisions, and the follower solves a shortest-path problem.
We exploit a dualize-and-combine reformulation and show that even with ideal
formulations for the leader and the follower primal solution sets, fractional solu-
tions may still appear in the continuous relaxation. From that reformulation, we
identify that the interaction between the leader variables and the follower dual
variables, which we capture through a leader–potential set, is the key structure to
be convexified to guarantee that a continuous relaxation recovers the optimal value
of the original problem, closing the objective gap. Furthermore, we characterize
the valid inequalities for the leader–potential set through network flows, and iden-
tify a family of inequalities we name root cuts that suffice to recover the optimal
value. Complementary to the structural results, we prove that the cut generation
problem is NP-hard even with partially fixed coefficients and a network with two
nodes and two parallel arcs. Motivated by the complexity result, we propose a
constructive method to fix coefficients in the valid inequalities while preserving
separation guarantees, by exploiting the network structure.

Keywords: Binary bilevel optimization · Valid inequalities · Shortest-path fol-
lower · Cut generation · Separation.

1 Introduction

Bilevel programs model hierarchical decisions in which a leader, at the upper level,
anticipates the optimal response of a follower, at the lower level [10,16]. In this work,
we are interested in bilevel binary programs of the form

min
𝒙,𝒚

𝒄⊤ (𝒙, 𝒚)

s.t. 𝒙 ∈ X,
𝒚 ∈ arg min

𝒚′∈Y
𝒒(𝒙)⊤𝒚′.

(1)

Here, 𝒙 ∈ X ⊆ {0, 1}𝑛 represents the leader’s decisions, where X is a set of binary
vectors described by linear inequalities. Vector 𝒚 represents the follower’s decisions, and
𝒄 collects the coefficients of the leader’s linear objective in (𝒙, 𝒚). The follower solves a
shortest-path problem, and Y consists of the arc-incidence vectors of the feasible paths.
The leader affects the follower’s optimization solely through arc costs 𝒒(𝒙) that are
affine in 𝒙. The formulation adopts the optimistic assumption, under which ties among
optimal follower paths are resolved in the leader’s favor.
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Shortest-path followers as above arise in a wide range of optimization settings,
and in many of these contexts, the leader naturally affects the follower’s objective.
Network pricing is one such example, where a leader anticipates how users (followers)
will route through a network in response to her decisions [17,4,7]. The same structure
also arises when a combinatorial follower is represented by a finite-stage dynamic
program [6], such as a decision diagram [18,2]. In these representations, which may
be exponentially large, paths through an acyclic state-transition graph encode follower
solutions, and arc weights accumulate their objective values. When the follower’s feasible
set is fixed, and its objective coefficients depend affinely on binary leader decisions,
this yields precisely the follower structure in (1). Similarly, our setting accommodates
certain interdiction models after transferring linking constraints—lower-level constraints
parametric on the leader’s variables—to the follower’s objective and constructing a
network reformulation based on the follower’s dynamic-programming representation.
Knapsack interdiction provides such an example [8,14,6]. Related network formulations
encode leader-dependent follower feasibility through arc capacities or represent the
follower’s value function over leader decisions [21,19].

Under common assumptions, the standard arc-flow formulation of the follower’s
shortest path is ideal. Thus, traditional dualize-and-combine can be directly applied
to solve the bilevel problem, enforcing follower’s optimality through primal feasibility,
dual feasibility, and strong duality [7,18,6]. In our setting, this yields an extended single-
level formulation in the leader decisions, network paths (follower’s primal), and node
potentials (follower’s dual), linked by a bilinear optimality constraint. However, even
with ideal descriptions of the leader and follower feasible sets, the resulting single-
level relaxation can contain fractional points outside the convex hull of bilevel-feasible
solutions. In other words, the relaxation may still contain fractional optimal solutions that
satisfy follower’s optimality and have strictly better objective values than any feasible
solution to the original problem.

While cutting-planes have demonstrated success in separating fractional solutions
in general mixed-integer programming, in bilevel settings we observe an absence of
methods targeting fractional points that satisfy the follower-optimality condition. Ex-
isting cut generation for mixed-integer bilevel optimization targets, in particular, points
that satisfy all leader and follower constraints, including integrality, but violate follower
optimality [12,13]. When a point with a fractional leader decision already satisfies the
follower-optimality condition, Tahernejad and Ralphs [20] discuss the use of standard
mixed-integer linear programming cuts. Recent work by Vásquez et al. [22] derives cuts
in the original variable space from networks that jointly encode the binary leader assign-
ments and the follower’s value function, and strengthens them via network-based tilting.
In contrast, our bilevel problem (1) contains a network structure only in the follower,
and we explore how this structure can be leveraged to characterize the convex hull of
feasible solutions. Davarnia et al. [9] convexify bilinear terms over a dual network poly-
tope and a simplex leader to strengthen dual formulations of network interdiction. In our
setting, the leader decisions interact with the follower’s dual through the arc costs, and
not through bilinear terms. Furthermore, we do not assume the leader to be restricted to
simplex variables.
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Contributions and organization. We describe our problem setting in Section 2, and we
make the following contributions in Sections 3–4.

(i) We establish the role of leader–potential convexification in the full single-level for-
mulation (Section 3.1). With the follower’s path polytope and the bilinear optimality
constraint retained, we show that convexifying the leader–potential set makes every
remaining feasible point a convex combination of feasible single-level solutions.

(ii) We characterize all valid linear inequalities to the leader–potential set (Section 3.2).
Specifically, we provide necessary and sufficient conditions for the coefficients of
node potential variables through network flow.

(iii) For a subclass of valid inequalities with special structures, which we call root cuts,
we prove that adding them to the continuous relaxation already suffices to recover
the optimal value of the original problem (Section 3.3).

(iv) We propose a constructive coefficient fixing for the node potentials enhanced by
the network structure (Section 4.1), and we prove that the cut generation problem
is NP-hard even with fixed node potential coefficients and a network consisting of
two parallel arcs (Section 4.2).

2 Problem Setting

We first detail the follower’s problem in Section 2.1 and then derive the single-level
reformulation of (1) via dualize-and-combine in Section 2.2.

2.1 Network assumptions and path formulation

Let D = (V,A) be the directed graph for the follower’s problem, with distinct root
𝑟 ∈ V and destination 𝑡 ∈ V. We also assume D to be acyclic, we allow parallel
arcs and retain only nodes and arcs on 𝑟 { 𝑡 paths. This preprocessing preserves all
follower choices and makes 𝑟 and 𝑡 the unique source and sink, respectively. Two network
examples are illustrated in Figure 1.

The above graph assumptions are not stringent; they naturally accommodate the rep-
resentations from finite-stage dynamic programs and decision diagrams [6,2], but also
broader routing settings through equivalent representations. When we have multiple in-
dependent shortest-path followers, connecting copies of their networks in series yields a
single path problem of size linear in their original size, with each path selecting one route
per follower. For cyclic networks, acyclic representations preserve all optimal follower
paths if every directed cycle has strictly positive cost for every 𝒙 ∈ X. Both construc-
tions preserve the leader’s linear objective and optimistic tie-breaking under projection.
Common assumptions such as positive base costs and nonnegative tolls [7] or absence
of nonpositive cost cycles [17,5] satisfy the condition for an acyclic representation.

The follower’s path set is independent of 𝒙, and its arc weights are given by 𝒒(𝒙) =
𝑄𝒙+𝒒0, where𝑄 ∈ RA×𝑛 and 𝒒0 ∈ RA . For each arc 𝑎 ∈ A, let 𝑢(𝑎) and 𝑣(𝑎) denote its
tail and head. The node–arc incidence matrix𝐷 ∈ RV×A has column𝐷𝑎 = 𝒆𝑢(𝑎)−𝒆𝑣(𝑎) ,
where 𝒆𝑢 is the unit vector indexed by node 𝑢.

Recall that Y is the set of arc-incidence vectors of 𝑟 { 𝑡 paths. By flow de-
composition and acyclicity, every nonnegative unit flow is a convex combination of
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path-incidence vectors. Thus, the follower has a bounded ideal linear formulation and a
finite optimal value for every leader assignment. In particular,

conv(Y) = {𝒚 ∈ RA
+ : 𝐷𝒚 = 𝒆𝑟 − 𝒆𝑡 }. (2)

2.2 Strong-duality reformulation

In what follows, let

Ω :=
{︁
(𝒙, 𝜽, 𝒚) ∈ X × RV × Y : 𝒒(𝒙)⊤𝒚 ≤ 𝜃𝑟 , 𝐷⊤𝜽 ≤ 𝒒(𝒙), 𝜃𝑡 = 0

}︁
.

The constraints 𝒙 ∈ X and 𝒚 ∈ Y describe leader feasibility and follower path-incidence
vectors, respectively. The dual arc inequalities 𝐷⊤𝜽 ≤ 𝒒(𝒙) couple leader decisions and
node potentials. The bilinear optimality constraint 𝒒(𝒙)⊤𝒚 ≤ 𝜃𝑟 enforces strong duality
and couples all three variable blocks, 𝒙, 𝜽 and 𝒚. Here, we normalize the dual node
potentials 𝜽 by 𝜃𝑡 = 0. Following from (2) and strong duality, (1) admits the following
equivalent single-level formulation:

min
(𝒙,𝜽,𝒚 ) ∈Ω

𝒄⊤ (𝒙, 𝒚). (3)

This formulation is exact for binary (𝒙, 𝒚) [18], but its continuous relaxation may have
fractional extreme points. We seek valid inequalities to strengthen it.

3 Valid Inequalities

This section identifies which valid inequalities must be added to the relaxation of (3) to
recover the bilevel optimum. Throughout this section, we assumeX ≠ ∅, since otherwise
(1) is infeasible and every inequality is valid. Section 3.1 shows that it suffices to
convexify the set coupling leader decisions and node potentials. Section 3.2 characterizes
its valid inequalities through network supplies and affine upper bounds of minimum-cost
flow values over X. Section 3.3 shows that the root supply 𝒆𝑟 − 𝒆𝑡 suffices for the bilevel
objective and establishes the limits of more general unit supplies for full convexification.

We first justify seeking a linear description of the feasible hull despite the bilinear
optimality constraint. Although the extended formulation (3) introduces continuous
variables, the convex hull of its feasible solutions conv(Ω) is a polytope. This can be
seen from a disjunctive programming perspective, which we formalize in the following
proposition.

Proposition 1. conv(Ω) is a polytope.

Consequently, finitely many valid linear inequalities suffice to recover the bilevel
optimum from the continuous relaxation of (3). To identify a structured source of such
inequalities, we first account for leader and follower integrality separately. The follower’s
flow formulation already describes conv(Y), and we may also replace X by conv(X).
As the next example shows, however, the interaction between the variable blocks can
still leave fractional points outside conv(Ω) and an objective gap.
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Example 1. Let X = {0, 1} and consider two parallel arcs 𝑎1, 𝑎2 from 𝑟 to 𝑡, with
weights 𝑞𝑎1 (𝑥) = 1 − 2𝑥 and 𝑞𝑎2 (𝑥) = 0. The network is illustrated in Figure 1. The
follower’s path set is Y = {(1, 0), (0, 1)}, with 𝑦𝑖 indicating arc 𝑎𝑖 . Since 𝜃𝑡 = 0 and
𝑦2 = 1 − 𝑦1, we retain only (𝑥, 𝜃𝑟 , 𝑦1). Replacing X and Y by their convex hulls in (3)
gives (1−2𝑥)𝑦1 ≤ 𝜃𝑟 ≤ min{1−2𝑥, 0} for 0 ≤ 𝑥, 𝑦1 ≤ 1. The fractional point (1/2, 0, 1)
is feasible, but lies outside the segment joining the only binary-feasible solutions (0, 0, 0)
and (1,−1, 1). For the objective 𝑥− 𝑦1, it has value −1/2, whereas both binary solutions
have value zero.

𝑞𝑎1 (𝑥) = 1 − 2𝑥

𝑞𝑎2 (𝑥) = 0

𝑟 𝑡

Example 1

0

0

1 − 𝑥1 − 𝑥2

0

𝑥2 − 𝑥1

0
𝑟

𝑢

𝑣

𝑡

Example 2

Fig. 1. Follower networks. Arc labels give costs.

Let 𝜙(𝒙) denote the follower’s optimal value for 𝒙 ∈ conv(X). In the example,
the dual arc inequalities impose 𝜃𝑟 ≤ 𝜙(𝑥) = min{1 − 2𝑥, 0}, while convexifying the
leader–potential set gives the stronger inequality 𝜃𝑟 ≤ −𝑥. This motivates studying that
set and the effect of its convexification on the full formulation.

3.1 The dual network polyhedron

For fixed leader decisions, the dual arc inequalities define a dual network flow poly-
hedron [3]. Allowing the arc weights to depend on the leader gives the mixed-integer
set

S =
{︁
(𝒙, 𝜽) ∈ X × RV : 𝐷⊤𝜽 ≤ 𝒒(𝒙), 𝜃𝑡 = 0

}︁
and its relaxation

P =
{︁
(𝒙, 𝜽) ∈ conv(X) × RV : 𝐷⊤𝜽 ≤ 𝒒(𝒙), 𝜃𝑡 = 0

}︁
.

We refer to S as the leader–potential set, and to P as its continuous relaxation. We note
that structures similar toP have been explored under the names dual network polytope [9]
and dual network flow polyhedra [3] in different settings and with objectives distinct
from ours.

Using conv(X) in P isolates the interaction between leader decisions and potentials.
For a set C in (𝒙, 𝜽)-space, write C(𝒙̄) = {𝜽 : (𝒙̄, 𝜽) ∈ C} for its potential fiber. Every
fiber P(𝒙̄) with 𝒙̄ ∈ conv(X) is nonempty, as witnessed by shortest-path costs from
each node to 𝑡. Moreover, S(𝒙̂) = P(𝒙̂) for 𝒙̂ ∈ X, so Proj𝒙 S = X. The finitely many
nonempty fibers of S are pointed polyhedra with a common recession cone, hence
conv(S) is also a polyhedron.
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With the bilinear optimality constraint retained, convexifyingS excludes every point
outside conv(Ω). Define

E =
{︁
(𝒙, 𝜽, 𝒚) : (𝒙, 𝜽) ∈ conv(S), 𝒚 ∈ conv(Y), 𝒒(𝒙)⊤𝒚 ≤ 𝜃𝑟

}︁
.

Proposition 2. conv(E) = conv(Ω).

Thus every point of E is a convex combination of feasible single-level solutions,
and every linear objective has the same optimal value over E and Ω. This justifies
focusing on valid inequalities for S. Although E may be nonconvex, these inequalities
also strengthen the McCormick relaxation of the bilinear terms. In Example 1, adding
conv(S) = {(𝑥, 𝜃𝑟 ) : 0 ≤ 𝑥 ≤ 1, 𝜃𝑟 ≤ −𝑥} to that relaxation even yields an ideal
formulation.

3.2 Valid inequalities and network flows

We now characterize all valid inequalities for S. Consider valid inequalities for conv(S)
of the form

𝜷⊤𝜽 ≤ 𝝅⊤𝒙 + 𝜋0. (4)

With 𝜷 = 0, those are precisely the valid inequalities for Proj𝒙 S = X. Note that we
assume only that the leader has a linear formulation, thus there is no structure to be
exploited in generating the valid inequalities with 𝜷 = 0, and one can resort to general
integer-programming techniques. Our focus is on inequalities with 𝜷 ≠ 0, which account
for the interaction between leader decisions and node potentials. Since 𝜃𝑡 = 0, we may
choose 𝛽𝑡 = −∑︁

𝑢∈V\{𝑡 } 𝛽𝑢 without changing the inequality. Throughout, we use this
representative, so that

∑︁
𝑢∈V 𝛽𝑢 = 0.

All valid inequalities of interest have node potential coefficients 𝜷 that define valid
supplies over the network. Intuitively, 𝜷 derives from nonnegative combinations of
the follower’s dual inequalities, thus columns of 𝐷. Combining these columns with
nonnegative weights can therefore be viewed as assigning flows to the arcs. We define
the supply cone and its associated flow sets by

B = {𝐷𝝀 : 𝝀 ∈ RA
+ }, Λ(𝜷) = {𝝀 ∈ RA

+ : 𝐷𝝀 = 𝜷}.

For 𝜷 ∈ B, acyclicity makesΛ(𝜷) a nonempty polytope, and linear programming duality
gives the finite, attained value

𝑓𝜷 (𝒙) := max
𝜽∈P(𝒙)

𝜷⊤𝜽 = min
𝝀∈Λ(𝜷)

𝒒(𝒙)⊤𝝀, ∀ 𝒙 ∈ conv(X). (5)

Proposition 3. Let 𝜷 satisfy
∑︁
𝑢∈V 𝛽𝑢 = 0. Inequality (4) is valid for S if and only if

𝜷 ∈ B and
𝝅⊤𝒙 + 𝜋0 ≥ 𝑓𝜷 (𝒙) ∀ 𝒙 ∈ X.

Equivalently, for every 𝒙 ∈ X there exists a flow certificate 𝝀𝒙 ∈ Λ(𝜷) such that

𝝅⊤𝒙 + 𝜋0 ≥ 𝒒(𝒙)⊤𝝀𝒙. (6)
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By Proposition 3, the right-hand side of any valid inequality defines an affine upper
bound for 𝑓𝜷 on X. Since the graph is acyclic, Λ(𝜷) is a polytope, and 𝑓𝜷 can be
expressed as a minimum of finitely many affine functions of 𝒙, one for each extreme
point of Λ(𝜷). Although 𝑓𝜷 is therefore concave, we are interested in upper bounds for
the function over X only, which means they might imply stronger bounds at fractional
leader coordinates than the function itself. For 𝜷 ∈ B, let 𝑓𝜷 be the smallest concave
function on conv(X) bounded below by 𝑓𝜷 on X, that is, let 𝑓𝜷 be the concave envelope
of 𝑓𝜷 over X.

Corollary 1. For 𝜷 ∈ B, (4) is valid for S if and only if 𝝅⊤𝒙 + 𝜋0 is an affine upper
bound of 𝑓𝜷 on conv(X).

Consequently, at every 𝒙̄ ∈ conv(X), there exists a supporting hyperplane of the
hypograph of 𝑓𝜷 whose associated valid inequality has minimal right-hand side at 𝒙̄
among all valid inequalities with potential coefficients 𝜷.

3.3 Root supply and optimality gap

The root potential 𝜃𝑟 is the only potential in the follower’s optimality constraint of (3),
and no potential appears in the leader’s objective. This motivates studying inequalities
involving only 𝒙 and 𝜃𝑟 . We show that this family suffices to recover the optimal value
of the bilevel problem.

The root supply 𝜷𝑟 = 𝒆𝑟 − 𝒆𝑡 supplies one unit of flow at the root 𝑟 and consumes it
at the target 𝑡. Since Λ(𝜷𝑟 ) = conv(Y), (5) gives

𝑓𝜷𝑟 (𝒙) = min
𝒚∈Y

𝒒(𝒙)⊤𝒚 = 𝜙(𝒙).

Thus, the associated root cuts1 have the form 𝜃𝑟 ≤ 𝝅⊤𝒙 + 𝜋0, where the right-hand side
is an affine upper bound of the follower’s value function on X. Let 𝜙 = 𝑓𝜷𝑟 denote its
concave envelope over X. By Corollary 1, adding all root cuts to P gives the closure

R𝑟 = {(𝒙, 𝜽) ∈ P : 𝜃𝑟 ≤ 𝜙(𝒙)}. (7)

Lemma 1. The root closure satisfies

Proj(𝒙, 𝜃𝑟 ) R𝑟 = Proj(𝒙, 𝜃𝑟 ) conv(S) = {(𝒙, 𝜂) : 𝒙 ∈ conv(X), 𝜂 ≤ 𝜙(𝒙)}.

The projection equality implies that, for every 𝒂 ∈ R𝑛 and 𝛾 ≤ 0,

min
(𝒙,𝜽 ) ∈R𝑟

𝒂⊤𝒙 + 𝛾𝜃𝑟 = min
(𝒙,𝜽 ) ∈S

𝒂⊤𝒙 + 𝛾𝜃𝑟 . (8)

Thus, root cuts close the gap for objectives on S involving the potentials only through
𝜃𝑟 . This has an important consequence for problems with interdiction objectives [11],
which can be formulated [8,14,6] as in (8) with 𝒂 = 0 and 𝛾 = −1. Precisely, for bilevel
shortest-path problems with interdiction objectives, root cuts yield an LP relaxation that
recovers the optimal objective value.

1 Here “root” refers to the root node 𝑟 of the graph, not to the root of a branch-and-bound tree.
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More interestingly, this same family actually suffices for the general case, which we
prove below. Define the relaxation

E𝑟 = {(𝒙, 𝜽 , 𝒚) : (𝒙, 𝜽) ∈ R𝑟 , 𝒚 ∈ conv(Y), 𝒒(𝒙)⊤𝒚 ≤ 𝜃𝑟 }.

For a point of E𝑟 , take a convex decomposition of its leader component attaining the
root envelope and a convex decomposition of its follower path component. The 𝜙(𝒙)
bound and the bilinear optimality constraint force the follower optimality gaps to zero
(under the product weights), so every (positively weighted) leader–path pair is bilevel
feasible.

Theorem 1. Every point of Proj(𝒙,𝒚 ) E𝑟 is a convex combination of bilevel-feasible
leader–path pairs. Moreover, for every linear objective 𝒄⊤ (𝒙, 𝒚),

min
(𝒙,𝜽,𝒚 ) ∈E𝑟

𝒄⊤ (𝒙, 𝒚) = min
(𝒙,𝜽,𝒚 ) ∈Ω

𝒄⊤ (𝒙, 𝒚).

The theorem strengthens the conclusion of Proposition 2 for the objective of interest:
convexifying the entire leader–potential setS is unnecessary to close the bilevel gap. The
result concerns the complete family of root cuts with the bilinear optimality constraint
retained; it does not assert gap closure after McCormick relaxation.

Even the complete family of root cuts can fail to describe conv(S). This limitation
persists for the larger family of all unit supplies, namely 𝒆𝑢 − 𝒆𝑣 for distinct nodes 𝑢, 𝑣
joined by a directed 𝑢 { 𝑣 path, as the following example shows.

Example 2 (Unit supplies are insufficient). Let X = {0, 1}2 and V = {𝑟, 𝑢, 𝑣, 𝑡}. The
arcs 𝑟 → 𝑢 and 𝑟 → 𝑣 have cost zero. There are two parallel 𝑢 → 𝑡 arcs of costs 0 and
1 − 𝑥1 − 𝑥2, and two parallel 𝑣 → 𝑡 arcs of costs 0 and 𝑥2 − 𝑥1, as illustrated in Figure 1.
The point

𝒙̄ = (1/2, 1/2), (𝜃𝑟 , 𝜃𝑢, 𝜃𝑣, 𝜃𝑡 ) = (−1/2, 0, 0, 0)

belongs to P and satisfies every cut with a unit supply, including every root cut. Never-
theless, the inequality

𝜃𝑢 + 𝜃𝑣 ≤ −𝑥1

is valid for S and violated by this point. Its supply is 𝒆𝑢 + 𝒆𝑣 − 2𝒆𝑡 .

Unit supplies contain a generator of every extreme ray of B, since this cone is
generated by the columns of 𝐷, each of which is a unit supply. Thus even inequalities
from all extreme supply directions can leave points outside conv(S) unseparated.

4 Cut Generation

In this section, we explore the generation of linear valid inequalities (cuts) to separate
a given point of a continuous relaxation of (3), possibly already strengthened by other
valid inequalities. In particular, we study cut generation for the leader–potential set,
construct node potential coefficients that separate fractional vertices of P, and analyze
the complexity of separation under partially-fixed coefficients.
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Our structured approach to the single-level reformulation (3) can guide the choice of
variables involved in separation. Let (𝒙̄, 𝜽 , 𝒚̄) be an optimal solution from any continuous
relaxation of Ω. If 𝒙̄ is fractional and its active leader constraints have rank 𝑛, then an
inequality for X alone suffices to separate it. As previously discussed, we will not
concentrate on this case.

For candidates with 𝒙 ∈ conv(X), Proposition 2 justifies focusing on the leader–
potential set. Define Ξ to be a continuous relaxation of Ω as follows:

Ξ :=
{︁
(𝒙, 𝜽, 𝒚) ∈ conv(X) × RV × conv(Y) : 𝒒(𝒙)⊤𝒚 ≤ 𝜃𝑟 , 𝐷⊤𝜽 ≤ 𝒒(𝒙), 𝜃𝑡 = 0

}︁
.

The proposition also shows that inequalities of the form (4) with 𝜷 ≠ 0 are sufficient to
separate any point in Ξ \ conv(Ω). We explore this result in the following lemma.

Lemma 2. Every extreme point (𝒙̄, 𝜽, 𝒚̄) ∈ Ξ satisfies 𝒚̄ ∈ Y, and (𝒙̄, 𝜽) is a vertex of
P.

We therefore focus on vertices of P with fractional leader coordinates, which nec-
essarily lie outside conv(S) and admit a separating inequality.

4.1 Fixing node potential coefficients 𝜷

Let (𝒙̄, 𝜽) be a vertex of P with fractional leader coordinates. By Proposition 3, a cut-
generating linear program (CGLP) can jointly select (𝜷, 𝝅, 𝜋0) and the flow certificates,
subject to a linear normalization fixing the coefficient scale. Its explicit formulation
requires one flow certificate (6) per leader assignment, hence |X||A| flow variables, and
may be exponentially large. We instead construct the node potential coefficients 𝜷 from
the arc inequalities active at (𝒙̄, 𝜽), preserving the existence of a separating cut while
leaving the leader coefficients to be optimized.

Proposition 3 restricts admissible 𝜷 to the supply cone B, but does not determine
which supplies admit separation at the candidate. For fixed 𝜷 ∈ B \ {0}, Corollary 1
gives the maximum attainable violation as

𝑣𝜷 (𝒙̄, 𝜽) := 𝜷⊤𝜽 − 𝑓𝜷 (𝒙̄). (9)

A separating inequality with this 𝜷 exists if and only if this value is positive.
For any (𝒙̄, 𝜽) ∈ P, define its active arcs by

A0 = {𝑎 ∈ A : 𝐷⊤
𝑎𝜽 = 𝑞𝑎 (𝒙̄)}.

Connectivity and spanning trees below refer to the underlying undirected graph; each
selected arc retains its original orientation.

Lemma 3. For (𝒙̄, 𝜽) ∈ P, the active-arc graph (V,A0) is connected if and only if 𝜽
is a vertex of P(𝒙̄). In particular, it is connected at every vertex of P.

Figure 2 illustrates the connected active-arc graph at a fractional vertex of P.
Our construction is based on a standard geometric observation: a positive com-

bination of full-rank active inequality rows yields an optimization direction uniquely
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0 0

1 − 2𝑥 0

4 − 6𝑥
𝑟

𝑢

𝑣

𝑡

Fig. 2. Active arcs at a vertex of P with X = {0, 1} and (𝑥, 𝜽) = (1/2, 0). Arc labels give costs.
Solid arcs are active, and the dashed arc has slack 1. The red highlight marks a spanning tree of
active arcs. The four active equalities uniquely determine (𝑥, 𝜃𝑟 , 𝜃𝑢, 𝜃𝑣).

maximized by the associated basic solution. We apply this observation to the fiber P(𝒙).
The network structure makes the required row selection inexpensive: after eliminating
𝜃𝑡 , a spanning tree of active arcs provides a minimum-cardinality full-rank collection of
|V| − 1 rows. Once the active-arc graph is available, such a tree can be found by graph
traversal in𝑂 ( |V| + |A0 |) time, without matrix rank computations. Positive weights on
its arcs then determine a supply vector 𝜷; the following lemma establishes the resulting
separation guarantee.

Lemma 4. Suppose (𝒙̄, 𝜽) ∈ P has a connected active-arc graph. Choose a spanning
tree 𝑇 ⊆ A0 and weights 𝑤𝑎 > 0 for 𝑎 ∈ 𝑇 . Then

𝜷 =
∑︁
𝑎∈𝑇

𝑤𝑎𝐷𝑎

belongs to B\{0}. Moreover, 𝑣𝜷 (𝒙̄, 𝜽) > 0 if and only if (𝒙̄, 𝜽) ∉ conv(S). In particular,
this construction guarantees separation at every vertex of P with fractional leader
coordinates.

The weighted sum of the tree inequalities is valid for P and active at (𝒙̄, 𝜽), so
it does not itself separate. It selects the potential coefficients; separation comes from
strengthening the affine right-hand side over the discrete leader set X. The guarantee
concerns the existence of a cut, not its strength relative to other supply vectors.

Let P+ be obtained from P by adding finitely many valid inequalities (𝜷 𝑗 )⊤𝜽 ≤
ℓ 𝑗 (𝒙), with affine ℓ 𝑗 and 𝜷 𝑗 ∈ B. Unlike forP, the active-arc graph at a vertex ofP+ need
not be connected. Consider first the case in which (V,A0) consists of two components,
𝐶0 containing 𝑡 and 𝐶1. A spanning tree in each component fixes all differences of
node potential variables, allowing only for a common shift of the potentials in 𝐶1. An
active added cut fixes this shift whenever its total supply

∑︁
𝑢∈𝐶1 𝛽

𝑗
𝑢 is nonzero. At a

vertex, at least one such cut must exist; otherwise, a small shift in either direction would
preserve feasibility. Thus two trees and one active added cut suffice to determine the
node potentials. Figure 3 illustrates how adding a cut can produce a new fractional vertex
with two active-arc components. The following proposition extends this construction to
any number of components.
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𝐶0

0
0

1 − 2𝑥

0

1 − 2𝑥

𝑟 𝑢 𝑣 𝑡

𝑥 = 1/2, 𝜽 = (0, 0, 0, 0)
(a) Vertex of P

𝐶1 𝐶0

0
0

1 − 2𝑥

0

1 − 2𝑥

𝑟 𝑢 𝑣 𝑡

𝑥 = 1/2, 𝜽 = (−1,−1, 0, 0)
(b) Vertex after adding 𝜃𝑟 ≤ −2𝑥

Fig. 3. Connected components before and after adding one cut, with X = {0, 1} and potentials
ordered as (𝑟, 𝑢, 𝑣, 𝑡). Solid arcs are active, dashed arcs are inactive, and shading identifies
components of the original active-arc graph. The root cut is valid since 𝜙(0) = 0 and 𝜙(1) = −2.
In (b), it is active and fixes the relative shift between 𝐶1 and 𝐶0.

Proposition 4. Let (𝒙̄, 𝜽) be a vertex of P+, let 𝐶0, . . . , 𝐶𝑐−1 be its active-arc compo-
nents, with 𝑡 ∈ 𝐶0, and let J0 index its active added cuts. The matrix

Γ 𝑗ℓ =
∑︁
𝑢∈𝐶ℓ

𝛽
𝑗
𝑢, 𝑗 ∈ J0, ℓ = 1, . . . , 𝑐 − 1,

has rank 𝑐 − 1. Choose a spanning tree in each component, with union 𝐹, and a set
𝐽 ⊆ J0 indexing 𝑐 − 1 independent rows of Γ. The corresponding |V| − 1 original arc
inequalities and added cuts form a minimum-cardinality full-rank collection in the node
potential coordinates, excluding 𝜃𝑡 . For any positive weights 𝑤𝑎 and 𝜇 𝑗 , the supply

𝜷 =
∑︁
𝑎∈𝐹

𝑤𝑎𝐷𝑎 +
∑︁
𝑗∈𝐽

𝜇 𝑗𝜷
𝑗

belongs to B\{0}. Moreover, 𝑣𝜷 (𝒙̄, 𝜽) > 0 if and only if (𝒙̄, 𝜽) ∉ conv(S). In particular,
it admits a separating inequality whenever 𝒙̄ is fractional.

The network structure therefore keeps row selection inexpensive within each compo-
nent: graph traversal selects the forest, and 𝑐 − 1 linearly independent active cuts fix the
remaining degrees of freedom. For 𝑐 = 1, no added cut is needed and the spanning-tree
construction applies directly.

On a practical setting, there is strong reason to start with root supplies before
attempting the constructions suggested above. By Theorem 1, root cuts suffice to close
the bilevel objective gap when the bilinear optimality constraint is retained. Moreover,
each root cut has the node potential coefficients of an additional 𝑟 → 𝑡 arc, so adding root
cuts preserves the spanning-tree construction on the augmented active graph (Lemma 4).
Root cuts can therefore be pursued first while retaining an inexpensive way to select
other supply vectors when needed.

4.2 Complexity of separation

Selecting a supply vector 𝜷 that admits separation leaves the leader variable coefficients
to be determined. For fixed 𝜷 ∈ B \ {0} and a point (𝒙̄, 𝜽) ∈ P, Corollary 1 gives the
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attained maximum violation as

𝑣𝜷 (𝒙̄, 𝜽) = max
𝝅, 𝜋0

𝜷⊤𝜽 − 𝝅⊤𝒙̄ − 𝜋0

s.t. 𝝅⊤𝒙𝑘 + 𝜋0 ≥ 𝑓𝜷 (𝒙𝑘), 𝑘 = 1, . . . , 𝐾,
(10)

where 𝒙1, . . . , 𝒙𝐾 is an enumeration of the feasible points in X. Each value 𝑓𝜷 (𝒙𝑘) can
be computed by a minimum-cost flow problem. Given these values, LP (10) has only
𝑛+ 1 variables, but still one constraint per leader assignment. Replacing each constraint
by its flow certificate (6) gives an equivalent CGLP without precomputing the values.
The resulting formulation can however still be exponential in size.

We propose two ways to address the exponential size of the CGLP. With respect to
the number of leader assignments, we can, for example, consider a split disjunction on
one of the fractional coordinates [1]. With respect to the size of the underlying graph,
we can restrict the minimum-cost flow problem to the active arcs A0. For a vertex
of P with fractional leader coordinates and a supply constructed by Lemma 4, these
reductions also preserve the existence of a separating inequality. The two reductions can
decrease the maximum violation compared with the original CGLP with fixed 𝜷. When
a linear description of conv(X) is supplied, the reduced CGLP has polynomial size in
that description and the active graph.

To motivate the split relaxation, we also examine the computational complexity of
the separation problem for a particular fixed supply vector on a small graph. By exact
separation, we mean to determine occurrence of a violation, and if so, to find a violated
cut with the fixed supply vector 𝜷.

Proposition 5. Membership in the root-cut closure R𝑟 is NP-hard, even for candidates
in P when X = {0, 1}𝑛 and the graph consists of two parallel 𝑟 → 𝑡 arcs, one with
constant cost. Consequently, exact separation of root cuts and exact evaluation of 𝜙 are
NP-hard under the same restrictions.

The proof, given in Appendix A, reduces Partition to membership at 𝒙̄ = 1
2 1. Both

arc inequalities are active at the constructed candidate, so restricting to active arcs leaves
the hardness construction intact. The result concerns arbitrary candidates in P and also
establishes hardness of general fixed-supply separation.

Exact separation therefore remains NP-hard even with an unconstrained leader and
a graph consisting of two parallel arcs. The split relaxation addresses a computational
difficulty that persists after graph reduction. Combined with the supply construction
of Lemma 4, it retains a separating inequality at fractional vertices while admitting a
CGLP of polynomial size in the supplied leader formulation and the active graph. To
see this, each branch of the split disjunction is described by the given linear description
of conv(X), the retained arc inequalities, and one split equation. Dualizing cut validity
on each disjunction branch introduces one multiplier per row, one coefficient-matching
equation per original variable, and one inequality for the right-hand side. Since the
disjunction has two branches, the resulting CGLP has size polynomial in the supplied
leader description and the active graph.
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5 Conclusions

In this work, motivated by network pricing, follower’s dynamic programming formula-
tions and certain interdiction models, we developed a polyhedral characterization of the
bilevel 0–1 shortest-path problem by studying the interaction between leader decisions
and follower node potentials. Network flows characterize the valid inequalities for this
joint set. With the leader set convexified and the bilinear optimality constraint retained,
root cuts strengthen the continuous relaxation of the problem and recover the bilevel
optimum for every linear leader objective. Full convexification of the leader–potential
set can require coupled supplies even after all unit-supply cuts are added.

We proposed cut generation by constructively fixing supplies. Spanning trees of
active arcs yield separating supplies at vertices of P with fractional leader coordinates,
and active-arc components extend this construction after cuts are added. Nonetheless,
we showed that exact fixed-supply separation is NP-hard even for networks with two
parallel arcs. For the initial relaxation, split disjunctions and restriction to active arcs
reduce the CGLP while preserving separation with the constructed supplies.
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choose an 𝑟 { 𝑢 path 𝜌𝑢 and a 𝑢 { 𝑡 path 𝜏𝑢, allowing the empty path at an endpoint.
Summing the dual arc inequalities along these paths yields

𝒒(𝒙̂)⊤ 𝒚̂ −
∑︁
𝑎∈𝜌𝑢

𝑞𝑎 (𝒙̂) ≤ 𝜃𝑢 ≤
∑︁
𝑎∈𝜏𝑢

𝑞𝑎 (𝒙̂).

Thus the feasible potentials for each fixed pair form a bounded polyhedron. Since X and
Y are finite, Ω is a finite union of polytopes, and its convex hull is a polytope.

A.2 Effect of convexifying the dual network polyhedron

Proof of Proposition 2. It suffices to show Ω ⊆ E ⊆ conv(Ω). Taking the convex hull
gives conv(E) = conv(Ω).

The inclusion Ω ⊆ E follows from S ⊆ conv(S) and Y ⊆ conv(Y). For the reverse
containment in conv(Ω), take (𝒙̄, 𝜽 , 𝒚̄) ∈ E and choose finite convex representations

(𝒙̄, 𝜽) =
∑︁
𝑖

𝜆𝑖 (𝒙𝑖 , 𝜽 𝑖), 𝒚̄ =
∑︁
𝑗

𝜇 𝑗 𝒚
𝑗 ,

where (𝒙𝑖 , 𝜽 𝑖) ∈ S, 𝒚 𝑗 ∈ Y, 𝜆𝑖 , 𝜇 𝑗 ≥ 0, and
∑︁
𝑖 𝜆𝑖 =

∑︁
𝑗 𝜇 𝑗 = 1. Since the path set Y

is independent of the leader assignment, every pair (𝑖, 𝑗) combines a feasible follower
path with dual-feasible potentials at 𝒙𝑖 . Weak duality then gives us 𝒒(𝒙𝑖)⊤𝒚 𝑗 − 𝜃𝑖𝑟 ≥ 0
for each pair (𝑖, 𝑗). Because the candidate solution satisfies the follower’s optimality
constraint and 𝒒(𝒙) is affine, we have

0 ≥ 𝒒(𝒙̄)⊤ 𝒚̄ − 𝜃𝑟 =
∑︁
𝑖, 𝑗

𝜆𝑖𝜇 𝑗 (𝒒(𝒙𝑖)⊤𝒚 𝑗 − 𝜃𝑖𝑟 ) ≥ 0.

For every (𝑖, 𝑗) pair with𝜆𝑖𝜇 𝑗 > 0 the optimality gap must vanish, that is, 𝒒(𝒙𝑖)⊤𝒚 𝑗−𝜃𝑖𝑟 =
0. Hence each positively weighted triple (𝒙𝑖 , 𝜽 𝑖 , 𝒚 𝑗 ) belongs to Ω. Finally, the weights
𝜆𝑖𝜇 𝑗 sum to one and satisfy

(𝒙̄, 𝜽, 𝒚̄) =
∑︁
𝑖, 𝑗

𝜆𝑖𝜇 𝑗 (𝒙𝑖 , 𝜽 𝑖 , 𝒚 𝑗 ),

proving E ⊆ conv(Ω).

A.3 Flow characterization and fixed-supply convexification

Proof of Proposition 3. We first verify (5) and supply admissibility. For any 𝒙 ∈ conv(X),
the potential maximization is feasible, and its linear programming dual is

min{𝒒(𝒙)⊤𝝀 : 𝐷𝝀 + 𝜇𝒆𝑡 = 𝜷, 𝝀 ≥ 0, 𝜇 ∈ R}.

Summing the balance equations gives 𝜇 = 0 because
∑︁
𝑢∈V 𝛽𝑢 = 0. Hence dual fea-

sibility is equivalent to 𝜷 ∈ B. If (4) is valid, its right-hand side bounds the potential
objective on any fiber indexed by 𝒙 ∈ X. Such a fiber exists because X ≠ ∅, so linear
programming duality implies 𝜷 ∈ B.
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For 𝜷 ∈ B, the recession cone ofΛ(𝜷) consists of nonnegative circulations. Acyclic-
ity implies that the only such circulation is zero, so Λ(𝜷) is a nonempty polytope. Strong
duality now gives (5), with both optima finite and attained. Maximizing the left-hand side
of (4) on each integer fiber proves the affine-upper-bound characterization. An optimal
flow on that fiber supplies (6) whenever the upper bound condition holds. Conversely,
any such certificate gives

𝜷⊤𝜽 = (𝝀𝒙)⊤𝐷⊤𝜽 ≤ 𝒒(𝒙)⊤𝝀𝒙 ≤ 𝝅⊤𝒙 + 𝜋0 for all 𝜽 ∈ S(𝒙),
proving validity.

A.4 Root supply and the optimality gap
Proof of Lemma 1. We first determine the possible values of the root potential 𝜃𝑟 for a
fixed leader decision 𝒙 ∈ conv(X). Assigning each node its shortest-path cost to 𝑡 gives
feasible potentials with 𝜃𝑟 = 𝜙(𝒙). Since 𝑟 has no incoming arcs, decreasing only 𝜃𝑟
preserves feasibility. Together with weak duality, this proves

Proj𝜃𝑟 P(𝒙) = (−∞, 𝜙(𝒙)] .
We next show that convexifyingS replaces this upper bound by the concave envelope

of the values at integer leader decisions. Let 𝒙1, . . . , 𝒙𝐾 be an enumeration of X and fix
𝒙̄ ∈ conv(X). The concave envelope has the representation

𝜙(𝒙̄) = max

{︄
𝐾∑︁
𝑘=1

𝛼𝑘𝜙(𝒙𝑘) :
𝐾∑︁
𝑘=1

𝛼𝑘𝒙
𝑘 = 𝒙̄,

𝐾∑︁
𝑘=1

𝛼𝑘 = 1, 𝜶 ≥ 0

}︄
. (11)

Indeed, the right-hand side is a concave upper bound of the values on X, and every such
upper bound dominates it by concavity. The maximum is attained because the feasible
weight set is nonempty and compact and each 𝜙(𝒙𝑘) is finite. Every convex combination
of points of S with leader component 𝒙̄ has root potential at most the corresponding
weighted sum of follower values, and hence at most 𝜙(𝒙̄). To attain this bound, choose
weights 𝛼𝑘 maximizing (11) and, for each 𝑘 , let 𝜽𝑘 be the shortest-path potentials for
arc costs 𝒒(𝒙𝑘). Then (𝒙𝑘 , 𝜽𝑘) ∈ S and 𝜃𝑘𝑟 = 𝜙(𝒙𝑘), so

(𝒙̄, 𝜽) :=
∑︁
𝑘

𝛼𝑘 (𝒙𝑘 , 𝜽𝑘) ∈ conv(S), 𝜃𝑟 = 𝜙(𝒙̄).

Decreasing every 𝜃𝑘𝑟 by the same nonnegative amount preserves membership in S and
yields every smaller value of 𝜃𝑟 . This proves the asserted projection of conv(S).

Finally, we compare this projection with that of the root closure. Since 𝜙 is concave,
𝜙 ≤ 𝜙 on conv(X). The first part of the proof therefore shows that imposing 𝜃𝑟 ≤ 𝜙(𝒙)
on P leaves precisely the root potential values (−∞, 𝜙(𝒙)] for each 𝒙 ∈ conv(X). By
(7), this proves the equality for R𝑟 .
Proof of Theorem 1. Take (𝒙̄, 𝜽 , 𝒚̄) ∈ E𝑟 . Choose weights 𝛼𝑘 attaining (11) and write
𝒚̄ =

∑︁
𝑗 𝜇 𝑗 𝒚

𝑗 with 𝒚 𝑗 ∈ Y, 𝜇 𝑗 ≥ 0, and
∑︁
𝑗 𝜇 𝑗 = 1. Feasibility and the affinity of 𝒒 give

𝜙(𝒙̄) ≥ 𝜃𝑟 ≥ 𝒒(𝒙̄)⊤ 𝒚̄

=
∑︁
𝑘, 𝑗

𝛼𝑘𝜇 𝑗𝒒(𝒙𝑘)⊤𝒚 𝑗 ≥
∑︁
𝑘

𝛼𝑘𝜙(𝒙𝑘) = 𝜙(𝒙̄).
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All inequalities are equalities. Each difference 𝒒(𝒙𝑘)⊤𝒚 𝑗 − 𝜙(𝒙𝑘) is nonnegative, so
it vanishes whenever 𝛼𝑘𝜇 𝑗 > 0. Every positively weighted pair (𝒙𝑘 , 𝒚 𝑗 ) is therefore
bilevel feasible, and

(𝒙̄, 𝒚̄) =
∑︁
𝑘, 𝑗

𝛼𝑘𝜇 𝑗 (𝒙𝑘 , 𝒚 𝑗 ).

This proves the convex-combination claim and bounds every linear leader objective
below by the bilevel optimum. Conversely, Ω ⊆ E𝑟 because root cuts are valid for S.
The optimal values consequently coincide.

A.5 Reduction to the dual network polyhedron

Proof of Lemma 2. Let (𝒙̄, 𝜽, 𝒚̄) be an extreme point of R. Decompose 𝒚̄ into path-
incidence vectors. Weak duality gives 𝒒(𝒙̄)⊤𝒚 ≥ 𝜃𝑟 for each path, and the optimality
constraint forces equality in their weighted average. Every positively weighted path
therefore gives a feasible triple with the same (𝒙̄, 𝜽). Extremality forces all those paths
to equal 𝒚̄, proving 𝒚̄ ∈ Y.

Now suppose (𝒙̄, 𝜽) is a nontrivial convex combination of two points of P. With 𝒚̄
fixed, the gap 𝒒(𝒙)⊤ 𝒚̄−𝜃𝑟 is affine and nonnegative on P. It vanishes at the candidate, so
it vanishes at both endpoints. Appending 𝒚̄ to these endpoints gives a nontrivial convex
representation in R, a contradiction.

A.6 Constructive supply selection

Proof of Lemma 3. If the active-arc graph of a point (𝒙̄, 𝜽) ∈ P is connected, a displace-
ment of node potentials preserving its arc equalities must be constant on all nodes. The
normalization at 𝑡 makes that displacement zero. Hence the active equalities uniquely
determine the node potentials from 𝒙̄, proving that 𝜽 is a vertex of the fiber P(𝒙̄). If the
graph is disconnected, shift every node potential in a component not containing 𝑡 by 𝜀
or by −𝜀. Active equalities are preserved, and the finitely many inactive arc inequalities
remain feasible for sufficiently small 𝜀 > 0. These two distinct feasible node potential
vectors have midpoint 𝜽, contradicting fiber extremality. Finally, a nontrivial convex
representation within a fiber also gives one in P, so every vertex of P is a fiber vertex.

Proof of Lemma 4. The vector 𝜷 is the supply of the nonnegative flow with value 𝑤𝑎
on 𝑇 and zero elsewhere. It is nonzero because a DAG has no nonzero nonnegative
circulation. Summing the selected inequalities gives the valid inequality

𝜷⊤𝜽 ≤ ℓ(𝒙), ℓ(𝒙) =
∑︁
𝑎∈𝑇

𝑤𝑎𝑞𝑎 (𝒙),

with equality at the candidate.
The node potentials 𝜽 uniquely maximize 𝜷⊤𝜽 on P(𝒙̄). To see this, fix 𝒙 = 𝒙̄ and

take any 𝜽 ∈ P(𝒙̄). The slack of the aggregated inequality is

ℓ(𝒙̄) − 𝜷⊤𝜽 =
∑︁
𝑎∈𝑇

𝑤𝑎
(︁
𝑞𝑎 (𝒙̄) − 𝐷⊤

𝑎𝜽
)︁
≥ 0.
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The candidate 𝜽 attains the upper bound ℓ(𝒙̄) because every arc of 𝑇 is active there. Any
potential vector 𝜽 attaining the same bound must make every slack in the sum zero, since
the slacks are nonnegative and all weights are strictly positive. Hence 𝐷⊤

𝑎 (𝜽 − 𝜽) = 0
for every 𝑎 ∈ 𝑇 , so the displacement 𝜽 − 𝜽 has equal values at the endpoints of every
tree arc. Connectivity makes this displacement constant on all nodes, and 𝜃𝑡 = 𝜃𝑡 = 0
makes the constant zero. In other words, 𝜽 must be equal to 𝜽.

Applying the convex-combination representation in (11) to 𝑓𝜷 gives the attained
identity

𝑓𝜷 (𝒙̄) = max{𝜷⊤𝜽 : (𝒙̄, 𝜽) ∈ conv(S)}. (12)
Indeed, any convex combination of points of S has objective at most the corresponding
weighted integer-fiber values, and maximizing weights together with maximizing fiber
potentials attain equality. Since conv(S) ⊆ P, (12) gives 𝑓𝜷 (𝒙̄) ≤ 𝜷⊤𝜽. Equality holds
if the candidate belongs to conv(S). Conversely, if equality holds, an attaining hull
potential also maximizes the objective 𝜷⊤𝜽 over P(𝒙̄), so uniqueness makes it 𝜽 .

The difference 𝜷⊤𝜽 − 𝑓𝜷 (𝒙̄) is the maximum attainable violation 𝑣𝜷 (𝒙̄, 𝜽) defined in
(9). We have shown that this difference is nonnegative and vanishes precisely when the
candidate belongs to conv(S). A vertex of P in conv(S) must itself belong to S, since
all positively weighted points in a convex representation from S ⊆ P must equal that
vertex. A vertex with fractional leader coordinates is therefore outside conv(S), proving
the final assertion.

Proof of Proposition 4. A displacement preserving all active arc equalities is constant
on each component 𝐶ℓ and zero on 𝐶0 after imposing 𝜃𝑡 = 0. Write its remaining
component values as 𝛿1, . . . , 𝛿𝑐−1. It preserves the active added cuts precisely when
Γ𝜹 = 0. If Γ had rank less than 𝑐 − 1, a nonzero such displacement of sufficiently small
magnitude in either direction would preserve every constraint of P+, contradicting the
vertex assumption. Thus rank Γ = 𝑐 − 1.

The selected forest has |V| − 𝑐 arcs and forces componentwise constancy. The
selected 𝑐 − 1 rows of Γ force all remaining component shifts to vanish. Consequently,
the |V| − 1 selected rows have full rank in the free potential coordinates, which is the
minimum possible cardinality. This also covers 𝑐 = 1, when no added row is needed.

Each selected potential coefficient belongs to B, so their positive combination 𝜷 also
belongs to B. Choose a nonnegative flow representing each selected cut coefficient and
aggregate these flows with the selected arc flows using the prescribed positive weights.
Full rank ensures that at least one selected coefficient is nonzero, so the aggregate flow
is nonzero. Acyclicity precludes it from being a circulation, proving 𝜷 ≠ 0.

The weighted sum of the selected inequalities is

𝜷⊤𝜽 ≤ ℓ(𝒙), ℓ(𝒙) =
∑︁
𝑎∈𝐹

𝑤𝑎𝑞𝑎 (𝒙) +
∑︁
𝑗∈𝐽

𝜇 𝑗ℓ 𝑗 (𝒙).

It is valid for P+ and active at the candidate. Equality in the fiber at 𝒙̄ forces every
selected inequality to be active, and full rank makes 𝜽 its unique solution. Hence 𝜽
uniquely maximizes 𝜷⊤𝜽 over P+ (𝒙̄). Because conv(S) ⊆ P+, the attained identity (12)
gives exactly the same zero-violation equivalence as in the preceding proof. Finally, a
vertex of P+ with fractional leader coordinates cannot belong to conv(S), sinceS ⊆ P+

and its leader coordinates are binary.
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A.7 Complexity of separation

Proof of Proposition 5. Assume rational data with binary encoding. Let 𝑠1, . . . , 𝑠𝑛 be
positive integer weights. The Partition problem [15] asks whether there exists a subset
𝐼 ⊆ {1, . . . , 𝑛} such that ∑︁

𝑖∈𝐼
𝑠𝑖 =

∑︁
𝑖∉𝐼

𝑠𝑖 .

Write𝑊 =
∑︁𝑛
𝑖=1 𝑠𝑖 . Set X = {0, 1}𝑛 and give the two parallel arcs costs

𝑞𝑎1 (𝒙) = 2𝒔⊤𝒙 −𝑊, 𝑞𝑎2 (𝒙) = 0.

The point 𝒙̄ = 1
2 1, 𝜃𝑟 = 𝜃𝑡 = 0 belongs to P, with both arc inequalities active. Its

root-supply function is 𝜙(𝒙) = min{2𝒔⊤𝒙 −𝑊, 0}, so 𝜙 ≤ 0. The candidate belongs to
R𝑟 if and only if 𝜙(𝒙̄) = 0.

If 𝒙∗ ∈ {0, 1}𝑛 satisfies 2𝒔⊤𝒙∗ = 𝑊 , then its complement also does, and both have
follower value zero. Their average is 𝒙̄, so (11) gives 𝜙(𝒙̄) = 0. Conversely, suppose
this envelope value is zero and take attaining weights in (11). Since all integer follower
values are nonpositive, every positively weighted assignment satisfies 𝜙(𝒙𝑘) = 0, hence
2𝒔⊤𝒙𝑘 ≥ 𝑊 . Their weighted average satisfies

𝐾∑︁
𝑘=1

𝛼𝑘 2𝒔⊤𝒙𝑘 = 2𝒔⊤𝒙̄ = 𝑊.

Every positively weighted assignment therefore satisfies equality and solves the Par-
tition instance with weights (𝑠1, . . . , 𝑠𝑛). The construction has polynomial encoding
length, and Partition is a well-known NP-complete problem, proving NP-hardness of
membership under the stated restrictions. An exact root-cut separator decides this mem-
bership by reporting whether a violated cut exists, and exact evaluation of 𝜙 decides it
by comparison with zero. Both tasks are therefore NP-hard as well.
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