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Abstract. This paper studies sparse ridge regression in the low-rank, high-
dimensional setting that often arises when data collection is expensive. By
exploiting the low-rank structure, we develop approximation algorithms
within a relax-and-sparsify framework: solve a convex relaxation and then
sparsify its solution to satisfy the original sparsity constraint. Specifically, we
establish a tight rank-dependent sparsity bound for the convex relaxation by
decomposing its support into two parts. This decomposition in turn motivates
two approximation strategies, parameter reduction and binary redistribution,
each exploiting a different part. Experiments on synthetic and real datasets
show that the binary redistribution algorithms outperform the benchmarks
in most instances.

1 Introduction

Sparse ridge regression is a widely used statistical technique for feature selection that
balances prediction accuracy and model interpretability [30, 39]. It has been applied in
various fields, including biomedical analysis [10, 26], clinical prediction [15, 21], and sig-
nal processing [37]. This paper studies the sparse ridge regression problem of the form:

Vopt(k) := min
β∈Rp

{
1

n
∥y−Xβ∥22 + λ∥β∥22 : ∥β∥0 ≤ k

}
, (1)

where X ∈ Rn×p denotes the matrix of features, y ∈ Rn denotes the response vector,
k ≤ p is a positive integer, λ > 0 is a Tikhonov regularization coefficient to address
collinearity, and ∥β∥0 denotes the number of nonzero entries in β. Problem (1) aims
to select the best subset of at most k features from a total of p features to minimize
the least squares error with a squared ℓ2 penalty.

Let r denote the rank ofX. In this paper, we are interested in instances with r ≪ p.
Such instances arise naturally in high-dimensional regression with limited observations,
particularly when data collection is costly. For example, gene-expression datasets
often contain thousands of candidate predictors but only dozens of observations [12].
Such an imbalance is also common in clinical studies, since the high costs of recruiting
patients, processing biological samples, and collecting outcomes limit the sample
size [8, 32]. Our numerical experiments in Subsection 4.2 include several healthcare
datasets with this n ≪ p structure. Since r ≤ n, n ≪ p implies directly r ≪ p.
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Problem (1) is NP-hard in general [16]. We demonstrate that it remains NP-hard
for every fixed rank r ≥ 2, so low rank alone does not make problem (1) tractable.
Nevertheless, we exploit this low-rank structure to develop effective approximation
algorithms with provable performance guarantees. Our algorithms adopt a relax-and-
sparsify strategy: they first solve the convex relaxation (3) of (1) and then reduce
the support of its solution to satisfy the sparsity constraint in (1). The key is that
the rank r controls how much sparsification is required.

1.1 Literature review

In this subsection, we review relevant literature on three aspects: convex relaxations,
sparsity bounds, and approximation algorithms.

Convex Relaxations. The lower bounds of (1) have been derived in various ways. A
widely used relaxation is based on the squared k-support norm [2]. Subsequent work
has developed alternative representations of this norm [31, 38]. Equivalent relaxations
have also been derived using the Woodbury matrix identity [9], perspective refor-
mulation [40], and majorization theory [28]. In addition, a variety of semidefinite
programming (SDP) relaxations have also been proposed by [5, 17, 24, 34]. Although
SDP relaxations can provide tighter lower bounds, the computational cost can limit
their scalability. We therefore focus on the squared k-support norm relaxation, which
can be solved efficiently using first-order methods (see, e.g., [2, 29, 31]).

Sparsity Bounds. The literature on sparsity bounds for the sparse ridge regression
problem (1) remains limited. To the best of our knowledge, two particularly relevant
works are [3, 28]. Specifically, [3] derived the bound r + k + 2 using the Shapley–
Folkman Theorem, which can be attained by solving an auxiliary linear program. [28]
instead used majorization theory to derive the bound r+ k. Their analysis applies
to a broad class of problems with permutation-invariant feasible sets. Moreover, they
proposed a general algorithm to attain the bound, but no polynomial-time complexity
guarantee was provided.

Although the prior works are built on different convex relaxation formulations of
(1), each formulation can be equivalently converted into the squared k-support norm
relaxation (see [28, 31, 40]). Consequently, the differences in the resulting bounds
stem from the proof techniques employed. In this paper, we exploit an invariance
property of the squared k-support norm and the subgradient optimality condition
to further sharpen the sparsity bound to r+ k− 1.

Approximation Algorithms. We review approximation algorithms for (1) that admit
provable performance guarantees. Iterative hard thresholding (IHT) is a commonly
used technique for developing approximation algorithms of cardinality-constrained
optimization [11, 25]. For (1), [41] proposed a Dual IHT (DIHT) algorithm and estab-
lished convergence bounds under regularity assumptions. Combinatorial algorithms
that search directly over supports, including greedy and local search, have been
developed for various sparse optimization problems (see, e.g., [6, 23, 27]). Specifically,
[40] proposed an efficient greedy algorithm for (1). More recently, [30] developed
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a beam search variant that retains multiple candidate supports at each step. An-
other thread of work focuses on randomized rounding algorithms based on convex
relaxations of (1), including [34] and [40]. However, these algorithms do not exploit
the rank-dependent sparsity bound. We take a different angle and make this bound
central to the development of our approximation algorithms.

1.2 Contributions and Organization

The main contributions of this paper are summarized as follows.

(i) Tight sparsity bound. We decompose the support of an optimal solution to
the squared k-support norm relaxation into two parts. We show that these two
parts contain at most k−1 and r nonzero entries, respectively. This yields a new
sparsity bound r+k−1, which improves the existing bounds in the literature. We
further prove that this bound is tight and develop a polynomial-time algorithm
to find an optimal relaxation solution satisfying the bound;

(ii) Approximation algorithms. Motivated by the support decomposition and
sparsity bound, we propose two complementary algorithmic strategies, Param-
eter Reduction and Binary Redistribution, for constructing feasible solutions to
(1). We also establish their approximation guarantees using the invariance and
monotonicity properties of the squared k-support norm.
Specifically, for k ≥ r, the parameter reduction algorithm achieves an approxi-
mation ratio of k/(k−r+1) that depends only on k and r. Binary redistribution
constructs a k-sparse solution to (1) by redistributing at most r coefficients while
keeping all other coefficients fixed. We develop an algorithm based on binary
quadratic optimization to find the best redistribution and a scalable variant using
deterministic pipage rounding. Both admit the same approximation ratio; and

(iii) Numerical study. Experiments on synthetic and real datasets show that the bi-
nary redistribution algorithms outperform the baselines in most tested instances.
Notably, the pipage rounding variant substantially improves computational
efficiency than the optimization-based algorithm while achieving comparable
solution quality.

Organization: The remainder of the paper is organized as follows. Section 2 stud-
ies the computational complexity of problem (1) and derives the sparsity bound.
Section 3 develops approximation algorithms and establishes their performance guar-
antees. Section 4 presents the numerical study. Finally, Section 5 concludes the
paper.

Notation: We let Rn denote the set of all the n-dimensional vectors. Given two
positive integers q ≤ p, we let [p] = {1,2, . . . , p}, and let [q, p] = {q, q+1, . . . , p}. We
let In be the n×n identity matrix, and let 1n and 0n be the n-dimensional all-ones and
zero vectors, respectively. For a vector x ∈ Rp, we let Diag(x) denote a diagonal matrix
with diagonal entries being x, and let ∥x∥1 and ∥x∥2 denote its ℓ1-norm and Euclidean
norm, respectively. We let |x| denote a vector containing absolute entries of x, and let

|x|↓i denote the i-th largest entry of |x|. For a subset S ⊆ [p], let xS denote the subvec-
tor of x indexed by S. For a matrix X ∈ Rn×p, we let Xi ∈ Rn denote its i-th column
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vector for each i ∈ [p], and for a subset S ⊆ [p], letXS denote the submatrix consisting
of the columns ofX indexed by S. For a symmetric matrixX ∈ Rn×n, we let λmax(X)
denote its largest eigenvalue. Additional notation will be introduced later as needed.

2 Convex Relaxation and Sparsity Bound

In this section, we first show that (1) remains NP-hard for every fixed rank r ≥ 2.
We then present the widely used convex relaxation proposed in [2] and derive a tight
sparsity bound for its optimal solution.

2.1 Complexity and Rank Reduction

We demonstrate that the sparse ridge regression problem (1) remains NP-hard even
when the rank of X is fixed and small. This motivates the development of approx-
imation algorithms in the low-rank setting. Moreover, we present a dimensionality
reduction that reduces the number of rows of X from n to r without changing the
optimal solutions.

Theorem 1. For any fixed rank r ≥ 2, problem (1) is NP-hard.

Proof. See Section A.1. ⊓⊔

Although low rank does not resolve the computational difficulty of (1), it allows a
useful dimensional reduction. Let X = UΣV ⊤ be a thin singular value decomposition
of X, where U ∈ Rn×r,Σ ∈ Rr×r, and V ∈ Rp×r.

Lemma 1. For any β ∈ Rp, we have

∥y−Xβ∥22 = ∥U⊤y−ΣV ⊤β∥22 + ∥(I −UU⊤)y∥22.

Proof. We can decompose

y−Xβ = U(U⊤y−ΣV ⊤β) + (I −UU⊤)y.

The two terms are orthogonal because U⊤(I−UU⊤) = 0. Together with the fact that
U⊤U = Ir, taking squared Euclidean norms on both sides above yields the identity. ⊓⊔

Remark 1. Since the last term in Lemma 1 is independent of β, replacing (X,y)
by (ΣV ⊤,U⊤y) and dropping the constant term preserves the form of (1) and its
optimal solutions. Hence, we continue to work with (1) throughout this paper, and
assume, without loss of generality, that X ∈ Rr×p has full row rank and y ∈ Rr. We
keep the factor 1/n in problem (1), where n denotes the original sample size.

This reduction simplifies our subsequent analysis and may reduce computational
costs when r < n. Moreover, since the dropped constant is nonnegative, the approx-
imation ratios established in this paper may become tighter when transferred to the
original problem.
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2.2 Convex Relaxation

Our approximation algorithms for (1) leverage the convex relaxation based on the
squared k-support norm [2]. Let us first introduce the squared k-support norm.

Definition 1 (Squared k-support norm). For a vector β ∈ Rp and an integer
k ∈ [p], suppose that ι(β), 0 ≤ ι(β) ≤ k− 1, is an integer such that

|β|↓ι(β) > ∆(β) :=
1

k− ι(β)

∑
i∈[ι(β)+1,p]

|β|↓i ≥ |β|↓ι(β)+1,

with the convention |β|↓0 = ∞. Then the square of the k-support norm is

ϕ(β;k) :=
∑

i∈[ι(β)]

(
|β|↓i

)2

+ (k− ι(β)) (∆(β))
2
. (2)

√
ϕ(β;k) is the k-support norm.

Note that the integer ι(β) is unique and always exists, a technical result from Nikolov
[33, Lemma 14].

As established by [2], the function ϕ exactly characterizes the convex hull of the
intersection between an ℓ2-ball and an ℓ0-norm constraint set:

conv
(
{β ∈ Rp : ∥β∥22 ≤ 1,∥β∥0 ≤ k}

)
= {β ∈ Rp : ϕ(β;k) ≤ 1}.

This naturally leads to the following convex relaxation for (1):

Vrel(k) := min
β∈Rp

1

n
∥y−Xβ∥22 + λϕ(β;k) ≤ Vopt(k). (3)

The relaxation (3) can be solved efficiently using first-order methods, including
proximal gradient and Frank–Wolfe algorithms (see, e.g., [2, 29, 31]).

2.3 Support Decomposition and Sparsity Bound

In this subsection, we establish a tight sparsity bound for an optimal solution of (3).
Our approach is to split the support of the optimal solution into two parts and bound
the size of each part separately.

By Definition 1, the entries of β whose absolute values exceed ∆(β) contribute
individually to ϕ(β;k), whereas the remaining entries contribute only through the
sum of their absolute values. This structure allows us to redistribute the latter entries
while keeping ϕ(β;k) unchanged, under the conditions in Lemma 3.

To facilitate our analysis of the sparsity bound, we restrict redistribution to
nonzero entries of β whose absolute values are strictly below ∆(β) and keep all
other entries fixed. This leads to the following decomposition of the support of β.
Specifically, Definition 2 introduces notation for the nonzero indices below ∆(β) and
at least ∆(β), respectively.
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Definition 2 (Support decomposition). For a vector β ∈ Rp and an integer
k ∈ [p], let ∆(β) be as in Definition 1. Define the redistribution index set:

I(β) := {i ∈ [p] : 0 < |βi| < ∆(β)}

and the number of nonzero entries of β outside I(β):

υ(β) := |{i ∈ [p] : |βi| > 0, |βi| ≥ ∆(β)}| .

Remark 2. The support decomposition yields the following identity

∥β∥0 = υ(β) + |I(β)|. (4)

This identity reduces sparsity bound of β to bounding υ(β) and I(β), respectively.

We first establish properties of υ(β), including an upper bound on υ(β) whenever
β has more than k nonzero entries.

Lemma 2. For any β ∈ Rp and k ∈ [p], the following hold:

(i) For any i ∈ [ι(β) + 1, υ(β)], |β|↓i = ∆(β), where ι(β) and ∆(β) follow from
Definition 1; and

(ii) If ∥β∥0 ≥ k+ 1, then υ(β) ≤ k− 1.

Proof. By Definition 1, we have |β|↓i > ∆(β) if i ≤ ι(β) and |β|↓i ≤ ∆(β) if i ≥ ι(β)+1.

Furthermore, Definition 2 gives |β|↓i ≥ ∆(β) for all i ∈ [υ(β)]. Combining these in-
equalities yields

|β|↓i = ∆(β), ∀i ∈ [ι(β) + 1, υ(β)].

When ∥β∥0 ≥ k+ 1, we can prove υ(β) ≤ k− 1 by contradiction. Suppose that
υ(β) ≥ k. Since υ(β) ≥ k ≥ ι(β) + 1, Part (i) implies that

∑
i∈[ι(β)+1,k]

|β|↓i = (k− ι(β)) ·∆(β) = (k− ι(β)) ·
∑p

i=ι(β)+1 |β|
↓
i

k− ι(β)
=

∑
i∈[ι(β)+1,p]

|β|↓i ,

which contradicts ∥β∥0 ≥ k+1. Thus, υ(β) ≤ k−1 must hold when ∥β∥0 ≥ k+1. ⊓⊔

We next turn to the redistribution index set I(β). We investigate an invariance
property of the function ϕ(β;k) based on I(β). The following lemma gives explicit con-
ditions under which modifying the entries indexed by I(β) preserves ϕ(β;k). This plays
a key role in deriving the sparsity bound and developing approximation algorithms.

Lemma 3. For any β ∈ Rp and k ∈ [p], let I := I(β). If β̄ ∈ Rp satisfies

β̄i = βi, ∀i /∈ I, |β̄i| ≤ ∆(β), ∀i ∈ I, ∥β̄I∥1 = ∥βI∥1,

then we have ϕ(β̄;k) = ϕ(β;k).
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Proof. For notational simplicity, let ι := ι(β) and ∆ := ∆(β). By Definition 1, the
first ι largest absolute entries of β strictly exceed ∆ and are therefore outside I. They
remains unchanged in β̄, which all other entries of β̄ have absolute value at most ∆.
It follows that

|β̄|↓i = |β|↓i , ∀i ∈ [ι].

Since β̄i = βi for all i /∈ I and ∥β̄I∥1 = ∥βI∥1, we have ∥β̄∥1 = ∥β∥1. Therefore,
we can obtain that∑

i∈[ι+1,p]

|β̄|↓i = ∥β̄∥1 −
∑
i∈[ι]

|β̄|↓i = ∥β∥1 −
∑
i∈[ι]

|β|↓i =
∑

i∈[ι+1,p]

|β|↓i .

According to the results above, we can show that

|β̄|↓ι = |β|↓ι > ∆ =
1

k− ι

∑
i∈[ι+1,p]

|β|↓i =
1

k− ι

∑
i∈[ι+1,p]

|β̄|↓i ≥ |β̄|↓ι+1,

which, by Definition 1, implies that the same values of ι and ∆ remain valid for β̄.
Consequently,

ϕ(β̄;k) =
∑
i∈[ι]

(
|β̄|↓i

)2

+ (k− ι)∆2 =
∑
i∈[ι]

(
|β|↓i

)2

+ (k− ι)∆2 = ϕ(β;k).

We thus complete the proof. ⊓⊔

We now demonstrate that the second term |I(β)| in (4) is at most r for some
optimal solution of (3). If an optimal solution β∗ satisfies |I(β∗)| > r, then, by
leveraging Lemma 3 and the subgradient optimality condition, we can construct a
direction that strictly reduces the size of the redistribution index set without hurting
optimality. Repeating this procedure yields the desired bound.

Theorem 2. The convex relaxation (3) admits an optimal solution β∗ satisfying

|I(β∗)| ≤ r.

Proof. Let β∗ be any optimal solution of (3), and let I := I(β∗) and ∆ := ∆(β∗).
If |I| ≤ r, the result follows immediately. Otherwise, we construct another optimal
solution with a strictly smaller redistribution index set.

Since the submatrix XI ∈ Rr×|I| has r rows and more than r columns, there
exists a nonzero vector dI ∈ R|I| such that

XIdI = 0. (5)

We extend dI to a vector d ∈ Rp by setting di = 0 for all i /∈ I.
Next, we define a vector σ ∈ Rp as

σi := sign(β∗
i ), ∀i ∈ I, σi := 0, ∀i /∈ I.
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Since 0 < |β∗
i | < ∆ for all i ∈ I, it follows from [35, Eq. (60)] that every subgradient

g ∈ Rp of the function ϕ at β∗ satisfies

gI = 2∆σI ∈ R|I|. (6)

By the subgradient optimality condition of (3) at β∗ (see [36, Eq. (7.1)]), there exists
a subgradient g of ϕ(β∗, k) such that

2

n
X⊤(Xβ∗ − y) + λg = 0.

Restricting the above equation to I and using (6), we obtain

2

n
X⊤

I (Xβ∗ − y) + 2λ∆σI = 0 =⇒ 2

n
d⊤IX

⊤
I (Xβ∗ − y) + 2λ∆d⊤I σI = 0,

which, together with (5), yields

σ⊤
I dI = 0. (7)

We now perturb β∗ along the direction d. For 0 < δ ≤ δ̄, define β̂ := β∗+δd, where

δ̄ := max
t

{t : 0 ≤ σi(β
∗
i + tdi) ≤ ∆, ∀i ∈ I} . (8)

We show that the function ϕ remains unchanged along this perturbation. Since di = 0
for all i /∈ I, we have β̂i = β∗

i for all i /∈ I. By (8), the entries of |β̂| indexed by I
are at most ∆. It follows that∑

i∈I
|β̂i| =

∑
i∈I

σi(β
∗
i + δdi) =

∑
i∈I

|β∗
i |+ δσ⊤

I dI =
∑
i∈I

|β∗
i |,

where the last equality is because of (7). Hence, all three conditions of Lemma 3

hold, and we obtain ϕ(β∗, k) = ϕ(β̂, k).
In addition, (5) implies that

Xβ̂ = Xβ∗ + δXd = Xβ∗ + δXIdI = Xβ∗.

Combining this with ϕ(β∗, k) = ϕ(β̂;k), we can conclude that the objective values

at β∗ and β̂ coincide for any 0 < δ ≤ δ̄. Thus, β̂ is also optimal for (3).
When δ = δ̄, at least one of the inequalities in (8) is active. Hence, at least one

index ℓ ∈ I satisfies |β̂ℓ| ∈ {0,∆}. The proof of Lemma 3 also gives ∆(β̂) = ∆.

Therefore, the redistribution index set strictly shrinks, that is, I(β̂) ⊊ I. Replacing
β∗ with β̂ and repeating this procedure whenever |I(β∗)| > r yields the desired
bound. We thus complete the proof. ⊓⊔

According to the support decomposition (4), we can combine Theorem 2 with
Part (ii) of Lemma 2 to obtain the following sparsity bound.

Theorem 3. There is an optimal solution β∗ to (3) satisfying

∥β∗∥0 ≤ r+ k− 1.
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Proof. According to Theorem 2, (3) admits an optimal solution β∗ satisfying |I(β∗)| ≤
r. If ∥β∗∥0 ≤ k, the result is trivial. If ∥β∗∥0 ≥ k + 1, then we have υ(β∗) ≤ k − 1
based on Part (ii) of Lemma 2. Then it follows from (4) that

∥β∗∥0 = υ(β∗) + |I(β∗)| ≤ r+ k− 1.

We complete the proof. ⊓⊔
Remark 3. The sparsity bound in Theorem 3 is a uniform worst-case guarantee. For a
given instance, the support decomposition also yields the instance-dependent sparsity
bound υ(β∗)+r for an optimal solution β∗ to (3), which can be tighter than r+k−1.
Indeed, our numerical experiments show that υ(β∗) is often substantially smaller
than k− 1. We also develop an algorithm to achieve the tighter bound.

Corollary 1. When r = 1, the relaxation (3) and the original problem (1) have the
same optimal value.

Proposition 1. There exists an instance of (3) that admits a unique optimal solution
β∗ satisfying

∥β∗∥0 = r+ k− 1.

Proof. See Section A.2. ⊓⊔

2.4 Optimality-Preserving Sparsification Algorithm

Although (3) can be solved efficiently using first-order methods, these methods may
return a dense optimal solution β∗ that violates the sparsity bound in Theorem 3.
To close this gap, we develop an optimality-preserving sparsification algorithm to
attain this bound. At each iteration, the algorithm constructs a nonzero direction
and computes the largest admissible step size as in the proof of Theorem 2. The
updated solution strictly reduces the size of the redistribution index set. Repeating this
procedure yields an optimal solution that satisfies the sparsity bound in Theorem 3.
The detailed implementation is presented in Algorithm 1.

Algorithm 1 Optimality-Preserving Sparsification Algorithm

1: Input: An optimal solution β∗ to (3), matrix X, and integer k
2: Compute ∆ = ∆(β∗) and let I = I(β∗)
3: while |I| > r and ∥β∗∥0 ≥ k+ 1 do
4: Find a nonzero vector d ∈ Rp satisfying

XIdI = 0, di = 0, ∀i /∈ I.

5: Compute the largest step size

δ̄ := max
t
{t : 0 ≤ sign(β∗

i )(β
∗
i + tdi) ≤ ∆, ∀i ∈ I} .

6: Update the solution β∗ ← β∗ + δ̄d
7: Update the set I ← I \ {i ∈ I : |β∗

i | ∈ {0,∆}}
8: end while
9: return β∗



10 S. Yi and Y. Li

Proposition 2. Algorithm 1 runs in O(p log p + (p − r)r3) time and returns an
optimal solution β∗ to (3) satisfying

∥β∗∥0 ≤ υ(β∗) + r.

Proof. The sparsity bound for β∗ follows directly from (4) and Theorem 2; we thus
omit the details.

Next, we derive the time complexity of Algorithm 1. In Step 2, we can compute
∆ and υ by sorting the p entries of |β∗|, which runs in O(p log p) time (see [18]).

The loop continues only while |I| ≥ r + 1. Thus, we can implement Step 5 by
selecting any subset S ⊆ I with |S| = r+1 and finding a nonzero vector dS satisfying
XSdS = 0. SinceXS ∈ Rr×(r+1), such a vector dS always exists and can be computed
in O(r3) operations (see [20]). Setting di = 0 for all i /∈ S gives a valid direction d.
Because the entries of β∗ outside S remain unchanged, Steps 6–7 need only update
the entries indexed by S, which requires O(r) operations in total.

By the definition of δ̄ in Step 5, at least one updated entry indexed by I has
absolute value 0 or ∆. Hence, |I| decreases by at least one in each iteration. Since
r + 1 ≤ |I| ≤ p, Algorithm 1 terminates after at most p− r iterations. Together
with the O(p log p) initialization cost, the total time complexity of Algorithm 1 is
O(p log p+ (p− r)r3). ⊓⊔

3 Relax-and-Sparsify Approximation Algorithms

In this section, we develop approximation algorithms for (1) using the properties of ϕ
and the sparsity bound of (3). They follow a common relax-and-sparsify framework:
solve the convex relaxation (3) and then sparsify its optimal solution to satisfy the con-
straint ∥β∥0 ≤ k in (1). The support decomposition (4) motivates two complementary
algorithmic strategies to achieving this sparsity.

Specifically, according to the support decomposition, ∥β∥0 splits into two terms
υ(β) and |I(β)|. To achieve k-sparsity, the Parameter Reduction and Binary Redistri-
bution algorithms exploit υ(β) and |I(β)|, respectively. Parameter reduction decreases
the bound on υ(β) by reducing the relaxation parameter, while binary redistribution
aims to reduce the number of nonzero entries within the redistribution index set I(β).

3.1 Properties of The Squared k-Support Norm

In this subsection, we derive properties of the squared k-support norm ϕ, which are
key for deriving approximation ratios of approximation algorithms.

First, we show that ϕ(β;k) coincides with ∥β∥22 whenever β has at most k nonzero
entries.

Lemma 4. For any k ∈ [p], let β ∈ Rp be a vector such that ∥β∥0 ≤ k. Then

ϕ(β;k) = ∥β∥22.
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Proof. By Definition 1, we have

|β|↓ι(β)+1 ≤ ∆(β) =
1

k− ι(β)

∑
i∈[ι(β)+1,k]

|β|↓i ≤ 1

k− ι(β)
(k−ι(β))|β|↓ι(β)+1 = |β|↓ι(β)+1,

where the first equality is because |β|↓i = 0 for all i ∈ [k+ 1, p]. It is clear that both
inequalities must hold with equality, which implies

|β|↓ι(β)+1 = · · · = |β|↓k = ∆(β).

Plugging the above equalities into (2) yields

ϕ(β;k) =
∑

i∈[ι(β)]

(
|β|↓i

)2

+
∑

i∈[ι(β)+1,k]

(
|β|↓i

)2

= ∥β∥22,

where the last equality again uses |β|↓i = 0 for all i ∈ [k+ 1, p]. ⊓⊔

By leveraging Lemma 4 and [31, Theorem 4.1], we show that for fixed β, the
function ϕ(β;k) is monotonically non-increasing with respect to k. Furthermore, we
provide a tight upper bound on how much its value can increase when k decreases.

Lemma 5. For any vector β ∈ Rp and integers k1, k2 ∈ [p] with k1 ≤ k2, we have

ϕ(β;k2) ≤ ϕ(β;k1) ≤
k2
k1

ϕ(β;k2),

and both inequalities are tight.

Proof. The proof includes two parts. We first establish the inequalities and then prove
that equality can be attained in each inequality. If k1 = k2, the result immediately
follows. We therefore focus on the nontrivial case where k1 < k2.

(i) By [31, Theorem 4.1], we can represent ϕ(β;k1) and ϕ(β;k2) as

ϕ(β;k1) = inf
z∈[0,1]p

{∑
i∈[p]

β2
i

zi
:
∑
i∈[p]

zi ≤ k1

}
(9)

and

ϕ(β;k2) = inf
z∈[0,1]p

{∑
i∈[p]

β2
i

zi
:
∑
i∈[p]

zi ≤ k2

}
. (10)

Thus, it suffices to compare these two minimization problems, which differ only
in the cardinality constraint. Since k1 < k2, the feasible region of (9) is contained
in that of (10). It follows that ϕ(β;k2) ≤ ϕ(β;k1).
To derive the second inequality, let z∗ be an optimal solution to problem (10),
and define z̃ := k1/k2z

∗. Since z∗ ∈ [0,1]p and k1 < k2, we have z̃ ∈ [0,1]p. In
addition, given

∑
i∈[p] z

∗
i ≤ k2, we can show that∑
i∈[p]

z̃i =
k1
k2

∑
i∈[p]

z∗i ≤ k1
k2

k2 = k1.
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Therefore, z̃ is feasible for (9) with the objective value:∑
i∈[p]

β2
i

z̃i
=

k2
k1

∑
i∈[p]

β2
i

z∗i
=

k2
k1

ϕ(β;k2) ≥ ϕ(β;k1),

where the second equality is because z∗ is optimal for (10), and the last inequality
is from the fact that ϕ(β;k1) is the optimal value of (9). Hence, we have

ϕ(β;k2) ≤ ϕ(β;k1) ≤
k2
k1

ϕ(β;k2).

(ii) We next prove that both inequalities are tight.
Consider any nonzero vector β satisfying ∥β∥0 ≤ k1 ≤ k2. Lemma 4 implies that

ϕ(β;k1) = ∥β∥22, and ϕ(β;k2) = ∥β∥22.

Hence, the first inequality ϕ(β;k2) ≤ ϕ(β;k1) can hold with equality.
For the second inequality, let us define the vector β as

βi = a, ∀i ∈ [k2], βi = 0, ∀i ∈ [k2 + 1, p],

where a ≠ 0 is a scalar. To compute ϕ(β;k1), we apply Definition 1 with k = k1
in the following. It is easy to verify that

|β|↓0 >
1

k1 − 0

∑
i∈[p]

|β|↓i = |a|k2
k1

≥ |a| = |β|↓1,

where |β|↓0 = ∞ by convention. By the conditions and the uniqueness of ι(β) in
Definition 1, we must have ι(β) = 0. Consequently, ∆(β) = |a|k2

k1
. Plugging these

values into (2) yields

ϕ(β;k1) = k1

(
|a|k2

k1

)2

=
k2
k1

(k2a
2) =

k2
k1

∥β∥22 =
k2
k1

ϕ(β;k2),

where the last equality follows from Lemma 4, since ∥β∥0 = k2. Therefore, the
second inequality ϕ(β;k1) ≤ k2

k1
ϕ(β;k2) holds with equality for this choice of β. ⊓⊔

3.2 Parameter Reduction Approximation Algorithm

According to Lemma 2, the upper bound on υ(β) is k− 1, which directly determines
the sparsity bound k+r−1 in Theorem 3. Inspired by this, the Parameter Reduction
algorithm applies the sparsity bound with a smaller relaxation parameter than k.
Indeed, an optimal solution of (3) with parameter q can be sparsified to have at most
q+ r− 1 nonzero entries. Thus, assume k ≥ r and set

k̃ := k− r+ 1 ∈ [k].

By replacing k with k̃ in (3), the resulting sparsity bound becomes k̃+ r− 1 = k.
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Specifically, the parameter reduction algorithm first applies Algorithm 1 to find
an optimal solution of (3). If the resulting solution is k-sparse, it is also optimal for
(1). Otherwise, we solve problem (3) with the reduced parameter k̃:

Vrel(k̃) := min
β∈Rp

1

n
∥y−Xβ∥22 + λϕ(β; k̃). (11)

By Theorem 3, problem (11) has an optimal solution β̃ satisfying ∥β̃∥0 ≤ k̃+r−1 = k.
Thus, β̃ is feasible for the original problem (1). The detailed implementation is pre-
sented in Algorithm 2.

Algorithm 2 Parameter Reduction Approximation Algorithm

1: Input: An optimal solution β∗ of (3) returned by Algorithm 1 and an integer k ≥ r
2: Let β̃ = β∗

3: if ∥β∗∥0 ≥ k+ 1 then
4: Set k̃ = k− r+ 1
5: Solve (11) and let β̂ be an optimal solution

6: Apply Algorithm 1 to β̂ with parameter k̃, and denote the output by β̃
7: end if
8: return β̃

By leveraging Lemmas 4 and 5, we derive the theoretical guarantees of Algorithm 2.

Theorem 4. Assume k ≥ r and let k̃ = k − r + 1. Let β̃ ∈ Rp be returned by
Algorithm 2. Then β̃ is feasible for (1) and satisfies

1

n
∥y−Xβ̃∥22 + λ∥β̃∥22 ≤

k

k̃
Vopt(k).

Moreover, if the input solution β∗ in Algorithm 2 satisfies ∥β∗∥1 < k̃∥β∗∥∞, then

1

n
∥y−Xβ̃∥22 + λ∥β̃∥22 ≤ min

{
k̃,

k

k̃

}
Vopt(k).

Proof. If ∥β∗∥0 ≤ k, the algorithm returns β∗, which is optimal for (1) by Lemma 4.
Both ratios follow immediately. We therefore consider the case ∥β∗∥0 ≥ k+1. In this
case, we have ∥β̃∥0 ≤ r+ k̃− 1 = k by Theorem 3. Thus, β̃ is feasible for (1).

To prove the approximation ratios, we bound the increase in ϕ at β∗ when the
parameter is reduced from k to k̃. Suppose there exists a constant ρ ≥ 1 satisfying

ϕ(β∗; k̃) ≤ ρϕ(β∗;k). (12)

Since ∥β̃∥0 ≤ k and k̃ ≤ k, we have

∥β̃∥22 = ϕ(β̃;k) ≤ ϕ(β̃; k̃),
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where the equality is due to Lemma 4 and the inequality is from Lemma 5. Leveraging
the above results, the objective value of (1) at β̃ satisfies

1

n
∥y−Xβ̃∥22 + λ∥β̃∥22 ≤

1

n
∥y−Xβ̃∥22 + λϕ(β̃; k̃) ≤ 1

n
∥y−Xβ∗∥22 + λϕ(β∗; k̃)

≤ ρ

(
1

n
∥y−Xβ∗∥22 + λϕ(β∗;k)

)
= ρVrel(k) ≤ ρVopt(k),

where the second inequality is because β∗ is a feasible solution for (11), and the
third one uses (12), ρ ≥ 1, and the nonnegativity of the least squares loss. Therefore,
Algorithm 2 admits an approximation ratio ρ.

We next establish two choices of ρ in (12):

(i) By Lemma 5, (12) holds with ρ = k/k̃, giving the first approximation ratio.

(ii) Suppose that ∥β∗∥1 < k̃∥β∗∥∞. Let ι and ∆ denote ι(β∗) and ∆(β∗), respec-
tively, defined as in Definition 1 with k replaced by k̃. If ι = 0, Definition 1

would require ∥β∗∥1
k̃

≥ |β∗|↓1, contradicting the condition. Thus, 1 ≤ ι ≤ k̃− 1.

By Definition 1, we have

ϕ(β∗; k̃) =
∑
i∈[ι]

(|β∗|↓i )
2 + (k̃− ι)∆2 ≤

∑
i∈[ι]

(|β∗|↓i )
2 + (k̃− ι)(|β∗|↓ι )2

≤ k̃

ι

∑
i∈[ι]

(|β∗|↓i )
2 ≤ k̃

ι
∥β∗∥22 =

k̃

ι
ϕ(β∗;p) ≤ k̃

ι
ϕ(β∗;k),

where the first inequality uses ∆ < |β∗|↓ι , the second inequality uses (|β∗|↓ι )2 ≤
1
ι

∑
i∈[ι](|β∗|↓i )2, and the last equality and inequality follow from Lemmas 4

and 5, respectively. Since ι ≥ 1, (12) also holds with ρ = k̃ under the stated
condition. Combining these two choices of ρ proves the strengthened guarantee.

We thus complete the proof. ⊓⊔

As a byproduct of the proof of Theorem 4, we directly obtain the following bounds
on the gap between the relaxation (3) and the original problem (1).

Corollary 2. Assume k ≥ r and let k̃ = k − r + 1. Then Vopt(k) ≤ k
k̃
Vrel(k).

Moreover, if the input solution β∗ in Algorithm 2 satisfies ∥β∗∥1 < k̃∥β∗∥∞, then

Vopt(k) ≤ min
{
k̃, k

k̃

}
Vrel(k).

To the best of our knowledge, Theorem 4 provides the first-known approximation
ratios for (1) that do not rely on dataX, y and parameter λ. However, the assumption
k ≥ r limits its practical applicability, since k is often small and may fall below r.
This limitation motivates the development of the binary redistribution algorithm in
Subsection 3.3, which does not require k ≥ r.
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3.3 Binary Redistribution Approximation Algorithms

The Binary Redistribution approximation algorithms introduce binary redistribution
of entries within I(β∗) to convert an optimal solution β∗ of (3) into a feasible one of
(1) while preserving ϕ(β∗;k). We first solve a binary quadratic optimization problem
to select the best redistribution. To improve efficiency, we further use deterministic
pipage rounding to yield a binary redistribution in polynomial time. We establish
the same approximation guarantee for both variants.

3.3.1 Binary Redistribution via Optimization Let β∗ be an optimal solution
of (3) returned by Algorithm 1. If ∥β∗∥0 ≥ k+ 1, let

I := I(β∗), υ := υ(β∗), ∆ := ∆(β∗), σi := sign(β∗
i ), ∀i ∈ [p].

We first express the ℓ1 norm of entries within I explicitly.

Lemma 6. We have ∥β∗
I∥1 = (k− υ)∆.

Proof. First, Lemma 2 shows that |β|↓i = ∆ for any i ∈ [ι+ 1, υ]. Besides, |β|↓i < ∆
for any i ∈ [υ+ 1, p]. The positive entries in the latter range correspond exactly to
the entries of β∗ indexed by I. Thus, by the definition of ∆,

(k− ι)∆ =
∑

i∈[ι+1,υ]

|β|↓i +
∑

i∈[υ+1,p]

|β|↓i = (υ− ι)∆+
∑
i∈I

|βi|.

The result immediately follows from rearranging the above equality. ⊓⊔

Binary distribution aims to convert β∗ into a feasible solution β̄ for (1) from the
perspective of the redistribution index set I. Besides, this redistribution preserves
ϕ(β∗;k). By leveraging Lemmas 3 and 6, we construct such a solution β̄ in three steps.

1. Determine the sparsity budget within I.
By the support decomposition (4), the entries outside I contribute exactly υ
nonzero entries. We keep all entries outside I fixed. That is

β̄i = β∗
i , ∀i /∈ I.

Thus, β̄ is feasible for (1) if and only if ∥β̄I∥0 ≤ k− υ. By Part (ii) of Lemma 2,
we get 1 ≤ k− υ ≤ |I|.

2. Construct binary redistributions that preserve ϕ(β∗;k).
Since β∗

i = β̄i for any i /∈ I, to guarantee ϕ(β∗;k) = ϕ(β̄;k), Lemma 3 shows
that it suffices to keep |β̄i| ≤ ∆ for each i ∈ I and preserve the ℓ1 norm over I.
By Lemma 6, this norm is exactly (k− υ)∆. Therefore we require

|β̄i| ≤ ∆, ∀i ∈ I, ∥β̄I∥1 = (k− υ)∆.

To meet the sparsity budget for β̄I, these conditions force each |β̄i|, i ∈ I, to be
either 0 or ∆. Consequently, we have ∥β̄I∥0 = k− υ.
We let zi ∈ {0,1} indicate whether entry i ∈ I is selected. Then |β̄i| = ∆zi for
each i ∈ I and

∑
i∈I zi = k− υ.
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3. Fix the signs of the entries within I.

In the previous step, the binary variables determine the redistributed magnitudes.
We restrict attention to redistributions that preserve the signs of β∗

I. Thus, we set

β̄i = σi∆zi, ∀i ∈ I.

Every binary vector z = (zi)i∈I with
∑

i∈I zi = k− υ specifies which k− υ entries
within I remain nonzero. Moreover, each such selection uniquely determines the
redistributed vector β̄. The following corollary formalizes the expression of β̄ as a
function of z and shows its properties.

Corollary 3. Let z = (zi)i∈I satisfy zi ∈ {0,1} for all i ∈ I and
∑

i∈I zi = k− υ.
Define β(z) ∈ Rp by

βi(z) := β∗
i , ∀i /∈ I, βi(z) := σi∆zi, ∀i ∈ I. (13)

Then

∥β(z)∥0 = k, and ϕ(β∗;k) = ϕ(β(z);k) = ∥β(z)∥22.

Proof. The construction gives ∥β(z)∥0 = υ +
∑

i∈I zi = k, and Lemmas 3 and 6
yield ϕ(β(z);k) = ϕ(β∗;k). Since ∥β(z)∥0 = k, we have ϕ(β(z);k) = ∥β(z)∥22 based
on Lemma 4. ⊓⊔

According to Corollary 3, β(z) is k-sparse for any feasible z, and the objective
value of (1) at β(z) is 1

n∥y−Xβ(z)∥22 + λϕ(β∗;k). Because the second term and the
positive scaling factor 1

n are constants, the best binary redistribution is obtained by
minimizing the least squares loss. By substituting the definition of β(z) in (13), this
loss can be written as the following quadratic function over z:

∥y−Xβ(z)∥22 =
∥∥∥∥y−∑

i/∈I

Xiβ
∗
i −

∑
i∈I

σi∆Xizi

∥∥∥∥2
2

.

Once an optimal binary vector is obtained, we can construct a feasible solution for
(1). The detailed implementation is presented in Algorithm 3.
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Algorithm 3 Binary Redistribution via Optimization

1: Input: An optimal solution β∗ returned by Algorithm 1, X, y, and k
2: Let β̂ = β∗

3: if ∥β∗∥0 ≥ k+ 1 then
4: Compute ∆ = ∆(β∗), I = I(β∗) and υ = υ(β∗)
5: Let σi = sign(β∗

i ), ∀i ∈ I
6: Solve the following binary quadratic optimization problem

min
(zi)i∈I

{∥∥∥∥y−∑
i/∈I

Xiβ
∗
i −

∑
i∈I

σi∆Xizi

∥∥∥∥2

2

:
∑
i∈I

zi = k− υ, zi ∈ {0,1}, ∀i ∈ I
}

(14)

and let zIP = (zIPi )i∈I denote an optimal solution
7: for i ∈ I do
8: Update β̂i ← σi∆zIPi
9: end for
10: end if
11: return β̂

Note that problem (14) can be solved directly by off-the-shelf solvers, such as
Gurobi and MOSEK. By Theorem 2, |I| ≤ r. Thus, (14) aims to select k− υ ones
from at most r candidates, whereas the original problem (1) seeks to select at most k
features from p candidates. In high-dimensional and low-rank settings where r ≪ p,
the reduced problem (14) can be much easier to solve than (1). Unfortunately, as an
integer programming problem, (14) is still hard to scale. This motivates us to provide
an efficient approximate variant of Algorithm 3 in the following subsection.

3.3.2 Efficient Binary Redistribution via Pipage Rounding Pipage rounding
is an efficient, commonly used method that rounds a fractional solution into a binary
one [1, 13, 22]. To avoid solving (14) to optimality, we apply pipage rounding to
an optimal solution of its continuous relaxation to obtain a feasible binary solution.
According to [31, Theorem 4.1], the continuous relaxation of (14) admits an optimal
solution that can be expressed in closed-form in terms of β∗.

Remark 4. The continuous relaxation of (14) admits an optimal solution zrel:

0 < zreli =
|β∗

i |
∆

< 1, ∀i ∈ I. (15)

Given the fractional solution zrel, pipage rounding iteratively adjusts two fractional
coordinates while preserving the cardinality k−v, until all coordinates become binary.
At each iteration, we consider all possible swap directions and choose the endpoint with
the smallest objective value of (14). The detail swap rounding procedure can be found
in [22]. Each iteration makes at least one fractional coordinate binary. Since the cardi-
nality k−υ is integral, the procedure performs at most |I|−1 ≤ r−1 iterations. The re-
sulting Algorithm 4 differs from Algorithm 3 only in how the binary vector is obtained.
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Algorithm 4 Binary Redistribution via Pipage Rounding

1: Input: An optimal solution β∗ returned by Algorithm 1, X, y, k, and zrel

2: Let β̂ = β∗

3: if ∥β∗∥0 ≥ k+ 1 then
4: Compute ∆ = ∆(β∗) and I = I(β∗)
5: Let σi = sign(β∗

i ), ∀i ∈ I
6: Apply pipage rounding to zrel and denote the output by zPR = (zPR

i )i∈I
7: for i ∈ I do
8: Update β̂i ← σi∆zPR

i

9: end for
10: end if
11: return β̂

3.3.3 Performance Guarantee Since Algorithm 3 dominates Algorithm 4, it
suffices to establish the approximation ratio for Algorithm 4. A common approach
to analyzing pipage rounding is to construct an auxiliary function that is concave
under swaps [13, 22]. Next, we introduce such a function tailored to (14).

Lemma 7. For any z = (zi)i∈I ∈ [0,1]|I|, define

F(z) :=

∥∥∥∥y−∑
i/∈I

Xiβ
∗
i −

∑
i∈I

∆σiXizi

∥∥∥∥2
2

+∆2λmax(X
⊤X)

∑
i∈I

zi(1− zi).

The function F(z) is concave under swaps.

Proof. For any z ∈ [0,1]|I| and any distinct i, j ∈ I, let

s :=

[
σi
−σj

]
, A :=

[
Xi Xj

]
.

Also, we let z(δ) be obtained from z by replacing (zi, zj) with (zi + δ, zj − δ), and set
h(δ) := F(z(δ)). It is easy to verify that h(δ) is concave in δ because the second-order
derivative

d2h(δ)

dδ2
= 2∆2

[
∥σiXi − σjXj∥22 − 2λmax(X

⊤X)
]
= 2∆2

[
s⊤A⊤As− 2λmax(X

⊤X)
]

≤ 4∆2
[
λmax(A

⊤A)− λmax(X
⊤X)

]
≤ 4∆2

[
λmax(X

⊤X)− λmax(X
⊤X)

]
= 0,

where the first inequality uses Rayleigh quotient inequality and σi, σj ∈ {−1,1}, and
the last inequality follows from Theorem 8.1.7 in [20]. ⊓⊔

By leveraging Lemmas 5 and 7 and Theorem 3.2 in [22], we derive the same
approximation ratio of Algorithms 3 and 4.

Theorem 5. Let β̂ ∈ Rp be returned by Algorithm 3 or Algorithm 4. Then β̂ is a
feasible solution for (1) and satisfies

1

n
∥y−Xβ̂∥22 + λ∥β̂∥22 ≤

[
1 +

λmax(X
⊤X)

λn
min

{
r− 1

k+ r− 1
,
r

4k

}]
Vopt(k).
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Proof. If ∥β∗∥0 ≤ k, the algorithm returns β∗, which is optimal for (1) by Lemma 4.
The result follows immediately. We therefore consider the case ∥β∗∥0 ≥ k + 1.

According to Corollary 3, β̂ is feasible and equal to β(zPR) as defined in (13).
To prove the approximation ratio, we first bound the objective value of (14) at zPR.
Let F(z) be as in Lemma 7. For each selected pair of fractional coordinates, the

term
∑

i∈I zi(1−zi) takes the same value at the two swap endpoints. Thus, choosing
the endpoint with the smaller objective value of (14) also minimizes F over the two
endpoints. By Lemma 7 and [22, Theorem 3.2], it follows that

F(zPR) ≤ F(zrel).

Since zPR is binary, the above inequality reduces to

∥y−Xβ(zPR)∥22 − ∥y−Xβ(zrel)∥22 ≤ λmax(X
⊤X)∆2

∑
i∈I

zreli (1− zreli ).

Leveraging the above results, the objective value of (1) at β(zPR) satisfies

1
n∥y−Xβ(zPR)∥22 + λ∥β(zPR)∥22

Vrel(k)
=

1
n∥y−Xβ(zPR)∥22 + λϕ(β∗;k)

1
n∥y−Xβ∗∥22 + λϕ(β∗;k)

=1+
1

n

∥y−Xβ(zPR)∥22 − ∥y−Xβ∗∥22
1
n∥y−Xβ∗∥22 + λϕ(β∗;k)

≤ 1 +
1

λn

∥y−Xβ(zPR)∥22 − ∥y−Xβ∗∥22
ϕ(β∗;k)

≤1 +
λmax(X

⊤X)

λn

∆2
∑

i∈I z
rel
i (1− zreli )

ϕ(β∗;k)
,

where the first equality follows from Corollary 3. Rearranging the above inequality
yields

1

n
∥y−Xβ(zPR)∥22+λ∥β(zPR)∥22 ≤

[
1 +

λmax(X
⊤X)

λn

∆2
∑

i∈I z
rel
i (1− zreli )

ϕ(β∗;k)

]
Vrel(k).

We next establish two upper bounds on the term

∆2
∑

i∈I z
rel
i (1− zreli )

ϕ(β∗;k)
:

(i) Since |I| ≤ r, it is easy to verify that

∑
i∈I

zreli (1− zreli ) ≤
∑
i∈I

1

4
=

|I|
4

≤ r

4
.

Also, Definition 1 gives ϕ(β∗;k) ≥ k∆2. Consequently,

∆2
∑

i∈I z
rel
i (1− zreli )

ϕ(β∗;k)
≤ r

4k
.
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(ii) For the second bound, we rewrite the term ∆2
∑

i∈I z
rel
i (1− zreli ) as

∆2
∑
i∈I

zreli (1− zreli ) = ∆2
∑
i∈I

zreli −
∑
i∈I

(∆zreli )2

= (k− υ)∆2 −
∑
i∈I

(β∗
i )

2 = ϕ(β∗;k)− ∥β∗∥22,

where the second equality uses (15), and the last equality follows from Part
(i) of Lemma 2. Let q := min{p, r+ k − 1}. Since ∥β∗∥0 ≤ q, Lemma 4 gives
∥β∗∥22 = ϕ(β∗; q). Applying Lemma 5 with k1 = k and k2 = q, we can show that

∥β∗∥22
ϕ(β∗;k)

=
ϕ(β∗; q)

ϕ(β∗;k)
≥ k

q
≥ k

r+ k− 1
.

Hence, we get

∆2
∑

i∈I z
rel
i (1− zreli )

ϕ(β∗;k)
=

ϕ(β∗;k)− ∥β∗∥22
ϕ(β∗;k)

≤ r− 1

r+ k− 1
.

Finally, since Vrel(k) ≤ Vopt(k), the result follows immediately. We thus complete
the proof. ⊓⊔

As seen in Theorem 5, the approximation ratio decreases as k or λ increases.
These trends are consistent with the numerical results in Section 4.

Based on the proof of Theorem 5, since the output of Algorithm 3 is feasible for
(1), the following corollary is immediate.

Corollary 4. We have

Vopt(k) ≤
[
1 +

λmax(X
⊤X)

λn
min

{
r− 1

k+ r− 1
,
r

4k

}]
Vrel(k).

4 Numerical Experiments

In this section, we conduct numerical experiments on both synthetic and real data
to evaluate the performance of our proposed algorithms.

Baselines. We compare our Algorithms 2 to 4 with four baseline approximation
algorithms that admit theoretical performance guarantees: the Greedy algorithm
and the Randomized algorithm studied in [40], the Beam Search algorithm [30],
and the Dual IHT (DIHT) algorithm [41]. We present the main comparisons in
figures. The detailed numerical results for all algorithms are presented in the tables
of Appendix B. We omit Algorithm 2 from the figures because its requirement k ≥ r
limits applicability and it offers no numerical advantage compared to Algorithms 3
and 4. Its results remain available in Appendix B.

Algorithm implementation. We solve the convex relaxation (3) using the
proximal gradient method [31]. Since Greedy, Randomized, and Beam Search return
supports, for each solution returned by Algorithms 2 to 4 or DIHT, we extract
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its support and then compute the optimal value of the restricted ridge regression
problem. This ensures a consistent comparison and may improve the objective value.
For each instance, we run the randomized algorithm 10 times and report the best
result obtained. For Beam Search, we set the beam width to 10. In addition, we
impose each algorithm a time limit of 600 seconds per instance. If an algorithm
reaches this limit, it returns the best feasible solution found.

Hardware & Software. All the experiments are coded in Python 3.11 with calls
to Gurobi 12.0.0 on a PC with 3.3 GHz Intel Core i7 processor and 16GB of memory.

4.1 Experiments on Synthetic Data

In this subsection, we conduct numerical experiments on synthetic data generated
following [40]. We note that X is full row rank, so r = n. We focus on the low-rank
and high-dimensional regime where r ≪ p. In particular, we set r ∈ {20,40,60},
p ∈ {1,000,3,000,5,000}, k ∈ {20,30,40,50,60,100,200}, and λ ∈ {0.1,0.5,1.0}. For
each parameter setting (r, p, k, λ), we generate 10 instances using different random
seeds and report the average results. Since Algorithm 2 requires k ≥ r, we evaluate
its performance only for k ∈ {100,200}.

Figures 1 to 3 present the average gaps for r = 20,40,60, respectively. Since the
optimal value Vopt(k) is often difficult to obtain, we instead use Vrel(k) and compute
the gaps as

Gap(%) :=
upper bound−Vrel(k)

Vrel(k)
× 100%,

where the upper bound is the objective value returned by each approximation algo-
rithm. Across all 189 parameter settings, Algorithms 3 and 4 achieve smaller gaps than
Greedy and Randomized. They also outperform DIHT in 187 and 171 settings, respec-
tively, and Beam Search in 186 and 174 settings, respectively. Although Algorithm 4
only approximately solves problem (14), its gaps are generally only slightly larger
than those of Algorithm 3. In a few instances, Algorithm 4 achieves even smaller gaps,
which can be attributed to the final refit on the selected supports. Table 1 reports the
average running times in seconds for each rank r. For our Algorithms 3 and 4, these
times include solving (3) and applying Algorithm 1 to obtain a solution satisfying the
sparsity bound. As seen, Algorithm 4 runs substantially faster than Randomized and
Beam Search. It significantly reduces the running time of Algorithm 3 for larger ranks
while maintaining comparable solution quality. Together with the gap comparisons,
these results demonstrate that Algorithm 4 offers a favorable balance between solution
quality and computational efficiency.

Next, we would like to analyze the effect of parameters k, λ, r, and p on solution
quality. As shown in Figures 1 to 3, the average gaps are more sensitive to the rank r
than to the dimension p. This suggests that rank has a greater effect on algorithms of
(1). In addition, the average gaps of Algorithms 3 and 4 decrease monotonically as k
increases. As expected, increasing λ also reduces the average gaps. These trends are
consistent with the dependence of the approximation ratio in Theorem 5 on k and λ.

We further evaluate the variable fixing capacity of our algorithms by applying the
fixing rules in [4]. A tighter upper bound can enable more variable fixed, which can
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Fig. 1. Average gaps on synthetic data with r = 20.
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Fig. 2. Average gaps on synthetic data with r = 40.
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Fig. 3. Average gaps on synthetic data with r = 60.

Table 1. Average running times (seconds) on synthetic data.

r Algorithm 3 Algorithm 4 Greedy Randomized DIHT Beam Search

20 0.134 0.104 0.007 0.369 0.064 0.424
40 0.231 0.086 0.012 0.457 0.077 0.356
60 2.799 0.089 0.017 0.545 0.097 0.390

reduce the problem size and help solve (1) to optimality more efficiently. Figures 4
to 6 present the proportions of the p variables fixed by each algorithm. Algorithms 3
and 4 consistently achieve higher average fixing ratios than the baselines in most
parameter settings. Even small improvements in gaps can lead to great improvements
in variable fixing. For example, at (r, p, k, λ) = (40,5,000,100,0.5), their average gaps
are 0.402% and 0.532%, compared with 0.748% for DIHT and 1.030% for Beam
Search. In contrast, their fixing ratios are 87.884% and 77.128%, whereas those of
DIHT and Beam Search are only 45.296% and 3.190%, respectively. These results
demonstrate the enhanced ability of our algorithms to fix variables for (1). Finally,
we note that, as both the gaps and fixing ratios are averaged, an algorithm may
exhibit a larger average gap yet still achieve a higher average fixing ratio than the
other algorithm under the same parameter setting.
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(d) p= 3000, λ= 0.1
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(e) p= 3000, λ= 0.5
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(h) p= 5000, λ= 0.5
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Fig. 4. Average ratios of variables fixed on synthetic data with r = 20.
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(a) p= 1000, λ= 0.1
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(b) p= 1000, λ= 0.5
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(d) p= 3000, λ= 0.1
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(e) p= 3000, λ= 0.5
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(g) p= 5000, λ= 0.1
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(h) p= 5000, λ= 0.5
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Fig. 5. Average ratios of variables fixed on synthetic data with r = 40.
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(a) p= 1000, λ= 0.1
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(b) p= 1000, λ= 0.5
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(d) p= 3000, λ= 0.1
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(e) p= 3000, λ= 0.5
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(f) p= 3000, λ= 1
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(g) p= 5000, λ= 0.1
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(h) p= 5000, λ= 0.5
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Fig. 6. Average ratios of variables fixed on synthetic data with r = 60.

4.2 Experiments on Real Data

In this subsection, we conduct numerical experiments on five real-world datasets:
Breast Cancer (n = 78, p = 4,751), Lung Cancer (n = 86, p = 7,129), and AML (n =
116, p = 6,283), all from [7]; Riboflavin (n = 71, p = 4,088) from [12]; and Leukemia
(n = 72, p = 3,571) from [19]. For each dataset, the matrixX has full row rank, so r =
n. Then we set k ∈ {20,30,40,50,60,100,200}, except for the AML dataset, for which
we replace k = 100 with k = 150 to satisfy the condition k ≥ r required by Algorithm 2.
We set λ ∈ {0.1,0.5,1.0}, with all three values within the range considered in [4].

Figures 7 to 11 display the gaps of each algorithm for each dataset, respectively.
Among the 105 tested instances, Algorithms 3 and 4 achieve smaller gaps than all
four baselines in 102 and 96 cases, respectively. It is noted that the gaps of DIHT
fluctuate substantially as k varies, whereas Algorithms 3 and 4 exhibit much more
stable performance across different values of k. Besides, Table 2 summarizes average
running times across all instances for each dataset. The running time of Algorithm 3
generally increases with r and is highest for AML with the largest rank. Its running
times on Riboflavin and Leukemia also differ despite their similar ranks. This is
because the size |I| can differ between the two datasets even for the same k and λ (see
Table 6 in Appendix B). Leukemia has a larger |I|, which makes problem (14) harder
to solve and thus takes longer. In addition, Algorithm 4 is substantially faster than
Algorithm 3, with average running times below 1 second. It is also generally faster than
Randomized and Beam Search. For these real instances, Algorithm 4 overall provides
an efficient alternative to Algorithm 3 that preserves competitive solution quality.
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Fig. 7. Gaps with Breast Cancer dataset.
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Fig. 8. Gaps with Lung Cancer dataset.
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Fig. 9. Gaps with AML dataset.
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(b) λ= 0.5
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Fig. 10. Gaps with Riboflavin dataset.



Relax-and-Sparsify Approximation Algorithms for Sparse Ridge Regression 27

20 30 40 50 60 100 200
k

0

15

30

45

60

75

G
ap

 (%
)

(a) λ= 0.1

20 30 40 50 60 100 200
k

0

3

6

9

12

15

G
ap

 (%
)

(b) λ= 0.5

20 30 40 50 60 100 200
k

0.0

2.5

5.0

7.5

10.0

12.5

G
ap

 (%
)

(c) λ= 1

Algorithm 3 Algorithm 4 Greedy Beam Search DIHT

Fig. 11. Gaps with Leukemia dataset.

Table 2. Average times across all parameter settings for each dataset.

Dataset Algorithm 3 Algorithm 4 Greedy Randomized DIHT Beam Search

Breast Cancer 97.114 0.505 0.033 1.005 0.187 0.541
Lung Cancer 215.449 0.878 0.067 1.572 0.340 0.780

AML 384.638 0.685 0.093 1.613 0.369 0.842
Riboflavin 6.314 0.478 0.027 0.848 0.155 0.476
Leukemia 23.533 0.247 0.026 0.829 0.133 0.443

5 Conclusion

We develop two relax-and-sparsify strategies for sparse ridge regression. Parameter re-
duction admits a data-independent approximation ratio, and binary redistribution out-
performs the benchmarks in most numerical experiments. Both strategies rely only on
the low rank ofX and properties of ϕ, rather than the specific least-squares loss. Hence,
they can be extended to other sparse learning problems, such as sparse portfolio selec-
tion and sparse logistic regression, although the approximation ratios may not transfer.
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[12] Bühlmann, P., Kalisch, M., Meier, L.: High-dimensional statistics with a view
toward applications in biology. Annual review of statistics and its application
1(1), 255–278 (2014)

[13] Calinescu, G., Chekuri, C., Pal, M., Vondrák, J.: Maximizing a monotone
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A Proofs

A.1 Proof of Theorem 1

Theorem 1. For any fixed rank r ≥ 2, problem (1) is NP-hard.

Proof. In order to prove the result, we reduce the NP-hard decision version of Exact
k-item Subset Sum Problem (E-kSSP) (see [14]) to problem (1).
E-kSSP instance. Given m ≥ 1 positive integers a1, . . . , am, a positive target integer
T , and an integer k ∈ [m], the E-kSSP asks whether there exists a subset S ⊆ [m]
such that

|S| = k, and
∑
i∈S

ai = T.

Construction of the (1) instance. Set n := r and p := m+ r − 1, and consider the
instance:

X :=

 a1 . . . am 1 0⊤r−2
2T
k − a1 . . .

2T
k − am −1 0⊤r−2

0r−2 . . . 0r−2 0r−2 Ir−2

 ∈ Rr×p, y :=

 1
1

0r−2

 ∈ Rr,

where the last block row and block column of X and the zero block of y are omitted
when r = 2. By [40, Proposition 5], the problem (1) is equivalent to

min
z∈{0,1}p

{
λy⊤M(z)−1y :

∑
i∈[p]

zi ≤ k

}
, M(z) := rλIr +XDiag(z)X⊤. (16)

We divide the remainder of the proof into three steps.
Step I: compute y⊤M(z)y explicitly. For any feasible solution z of problem (16), we
have

y⊤M(z)y = rλy⊤y+ y⊤XDiag(z)X⊤y = rλy⊤y+
∑
i∈[p]

ziy
⊤(XiX

⊤
i )y

= 2λr+
∑
i∈[p]

zi(X
⊤
i y)2 = 2λr+

4T2

k2

∑
i∈[m]

zi.

Since M(z) is positive definite, by the Cauchy–Schwarz inequality, the objective value
of (16) is bounded below by

λy⊤M(z)−1y ≥ λ
(y⊤y)2

y⊤M(z)y
=

4λ

2λr+ 4T2

k2

∑
i∈[m] zi

≥ 2λ

λr+ 2T2

k

=
2λk

λrk+ 2T2
,

(17)
where the last inequality follows from

∑
i∈[m] zi ≤

∑
i∈[p] zi ≤ k.

We now characterize when both inequalities in (17) hold with equality. Equality
in the first inequality holds if and only if y is an eigenvector of M(z). Since

M(z)y = λry+XDiag(z)X⊤y = λry+
∑
i∈[p]

ziXi(X
⊤
i y) = λry+

∑
i∈[m]

ziXi
2T

k
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= λry+
2T

k

∑
i∈[m]

zi

 ai
2T
k − ai
0r−2

 = λry+
2T

k


∑

i∈[m] ziai
2T
k

∑
i∈[m] zi −

∑
i∈[m] ziai

0r−2

 ,

this condition holds if and only if
∑

i∈[m] ziai = T/k
∑

i∈[m] zi. Equality in the second

inequality of (17) holds if and only if
∑

i∈[m] zi = k, which also implies that zi = 0

for all i ∈ [m+ 1, p].
Step II: exact subset sum case. For each i ∈ [p], let zi ∈ {0,1} be an indicator
variable such that

zi =

{
1, i ∈ S,

0, i /∈ S.

If an exact subset exists, the sum of the chosen ai is T . Let z∗ be the solution
corresponding to the exact subset sum. It follows that∑

i∈[m]

z∗i ai = T, z∗i = 0, ∀i ∈ [m+ 1, p] and
∑
i∈[m]

z∗i = k.

Obviously, T/k
∑

i∈[m] z
∗
i = T =

∑
i∈[m] z

∗
i ai. Therefore, both inequalities in (17)

hold with equality, and hence the optimal value Vopt(k) of (16) is

Vopt(k) =
2λk

λrk+ 2T2
.

Step III: non-exact subset sum case. Suppose that no exact subset sum exists. For
any feasible solution z of (16), we consider two cases. If

∑
i∈[m] zi < k, the second

inequality in (17) is strict, which gives

λy⊤M(z)−1y >
2λk

λrk+ 2T2
.

Otherwise,
∑

i∈[m] zi = k. In this case, since
∑

i∈[m] ziai ≠ T , it is easy to check that

y cannot be an eigenvector of M(z) based on the definition of eigenvectors. Thus, the
first inequality in (17) is strict, which yields the same conclusion. Combining both
cases, we can conclude that the optimal value of (16) satisfies

Vopt(k) >
2λk

λrk+ 2T2
.

Therefore,

E-kSSP is YES ⇐⇒ problem (16) admits an optimal value Vopt(k) =
2λk

λrk+ 2T2
.

We have a polynomial-time reduction from E-kSSP to the decision version of (16).
Hence, the decision version is NP-hard, and so (16) is NP-hard. We thus complete
the proof. ⊓⊔
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A.2 Proof of Proposition 1

Proposition 1. There exists an instance of (3) that admits a unique optimal solution
β∗ satisfying

∥β∗∥0 = r+ k− 1.

Proof. Set n := r and p := r+ k− 1, and consider the instance:

X =
[
21r1

⊤
k−1

∣∣ rIr ] ∈ Rr×p, y = 1r ∈ Rr,

where the first block of X is omitted when k = 1.
According to [31], we can rewrite (3) as

min
β∈Rp, z∈[0,1]p

{
1

r
∥y−Xβ∥22 + λ

∑
i∈[p]

β2
i

zi
:
∑
i∈[p]

zi ≤ k

}
, (18)

where 0/0 = 0 and β2
i /0 = +∞ if βi ≠ 0. For each fixed feasible z, the subproblem

of (18) over β has the unique minimizer ([40]):

β(z) = Diag(z)X⊤M(z)−1y, M(z) := rλIr +XDiag(z)X⊤.

Substituting β(z) into the objective of (18) yields the known reformulation:

min
z∈[0,1]p

{
λy⊤M(z)−1y :

∑
i∈[p]

zi ≤ k

}
. (19)

Every optimal solution of (3) is of the form β(z) for some optimal solution z of (19)
[40]. Consequently, if (19) has a unique optimal solution z∗, then β(z∗) must be
unique and optimal for (3).

We first derive a lower bound of (19). For the constructed instance,

M(z) = rλIr + 4
∑

i∈[k−1]

zi · 1r1⊤r + r2Diag(z[k,p]),

and hence

y⊤M(z)y = r2
(
λ+ 4

∑
i∈[k−1]

zi +
∑

i∈[k,p]

zi

)
= r2

(
λ+ 3

∑
i∈[k−1]

zi +
∑
i∈[p]

zi

)
.

Since M(z) is positive definite, the Cauchy–Schwarz inequality yields

λy⊤M(z)−1y ≥ λ
(y⊤y)2

y⊤M(z)y
=

λ

λ+ 3
∑

i∈[k−1] zi +
∑

i∈[p] zi
≥ λ

λ+ 4k− 3
, (20)

where the last inequality follows from
∑

i∈[k−1] zi ≤ k− 1 and
∑

i∈[p] zi ≤ k.

We now characterize when both inequalities in (20) hold with equality. Equality
in the first inequality holds if and only if y = 1r is an eigenvector of M(z). Since

M(z)y = r

(
λ+ 4

∑
i∈[k−1]

zi

)
1r + r2z[k,p],
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this condition is equivalent to all entries of z[k,p] being equal. Equality in the second
inequality of (20) holds if and only if zi = 1 for all i ∈ [k − 1] and

∑
i∈[p] zi = k.

Together, these conditions uniquely determine a vector

z∗i = 1, ∀i ∈ [k− 1], z∗i =
1

r
, ∀i ∈ [k, p].

This vector z∗ is feasible and attains the lower bound in (20). Hence, z∗ is the unique
optimal solution of (19). The corresponding unique optimal solution of (3) is

β∗ := β(z∗) = Diag(z∗)X⊤M(z∗)−1y =
1

λ+ 4k− 3

[
21k−1
1
r 1r

]
.

Since every entry of β∗ is positive,

∥β∗∥0 = p = r+ k− 1,

which establishes the tightness of both sparsity bounds. ⊓⊔

B Detailed Computational Results
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Table 3. Average gaps and average times on synthetic data with r = 20.

r p λ k
Algorithm 2 Algorithm 3 Algorithm 4 Greedy Randomized DIHT Beam Search

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

20

1,000

0.1

20 - - 5.612 0.059 7.466 0.030 32.092 0.001 12.380 0.108 6.912 0.048 12.813 0.054

30 - - 2.178 0.065 3.028 0.032 18.823 0.001 4.999 0.123 2.870 0.021 6.244 0.078

40 - - 1.070 0.050 1.369 0.027 10.531 0.002 1.990 0.104 1.256 0.022 3.386 0.101

50 - - 0.623 0.062 0.788 0.031 8.140 0.002 1.546 0.119 0.702 0.022 2.629 0.132

60 - - 0.381 0.061 0.470 0.034 4.782 0.002 0.921 0.119 0.515 0.027 1.258 0.156

100 0.355 0.039 0.124 0.065 0.139 0.033 1.518 0.003 0.295 0.128 0.133 0.022 0.390 0.270

200 0.061 0.056 0.023 0.062 0.026 0.032 0.227 0.006 0.054 0.125 0.027 0.023 0.047 0.532

0.5

20 - - 2.403 0.053 2.734 0.012 5.942 0.001 4.494 0.121 2.986 0.047 2.273 0.051

30 - - 1.295 0.036 1.486 0.013 5.003 0.001 2.295 0.126 1.550 0.020 1.918 0.075

40 - - 0.654 0.034 0.757 0.012 3.267 0.002 1.469 0.116 0.775 0.023 0.888 0.103

50 - - 0.390 0.035 0.491 0.015 1.929 0.002 1.011 0.125 0.499 0.021 0.646 0.132

60 - - 0.294 0.039 0.363 0.018 1.392 0.002 0.766 0.123 0.365 0.021 0.477 0.151

100 0.287 0.025 0.112 0.043 0.125 0.013 0.377 0.004 0.219 0.126 0.122 0.021 0.148 0.266

200 0.044 0.024 0.023 0.038 0.025 0.014 0.049 0.007 0.046 0.128 0.025 0.022 0.022 0.546

1.0

20 - - 1.431 0.037 1.698 0.007 2.843 0.001 2.641 0.121 2.590 0.028 1.452 0.056

30 - - 0.755 0.031 0.978 0.009 2.249 0.001 2.120 0.109 1.505 0.021 0.958 0.076

40 - - 0.494 0.030 0.540 0.009 1.563 0.002 1.171 0.115 0.936 0.022 0.625 0.098

50 - - 0.282 0.028 0.309 0.010 1.139 0.002 0.780 0.114 0.414 0.021 0.432 0.133

60 - - 0.234 0.028 0.276 0.009 0.831 0.002 0.611 0.116 0.291 0.020 0.361 0.149

100 0.257 0.017 0.087 0.035 0.105 0.010 0.259 0.005 0.198 0.127 0.102 0.021 0.131 0.281

200 0.035 0.017 0.019 0.028 0.022 0.011 0.046 0.007 0.060 0.110 0.021 0.022 0.021 0.489

3,000

0.1

20 - - 6.036 0.165 6.112 0.127 32.352 0.002 12.359 0.332 8.134 0.058 14.380 0.087

30 - - 2.527 0.169 2.784 0.137 20.088 0.003 5.145 0.333 3.051 0.066 8.229 0.127

40 - - 1.104 0.172 1.244 0.146 16.128 0.004 2.202 0.388 1.158 0.061 5.314 0.173

50 - - 0.750 0.209 0.821 0.183 9.909 0.004 1.289 0.389 0.836 0.070 3.366 0.221

60 - - 0.463 0.233 0.548 0.192 7.299 0.005 1.144 0.371 0.657 0.067 2.248 0.294

100 0.456 0.196 0.125 0.214 0.159 0.182 2.414 0.008 0.269 0.395 0.157 0.063 0.639 0.620

200 0.081 0.196 0.033 0.221 0.038 0.201 0.547 0.016 0.082 0.390 0.045 0.067 0.122 1.434

0.5

20 - - 2.499 0.077 2.856 0.045 7.906 0.002 4.039 0.323 2.942 0.055 3.379 0.087

30 - - 1.362 0.085 1.436 0.058 5.018 0.003 2.517 0.296 1.575 0.058 2.011 0.127

40 - - 0.663 0.085 0.734 0.058 3.756 0.004 1.664 0.366 0.802 0.055 1.310 0.174

50 - - 0.517 0.105 0.571 0.076 2.476 0.004 0.863 0.377 0.639 0.060 0.740 0.217

60 - - 0.380 0.108 0.417 0.076 1.954 0.005 0.775 0.364 0.480 0.059 0.648 0.285

100 0.356 0.087 0.106 0.106 0.141 0.084 0.632 0.008 0.266 0.390 0.146 0.059 0.232 0.622

200 0.080 0.100 0.030 0.116 0.035 0.088 0.098 0.016 0.083 0.372 0.042 0.055 0.039 1.371

1.0

20 - - 1.427 0.058 1.653 0.031 3.322 0.002 2.583 0.322 2.047 0.053 1.922 0.091

30 - - 0.867 0.072 0.973 0.040 2.433 0.003 1.614 0.328 1.139 0.058 1.150 0.126

40 - - 0.461 0.066 0.495 0.043 1.650 0.004 1.077 0.344 0.609 0.054 0.751 0.177

50 - - 0.354 0.081 0.387 0.055 1.468 0.004 0.603 0.359 0.429 0.061 0.540 0.220

60 - - 0.273 0.076 0.329 0.051 1.218 0.005 0.677 0.359 0.317 0.056 0.359 0.300

100 0.274 0.067 0.099 0.071 0.118 0.049 0.417 0.009 0.294 0.386 0.111 0.058 0.169 0.618

200 0.065 0.072 0.024 0.088 0.030 0.063 0.069 0.016 0.075 0.340 0.037 0.055 0.035 1.489

5,000

0.1

20 - - 7.847 0.336 8.971 0.309 33.989 0.003 13.767 0.550 9.599 0.105 16.084 0.123

30 - - 1.886 0.339 2.598 0.305 22.410 0.005 5.096 0.578 2.615 0.108 9.647 0.184

40 - - 1.432 0.354 1.495 0.316 14.230 0.006 2.583 0.553 1.361 0.119 5.719 0.233

50 - - 0.691 0.331 0.936 0.301 10.702 0.008 1.544 0.636 0.733 0.110 3.972 0.343

60 - - 0.399 0.372 0.535 0.341 7.610 0.009 1.104 0.625 0.522 0.118 2.803 0.494

100 0.461 0.406 0.143 0.419 0.171 0.382 2.673 0.014 0.399 0.650 0.185 0.111 0.907 0.948

200 0.101 0.417 0.030 0.441 0.036 0.412 0.635 0.032 0.095 0.733 0.040 0.123 0.184 2.177

0.5

20 - - 2.623 0.161 2.739 0.129 6.735 0.004 5.536 0.524 3.350 0.098 2.993 0.116

30 - - 1.129 0.222 1.326 0.129 5.115 0.007 3.804 0.726 1.442 0.106 1.871 0.277

40 - - 0.862 0.199 0.908 0.133 4.005 0.007 1.507 0.684 0.852 0.107 1.205 0.387

50 - - 0.445 0.170 0.544 0.142 2.828 0.008 1.151 0.604 0.553 0.104 0.715 0.380

60 - - 0.324 0.182 0.380 0.151 2.212 0.009 1.050 0.626 0.451 0.110 0.578 0.472

100 0.412 0.213 0.130 0.200 0.146 0.171 0.794 0.015 0.361 0.668 0.146 0.105 0.243 0.963

200 0.107 0.204 0.027 0.215 0.034 0.190 0.123 0.032 0.084 0.692 0.035 0.122 0.044 2.214

1.0

20 - - 1.440 0.121 1.655 0.096 3.676 0.004 3.578 0.544 2.484 0.100 1.696 0.123

30 - - 0.753 0.134 0.878 0.087 2.265 0.005 1.864 0.606 1.112 0.097 1.045 0.199

40 - - 0.539 0.180 0.568 0.097 1.832 0.008 0.863 0.772 0.692 0.104 0.921 0.441

50 - - 0.325 0.126 0.384 0.103 1.511 0.008 0.959 0.580 0.387 0.101 0.529 0.384

60 - - 0.248 0.140 0.304 0.116 0.991 0.009 0.703 0.612 0.310 0.106 0.414 0.485

100 0.341 0.158 0.113 0.159 0.128 0.140 0.538 0.014 0.264 0.622 0.139 0.100 0.175 0.918

200 0.099 0.153 0.024 0.167 0.028 0.144 0.085 0.028 0.088 0.629 0.033 0.119 0.037 2.030
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Table 4. Average gaps and average times on synthetic data with r = 40.

r p λ k
Algorithm 2 Algorithm 3 Algorithm 4 Greedy Randomized DIHT Beam Search

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

40

1,000

0.1

20 - - 28.251 0.249 31.242 0.022 54.221 0.001 64.410 0.127 46.618 0.025 31.983 0.058

30 - - 12.656 0.283 14.248 0.024 44.099 0.002 29.113 0.137 22.323 0.029 19.742 0.087

40 - - 5.466 0.197 6.983 0.026 31.808 0.002 15.452 0.133 9.711 0.029 14.766 0.120

50 - - 3.771 0.255 4.030 0.024 23.284 0.003 7.660 0.132 6.353 0.029 10.234 0.146

60 - - 2.406 0.188 2.211 0.026 17.881 0.003 4.693 0.139 3.092 0.028 7.688 0.176

100 1.538 0.052 0.507 0.141 0.650 0.026 5.958 0.005 1.304 0.136 0.844 0.028 2.742 0.307

200 0.227 0.053 0.088 0.111 0.106 0.028 1.024 0.010 0.256 0.137 0.144 0.029 0.336 0.625

0.5

20 - - 6.109 0.125 6.763 0.010 11.750 0.001 13.231 0.145 7.952 0.024 6.450 0.057

30 - - 3.315 0.119 3.830 0.011 8.731 0.002 7.842 0.139 7.045 0.027 4.481 0.085

40 - - 1.983 0.125 2.554 0.011 6.903 0.002 5.607 0.140 3.930 0.028 3.486 0.115

50 - - 1.463 0.103 1.684 0.011 5.888 0.003 3.935 0.142 2.413 0.027 2.328 0.144

60 - - 0.977 0.110 1.187 0.013 4.205 0.004 2.611 0.144 1.821 0.027 2.185 0.175

100 1.199 0.041 0.348 0.080 0.390 0.011 1.730 0.006 0.892 0.139 0.549 0.028 0.858 0.305

200 0.211 0.040 0.076 0.087 0.080 0.012 0.278 0.014 0.207 0.138 0.121 0.029 0.154 0.624

1.0

20 - - 2.489 0.047 2.944 0.007 4.156 0.001 6.287 0.140 6.585 0.027 2.883 0.056

30 - - 1.831 0.075 2.001 0.007 3.545 0.002 4.439 0.142 5.286 0.027 2.272 0.084

40 - - 1.139 0.079 1.344 0.007 2.932 0.003 2.801 0.154 3.200 0.027 1.572 0.119

50 - - 0.818 0.077 0.982 0.009 2.835 0.003 1.907 0.140 2.462 0.026 1.247 0.144

60 - - 0.645 0.091 0.783 0.009 1.989 0.004 1.687 0.146 2.013 0.026 1.017 0.169

100 0.786 0.033 0.267 0.085 0.312 0.009 0.825 0.006 0.663 0.155 0.622 0.026 0.475 0.300

200 0.170 0.032 0.068 0.060 0.077 0.009 0.192 0.010 0.190 0.149 0.096 0.027 0.117 0.628

3,000

0.1

20 - - 27.769 0.361 30.172 0.122 64.592 0.004 73.801 0.415 43.669 0.071 35.576 0.096

30 - - 13.443 0.388 14.754 0.102 46.461 0.005 31.824 0.440 22.157 0.065 25.302 0.148

40 - - 6.547 0.387 7.485 0.147 33.759 0.007 17.972 0.460 12.686 0.074 17.532 0.197

50 - - 3.611 0.316 4.379 0.121 27.653 0.008 8.183 0.458 6.048 0.070 13.013 0.247

60 - - 1.886 0.277 2.089 0.141 22.325 0.009 4.755 0.464 3.601 0.073 9.362 0.292

100 2.290 0.153 0.589 0.387 0.803 0.141 9.455 0.016 1.870 0.480 1.092 0.073 3.435 0.506

200 0.327 0.174 0.112 0.269 0.131 0.135 2.159 0.035 0.316 0.489 0.183 0.079 0.803 1.027

0.5

20 - - 6.460 0.165 7.683 0.046 13.924 0.004 16.228 0.403 9.205 0.065 7.880 0.099

30 - - 3.755 0.254 4.090 0.052 10.375 0.005 10.171 0.432 5.672 0.061 5.151 0.149

40 - - 2.251 0.227 2.604 0.055 8.615 0.007 6.952 0.423 3.559 0.067 3.854 0.197

50 - - 1.550 0.193 1.755 0.054 6.381 0.008 4.108 0.430 2.173 0.064 2.993 0.230

60 - - 1.046 0.194 1.093 0.051 5.203 0.010 2.668 0.442 1.460 0.066 2.318 0.288

100 1.849 0.087 0.495 0.272 0.482 0.061 2.153 0.016 1.439 0.486 0.657 0.069 1.123 0.499

200 0.297 0.103 0.099 0.168 0.117 0.061 0.419 0.031 0.300 0.477 0.177 0.073 0.241 1.051

1.0

20 - - 2.891 0.078 3.131 0.027 5.794 0.004 7.196 0.403 6.265 0.063 3.510 0.094

30 - - 1.940 0.162 2.174 0.036 4.871 0.005 5.085 0.436 4.097 0.060 2.443 0.147

40 - - 1.388 0.183 1.667 0.041 4.077 0.007 3.865 0.433 2.742 0.066 1.908 0.195

50 - - 0.950 0.103 0.994 0.032 3.207 0.008 2.617 0.462 2.023 0.065 1.498 0.226

60 - - 0.664 0.122 0.753 0.035 2.078 0.010 1.688 0.474 1.135 0.068 1.203 0.297

100 1.186 0.067 0.328 0.177 0.387 0.037 1.216 0.016 1.039 0.466 0.564 0.065 0.754 0.488

200 0.248 0.081 0.086 0.200 0.109 0.048 0.295 0.031 0.215 0.486 0.138 0.073 0.165 1.023

5,000

0.1

20 - - 27.585 0.499 29.594 0.248 60.618 0.006 71.396 0.693 52.968 0.134 36.573 0.127

30 - - 12.625 0.572 13.846 0.283 50.369 0.009 29.492 0.714 21.703 0.146 26.215 0.180

40 - - 6.410 0.571 8.028 0.327 37.392 0.011 15.824 0.761 10.336 0.150 18.649 0.286

50 - - 3.715 0.468 4.864 0.271 28.334 0.014 8.559 0.761 6.119 0.142 14.423 0.358

60 - - 2.353 0.415 2.665 0.265 24.464 0.016 6.308 0.778 3.704 0.144 10.147 0.428

100 2.461 0.362 0.597 0.445 0.755 0.300 10.763 0.027 1.731 0.898 1.024 0.125 4.146 0.700

200 0.373 0.393 0.124 0.552 0.149 0.356 2.673 0.054 0.433 0.891 0.221 0.133 0.831 1.374

0.5

20 - - 6.188 0.263 7.114 0.106 13.522 0.006 16.814 0.749 10.149 0.128 8.760 0.129

30 - - 3.638 0.276 4.090 0.117 11.215 0.009 9.583 0.724 6.312 0.130 6.051 0.184

40 - - 2.304 0.287 3.099 0.124 9.326 0.012 6.192 0.784 3.610 0.139 4.415 0.295

50 - - 1.597 0.273 1.995 0.128 7.552 0.014 3.962 0.754 2.525 0.130 3.252 0.363

60 - - 1.138 0.219 1.418 0.113 5.990 0.016 2.979 0.734 1.837 0.134 2.709 0.419

100 1.571 0.194 0.402 0.308 0.532 0.151 2.805 0.026 1.363 0.825 0.748 0.129 1.030 0.695

200 0.347 0.217 0.103 0.362 0.124 0.165 0.645 0.051 0.362 0.885 0.205 0.138 0.221 1.395

1.0

20 - - 3.080 0.164 3.440 0.066 6.259 0.006 8.455 0.725 6.232 0.125 3.449 0.122

30 - - 2.034 0.178 2.195 0.074 5.628 0.009 5.550 0.696 4.092 0.129 2.606 0.187

40 - - 1.416 0.259 1.664 0.105 3.587 0.011 3.694 0.729 2.850 0.141 1.966 0.288

50 - - 1.047 0.189 1.136 0.085 3.076 0.014 2.616 0.813 1.814 0.137 1.715 0.386

60 - - 0.812 0.176 0.809 0.078 2.744 0.019 2.359 0.795 1.471 0.141 1.351 0.417

100 1.022 0.159 0.313 0.239 0.371 0.093 1.519 0.026 1.089 0.804 0.566 0.120 0.658 0.692

200 0.286 0.174 0.094 0.261 0.110 0.106 0.341 0.051 0.278 0.886 0.156 0.133 0.158 1.385



Relax-and-Sparsify Approximation Algorithms for Sparse Ridge Regression 37

Table 5. Average gaps and average times on synthetic data with r = 60.

r p λ k
Algorithm 2 Algorithm 3 Algorithm 4 Greedy Randomized DIHT Beam Search

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

Avg.
Gap

Avg.
Time

60

1,000

0.1

20 - - 47.095 1.843 52.120 0.017 69.529 0.002 130.949 0.167 86.689 0.031 47.393 0.058

30 - - 27.880 4.292 30.984 0.020 51.137 0.003 75.290 0.169 54.805 0.031 33.681 0.095

40 - - 15.204 5.431 19.632 0.021 45.616 0.004 44.510 0.190 29.024 0.030 27.969 0.229

50 - - 8.654 3.455 9.879 0.023 33.994 0.004 20.883 0.160 16.499 0.031 21.866 0.135

60 - - 6.257 3.031 7.237 0.022 27.294 0.005 16.141 0.156 11.220 0.032 15.504 0.192

100 5.458 0.067 1.487 1.600 1.589 0.023 12.248 0.007 3.882 0.170 2.420 0.032 5.733 0.336

200 0.700 0.077 0.195 1.302 0.215 0.025 2.593 0.014 0.627 0.176 0.362 0.032 1.058 0.793

0.5

20 - - 8.437 0.494 9.371 0.008 12.168 0.002 20.196 0.155 13.221 0.029 8.789 0.059

30 - - 5.603 1.250 6.184 0.010 10.813 0.003 14.566 0.169 11.069 0.030 7.156 0.095

40 - - 3.800 1.350 4.204 0.010 7.947 0.004 11.044 0.189 8.954 0.029 5.616 0.216

50 - - 2.722 1.651 2.981 0.011 7.594 0.004 8.602 0.160 5.771 0.031 4.839 0.137

60 - - 1.922 1.488 2.438 0.010 5.299 0.005 5.565 0.159 4.709 0.031 3.440 0.196

100 2.495 0.063 0.717 0.930 0.816 0.011 2.942 0.011 2.532 0.170 1.677 0.030 1.908 0.341

200 0.467 0.065 0.151 0.478 0.180 0.012 0.583 0.019 0.549 0.173 0.306 0.031 0.334 0.782

1.0

20 - - 3.529 0.146 3.826 0.006 4.492 0.002 7.892 0.164 8.205 0.029 3.769 0.058

30 - - 2.560 0.473 2.823 0.007 4.045 0.003 6.747 0.175 6.259 0.029 3.148 0.125

40 - - 1.917 0.544 2.132 0.007 3.544 0.003 5.332 0.168 6.003 0.029 2.312 0.106

50 - - 1.430 0.604 1.541 0.007 2.947 0.004 3.777 0.162 5.094 0.030 2.014 0.136

60 - - 1.089 0.562 1.258 0.008 2.366 0.005 3.528 0.157 3.647 0.030 1.680 0.196

100 1.632 0.055 0.488 0.662 0.560 0.008 1.485 0.008 1.431 0.177 1.548 0.030 1.039 0.341

200 0.328 0.058 0.128 0.487 0.137 0.009 0.420 0.018 0.350 0.167 0.396 0.031 0.211 0.773

3,000

0.1

20 - - 52.014 4.893 59.448 0.097 72.399 0.005 145.513 0.507 118.159 0.082 50.621 0.098

30 - - 26.534 8.008 32.524 0.121 63.867 0.008 78.280 0.492 62.914 0.088 34.947 0.142

40 - - 16.238 8.536 20.022 0.124 52.924 0.010 42.669 0.511 33.484 0.087 30.508 0.200

50 - - 10.587 6.585 11.246 0.117 41.426 0.012 29.860 0.533 21.827 0.086 24.451 0.259

60 - - 6.719 5.807 7.833 0.131 38.032 0.014 17.812 0.560 13.101 0.087 18.767 0.311

100 7.063 0.216 1.560 3.880 2.071 0.135 17.746 0.023 4.645 0.563 3.867 0.082 8.430 0.542

200 0.860 0.230 0.241 2.613 0.322 0.130 4.509 0.045 0.995 0.592 0.555 0.088 2.021 1.218

0.5

20 - - 9.403 1.352 11.698 0.041 14.035 0.005 26.610 0.536 19.223 0.072 10.628 0.100

30 - - 6.110 2.098 7.549 0.043 12.448 0.008 18.960 0.514 12.374 0.081 7.984 0.147

40 - - 4.433 2.851 4.840 0.046 11.175 0.010 12.290 0.551 7.493 0.080 7.117 0.207

50 - - 2.959 2.472 3.612 0.048 9.443 0.012 9.125 0.528 5.562 0.082 6.123 0.259

60 - - 2.348 2.657 2.673 0.048 7.907 0.014 7.494 0.535 4.444 0.077 4.305 0.309

100 3.455 0.143 0.863 2.409 1.183 0.052 4.357 0.023 2.989 0.568 1.823 0.080 2.419 0.548

200 0.596 0.169 0.198 2.463 0.238 0.054 1.135 0.045 0.881 0.603 0.500 0.078 0.618 1.193

1.0

20 - - 4.359 0.477 5.156 0.024 6.103 0.005 10.828 0.552 8.150 0.073 4.579 0.099

30 - - 2.927 0.852 3.300 0.029 5.389 0.008 9.182 0.516 6.578 0.072 3.713 0.149

40 - - 2.019 0.927 2.223 0.033 4.501 0.010 5.937 0.555 5.838 0.079 2.867 0.208

50 - - 1.606 1.138 1.864 0.034 3.897 0.012 4.614 0.556 4.287 0.076 2.355 0.256

60 - - 1.261 1.282 1.535 0.038 3.579 0.014 3.821 0.561 3.098 0.073 2.205 0.307

100 2.172 0.124 0.620 1.626 0.733 0.036 2.157 0.023 1.950 0.591 1.453 0.075 1.241 0.561

200 0.526 0.150 0.167 1.820 0.196 0.041 0.636 0.045 0.588 0.527 0.342 0.082 0.373 1.064

5,000

0.1

20 - - 51.350 5.519 65.903 0.257 78.241 0.009 146.195 0.858 118.354 0.179 55.582 0.126

30 - - 31.353 7.060 35.928 0.282 62.230 0.012 77.727 0.898 68.022 0.195 40.255 0.197

40 - - 16.290 6.508 18.549 0.324 59.673 0.016 42.884 0.870 39.598 0.192 32.919 0.312

50 - - 9.814 7.697 11.952 0.387 46.181 0.020 26.654 0.888 21.993 0.191 24.195 0.357

60 - - 7.065 5.620 8.287 0.300 38.525 0.023 16.601 0.960 12.863 0.187 20.044 0.443

100 7.094 0.429 1.596 6.312 2.116 0.388 19.508 0.038 4.558 1.004 3.914 0.186 8.955 0.728

200 0.979 0.524 0.245 3.116 0.316 0.392 5.198 0.073 0.839 0.999 0.536 0.191 2.610 1.532

0.5

20 - - 9.699 1.256 11.759 0.094 17.802 0.008 26.046 0.841 18.112 0.169 11.208 0.123

30 - - 6.557 2.977 7.963 0.118 13.902 0.012 17.410 0.838 12.841 0.185 8.357 0.192

40 - - 4.118 4.105 5.195 0.132 11.181 0.016 13.164 0.857 7.563 0.181 6.482 0.291

50 - - 2.841 5.514 3.201 0.157 9.166 0.020 10.131 0.912 6.120 0.173 5.132 0.357

60 - - 2.204 3.594 2.713 0.140 8.245 0.023 6.755 0.932 4.384 0.181 4.716 0.443

100 3.809 0.248 0.976 6.021 1.103 0.177 5.035 0.038 2.720 0.955 1.904 0.184 2.402 0.724

200 0.784 0.299 0.201 2.037 0.257 0.156 1.451 0.074 0.758 0.994 0.435 0.175 0.792 1.519

1.0

20 - - 4.279 0.461 4.885 0.060 6.795 0.009 11.166 0.856 8.753 0.167 5.020 0.129

30 - - 3.133 1.330 3.623 0.076 6.111 0.012 8.509 0.869 7.117 0.184 4.031 0.190

40 - - 2.271 1.591 2.757 0.082 5.246 0.016 6.935 0.921 5.725 0.176 3.018 0.276

50 - - 1.629 2.485 2.011 0.098 4.242 0.020 5.176 0.911 4.508 0.172 2.614 0.356

60 - - 1.338 1.846 1.508 0.094 3.889 0.023 4.584 0.991 3.409 0.177 2.170 0.436

100 2.053 0.214 0.615 3.115 0.784 0.106 2.373 0.037 2.242 0.975 1.460 0.179 1.398 0.720

200 0.628 0.247 0.166 1.368 0.209 0.110 0.830 0.082 0.601 1.004 0.375 0.176 0.480 1.545
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Table 6. Gaps and times on real data.

Dataset λ k υ |I| Algorithm 2 Algorithm 3 Algorithm 4 Greedy Randomized DIHT Beam Search

Gap Time Gap Time Gap Time Gap Time Gap Time Gap Time Gap Time

Breast Cancer
(n = 78, p = 4,751)

0.1

20 1 68 - - 48.923 72.758 69.535 0.540 88.918 0.011 146.942 1.147 80.137 0.242 52.709 0.123

30 5 72 - - 28.983 417.290 36.155 0.932 72.178 0.014 82.095 0.919 53.605 0.183 38.756 0.199

40 16 68 - - 22.449 70.364 20.117 0.941 57.329 0.018 65.396 0.922 36.776 0.190 33.170 0.305

50 25 68 - - 15.083 110.645 13.372 0.925 51.779 0.024 35.141 0.869 35.870 0.179 30.446 0.387

60 33 71 - - 10.110 114.122 12.642 0.929 44.194 0.029 19.358 1.144 14.553 0.174 22.985 0.441

100 71 71 11.191 0.750 2.893 600.000 3.737 0.930 21.082 0.048 11.401 1.057 48.477 0.167 12.006 0.769

200 168 69 1.611 1.102 0.626 168.879 0.607 0.942 6.963 0.094 1.273 0.952 10.162 0.211 3.333 1.670

0.5

20 3 57 - - 7.798 3.451 9.981 0.267 12.762 0.010 25.429 0.796 17.607 0.187 11.604 0.142

30 7 61 - - 6.095 17.419 6.660 0.308 11.191 0.014 16.237 0.864 16.012 0.187 7.562 0.189

40 18 57 - - 3.776 8.315 4.736 0.270 11.201 0.018 9.436 1.098 11.945 0.185 5.916 0.321

50 28 58 - - 2.896 9.165 3.570 0.341 9.743 0.024 7.762 0.959 9.592 0.185 4.744 0.390

60 38 58 - - 1.845 7.588 2.500 0.366 7.356 0.028 8.983 1.200 9.373 0.180 4.093 0.434

100 67 66 4.888 0.444 1.247 340.405 1.438 0.451 3.302 0.046 4.398 1.159 4.711 0.183 2.191 0.739

200 171 61 1.019 0.663 0.364 30.646 0.451 0.631 1.229 0.092 1.429 1.315 1.025 0.191 0.763 1.664

1.0

20 5 52 - - 3.128 1.247 3.898 0.192 6.508 0.011 9.572 0.906 12.345 0.177 3.850 0.111

30 9 52 - - 2.523 1.834 3.448 0.203 6.630 0.014 8.269 0.866 14.866 0.179 2.886 0.177

40 24 49 - - 1.870 1.601 2.312 0.294 4.437 0.020 5.387 0.896 14.370 0.182 3.437 0.248

50 29 52 - - 1.468 3.040 1.502 0.218 3.228 0.024 5.609 0.906 10.751 0.179 2.929 0.323

60 37 54 - - 1.248 7.165 1.508 0.245 2.646 0.029 3.940 0.907 9.623 0.177 2.236 0.375

100 72 61 2.666 0.739 0.733 49.536 0.941 0.383 1.775 0.045 2.304 1.153 5.093 0.202 1.500 0.722

200 173 53 0.690 0.552 0.198 3.934 0.282 0.297 0.959 0.088 0.434 1.063 2.780 0.180 0.374 1.625

Lung Cancer
(n = 86, p = 7,129)

0.1

20 0 77 - - 64.342 185.525 56.493 1.255 106.697 0.023 155.672 1.325 151.491 0.368 78.537 0.190

30 6 76 - - 32.894 308.505 41.781 1.341 62.263 0.030 85.390 1.334 52.446 0.398 60.666 0.268

40 19 75 - - 25.020 167.726 27.304 1.469 52.290 0.040 53.014 1.441 39.373 0.346 41.305 0.434

50 22 78 - - 18.765 600.000 17.808 1.561 45.881 0.046 53.078 1.551 36.672 0.348 33.181 0.555

60 25 83 - - 11.379 600.000 15.968 1.614 42.764 0.060 41.550 1.426 20.109 0.361 28.564 0.658

100 60 77 15.948 1.357 4.523 600.000 3.614 1.553 22.946 0.096 10.963 1.561 27.414 0.386 16.592 1.034

200 164 79 3.729 1.914 0.705 600.000 0.902 1.556 8.244 0.177 2.137 1.619 9.142 0.378 5.835 2.300

0.5

20 3 57 - - 10.916 5.631 14.037 0.552 17.584 0.023 36.555 1.360 23.299 0.304 12.094 0.173

30 11 60 - - 7.637 23.530 8.232 0.610 15.051 0.032 17.600 1.433 14.198 0.322 8.810 0.312

40 14 64 - - 4.716 32.273 6.372 0.524 10.927 0.038 12.110 1.870 12.281 0.312 6.759 0.427

50 26 65 - - 3.288 27.899 4.339 0.654 9.191 0.049 13.245 1.771 9.532 0.318 6.435 0.537

60 31 70 - - 3.001 559.650 3.548 0.874 8.446 0.055 11.242 1.477 8.094 0.324 5.833 0.641

100 67 69 5.187 0.854 1.729 460.412 1.881 0.788 4.904 0.093 5.243 1.691 4.421 0.339 3.444 1.045

200 170 70 1.411 1.252 0.415 209.193 0.562 0.866 2.027 0.172 1.596 1.822 1.248 0.377 1.727 2.313

1.0

20 3 49 - - 4.599 2.307 4.599 0.345 6.901 0.025 10.785 1.389 12.703 0.318 5.785 0.185

30 12 53 - - 3.270 6.918 3.969 0.379 5.280 0.033 7.070 1.562 14.683 0.294 4.373 0.316

40 18 53 - - 2.475 4.841 2.550 0.357 4.392 0.036 4.457 1.452 11.749 0.347 3.747 0.504

50 28 53 - - 1.470 2.786 1.796 0.441 4.694 0.047 4.991 1.517 10.037 0.310 3.117 0.547

60 33 58 - - 1.305 9.455 2.091 0.548 3.584 0.063 3.627 1.519 6.239 0.326 2.697 0.684

100 74 66 3.165 0.755 1.033 85.601 1.050 0.512 2.685 0.096 2.577 1.855 5.271 0.322 1.833 1.040

200 173 63 0.937 1.127 0.303 32.169 0.297 0.634 0.781 0.168 0.780 2.045 1.724 0.341 0.475 2.221

AML
(n = 116, p = 6,283)

0.1

20 1 93 - - 57.862 600.000 59.455 0.776 67.240 0.029 131.572 1.505 106.693 0.382 63.028 0.163

30 6 93 - - 40.284 600.000 55.714 0.789 51.806 0.040 99.023 1.844 58.079 0.351 49.286 0.258

40 10 98 - - 29.445 600.000 28.881 1.193 49.002 0.049 78.657 1.485 87.238 0.335 38.590 0.380

50 17 100 - - 18.768 600.000 25.240 1.342 41.950 0.061 68.308 1.848 30.665 0.342 34.511 0.484

60 26 99 - - 14.924 600.000 18.041 1.114 37.893 0.073 52.302 1.548 35.114 0.331 31.876 0.616

150 103 103 11.033 1.652 3.281 600.000 2.816 1.612 15.532 0.160 7.527 1.334 53.370 0.332 13.489 1.494

200 153 99 4.958 2.118 1.338 600.000 1.257 1.677 9.979 0.219 3.516 1.683 40.371 0.353 8.551 2.369

0.5

20 5 57 - - 7.788 6.453 7.233 0.288 7.371 0.029 18.262 1.878 13.587 0.482 7.637 0.163

30 6 70 - - 5.772 103.548 6.503 0.339 8.476 0.036 18.036 1.425 13.876 0.372 6.808 0.293

40 13 72 - - 4.308 79.801 4.450 0.413 9.535 0.046 12.827 1.776 12.900 0.368 6.336 0.407

50 21 82 - - 4.005 600.000 4.792 0.515 9.034 0.055 9.094 1.652 12.671 0.365 5.289 0.592

60 29 84 - - 2.899 600.000 4.075 0.535 7.573 0.078 8.331 1.553 8.813 0.369 4.241 0.547

150 108 92 2.965 1.357 1.075 600.000 1.236 0.697 3.557 0.169 2.781 1.376 3.816 0.347 1.505 1.539

200 157 89 1.823 1.445 0.552 600.000 0.636 0.729 1.979 0.229 1.844 1.650 2.575 0.344 1.132 2.437

1.0

20 6 45 - - 2.548 0.586 2.782 0.230 3.184 0.028 5.516 1.417 6.724 0.382 2.455 0.160

30 10 55 - - 2.087 4.316 2.389 0.268 2.786 0.039 4.580 1.430 8.879 0.370 2.184 0.251

40 19 52 - - 1.676 6.815 1.897 0.292 2.736 0.102 4.248 1.836 12.282 0.406 2.085 0.402

50 27 58 - - 1.284 4.834 1.284 0.321 2.826 0.059 3.333 1.705 9.793 0.376 2.247 0.475

60 32 67 - - 1.296 71.050 1.301 0.322 2.748 0.071 2.331 1.549 10.413 0.386 2.118 0.645

150 111 83 1.829 1.306 0.496 600.000 0.553 0.508 1.243 0.162 1.750 1.735 5.902 0.370 0.909 1.612

200 163 79 1.298 1.313 0.344 600.000 0.365 0.429 1.018 0.225 0.889 1.640 4.861 0.378 0.577 2.386

Riboflavin
(n = 71, p = 4,088)

0.1

20 6 58 - - 28.794 7.849 24.293 0.764 35.071 0.009 89.643 0.812 43.198 0.145 35.144 0.116

30 8 61 - - 17.638 24.627 21.662 0.739 34.227 0.013 34.280 0.720 30.659 0.151 27.138 0.171

40 16 58 - - 13.152 4.588 10.432 0.751 28.427 0.018 31.808 0.745 19.470 0.156 22.554 0.237

50 29 57 - - 7.164 6.126 6.762 0.755 24.397 0.020 22.945 0.766 11.861 0.149 17.597 0.309

60 34 59 - - 5.237 45.155 8.638 0.760 21.909 0.027 10.517 0.800 69.115 0.155 14.248 0.337

100 71 61 5.657 0.940 1.868 16.609 2.341 0.760 11.187 0.039 3.767 0.852 131.891 0.167 7.277 0.608

200 175 54 1.269 0.925 0.545 9.076 0.542 0.763 3.817 0.073 0.795 0.927 71.078 0.161 1.887 1.515

0.5

20 8 36 - - 4.989 0.449 4.486 0.368 8.630 0.009 9.258 0.822 11.931 0.170 5.323 0.148

30 12 48 - - 2.518 1.179 3.075 0.393 6.661 0.012 7.860 0.780 7.751 0.151 4.664 0.179

40 23 47 - - 1.904 1.513 2.142 0.433 6.226 0.016 5.189 0.886 10.803 0.143 3.428 0.265

50 32 46 - - 1.809 1.534 2.232 0.385 4.354 0.020 4.463 0.761 10.941 0.164 3.055 0.315

60 36 50 - - 1.277 3.425 1.470 0.419 4.411 0.024 3.445 0.827 11.009 0.170 2.644 0.397

100 77 49 4.001 0.575 0.570 1.313 0.752 0.388 3.196 0.037 1.800 0.960 12.104 0.151 1.964 0.637

200 174 51 0.589 0.662 0.172 3.766 0.292 0.498 0.638 0.070 0.581 1.036 3.832 0.165 0.543 1.406

1.0

20 9 29 - - 1.932 0.294 2.181 0.220 3.365 0.009 4.988 0.780 12.869 0.147 2.225 0.119

30 19 32 - - 1.305 0.365 1.514 0.250 3.307 0.013 4.338 0.767 6.708 0.152 1.702 0.176

40 25 38 - - 0.886 0.500 1.053 0.370 2.616 0.017 2.267 0.901 8.764 0.143 1.081 0.253

50 37 34 - - 0.656 0.360 0.866 0.213 2.172 0.020 2.840 0.761 5.994 0.154 0.868 0.310

60 42 43 - - 0.669 0.979 0.649 0.282 2.289 0.023 3.888 0.740 7.795 0.150 1.188 0.332

100 77 44 1.498 0.435 0.357 1.914 0.323 0.247 1.715 0.036 0.836 1.166 10.157 0.163 0.840 0.653

200 181 44 0.222 0.502 0.134 0.981 0.125 0.272 0.552 0.071 0.710 1.009 8.811 0.156 0.264 1.523

Leukemia
(n = 72, p = 3,571)

0.1

20 4 62 - - 45.297 5.856 42.356 0.339 47.525 0.009 102.254 0.756 80.037 0.116 47.494 0.110

30 8 70 - - 27.185 122.433 33.358 0.563 40.879 0.011 82.552 0.731 67.935 0.123 38.558 0.165

40 14 67 - - 16.243 102.761 23.816 0.473 28.071 0.014 47.940 0.713 27.188 0.135 31.437 0.293

50 21 68 - - 10.096 74.981 14.235 0.439 28.470 0.017 36.772 0.730 28.418 0.157 26.699 0.282

60 33 66 - - 9.424 62.761 9.091 0.445 26.426 0.020 22.684 0.610 13.445 0.127 22.986 0.346

100 70 62 9.113 0.605 2.941 26.023 4.032 0.363 12.772 0.034 6.814 0.840 22.702 0.124 11.291 0.606

200 170 58 1.869 0.615 0.454 15.331 0.607 0.376 4.210 0.108 1.337 0.820 8.351 0.134 2.451 1.436

0.5

20 6 44 - - 8.798 0.542 10.062 0.113 10.279 0.007 13.217 0.694 15.897 0.152 8.674 0.108

30 12 53 - - 4.854 2.463 6.069 0.150 8.852 0.011 13.171 0.786 9.338 0.136 7.254 0.171

40 17 58 - - 3.102 4.721 3.423 0.207 7.509 0.013 11.813 0.782 10.179 0.138 5.044 0.223

50 25 57 - - 2.714 8.069 3.929 0.179 6.394 0.018 10.844 1.235 6.631 0.145 4.209 0.312

60 36 57 - - 2.078 6.388 3.363 0.227 5.482 0.022 6.937 0.802 6.741 0.137 3.876 0.338

100 73 58 3.311 0.332 1.117 8.463 1.221 0.233 3.224 0.033 2.984 1.031 3.099 0.131 1.843 0.579

200 173 57 0.688 0.380 0.397 37.053 0.359 0.230 0.756 0.063 0.780 0.978 0.823 0.104 0.784 1.319

1.0

20 8 32 - - 3.127 0.161 4.389 0.083 3.248 0.009 5.336 0.757 13.187 0.137 3.129 0.114

30 16 35 - - 2.053 0.192 2.525 0.121 2.958 0.011 7.453 0.684 12.255 0.134 2.958 0.152

40 21 42 - - 1.953 0.571 2.390 0.107 2.834 0.015 3.914 0.829 10.139 0.143 2.500 0.221

50 29 45 - - 1.309 0.723 1.309 0.122 2.679 0.018 2.618 0.969 5.717 0.138 2.114 0.284

60 37 46 - - 1.070 1.127 1.229 0.103 2.376 0.019 2.667 0.827 4.585 0.138 1.412 0.344

100 75 53 1.064 0.277 0.523 3.069 0.725 0.162 1.640 0.034 1.761 0.766 4.222 0.110 0.811 0.587

200 174 54 0.404 0.343 0.240 10.504 0.250 0.151 0.719 0.062 0.931 1.060 1.197 0.136 0.401 1.313
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